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The efficacy of sound to penetrate the seas made acoustic systems in the past cen¬ 
tury the leading tools for sensing objects in and measuring properties of the seas. 
For over sixty years The United States Office of Naval Research (ONR) has been 
a major sponsor of undersea research and development at universities, national 
laboratories, and industrial organizations. Appropriately ONR is the sponsor of 
this monograph series. 

The intent of the series is to summarize recent accomplishments in, and to 
outline perspectives for, underwater acoustics in specific fields of research. The 
general field has escalated in importance and spread broadly with richness and 
depth of understanding. It has also, quite naturally, become more specialized. The 
goal of this series is to present monographs that critically review both past and 
recent accomplishments in order to address the shortcomings in present under¬ 
standing. In this way, these works will bridge the gaps in understanding among 
the specialists and favorably color the direction of new research and development. 
Each monograph is intended to be a stand-alone advanced contribution to the field. 
We trust that the reader will also find that each is a critical introduction to related 
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selected by ONR based on the quality and relevance of each proposal and the 
author’s experience in the field. The Editorial Board, selected by ONR, has, at 
times, provided independent views to ONR in this process. Its sole official role, 
however, is to judge the manuscripts before publication and to assist each author 
at his request through the process with suggestions and broad encouragement. 

Ralph R. Goodman, Ph.D. 

Ira Dyer, Ph.D. 

Homer P. Bucker, Ph.D. 

Jeffrey A. Simmen, Ph.D. 
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Preface 


We have written this book as part of the underwater acoustics monograph series 
initiated by the Office of Naval Research (ONR), Department of the Navy of the 
United States. The ONR objective for this series is publication of in-depth reviews 
and analyses of the state of understanding of the physics of sound in selected 
areas of undersea research. This monograph presents the theory and practice of 
underwater electroacoustic transducers and arrays as developed during the last 
half of the twentieth century and into the initial part of the twenty-first century. 

We have attempted to present a comprehensive coverage of the subject of trans¬ 
ducers and arrays for underwater sound starting with a brief historical review and 
a survey of some of the many modern applications. Descriptions of the six major 
types of electroacoustic transducers are presented in a unified way that facilitates 
their comparison and explains why some types are better suited than others for 
producing and receiving sound in the water. The characteristics of transducers 
used as both projectors and hydrophones, and the methods available for predict¬ 
ing and measuring transducer performance, are presented in detail. The reasons 
for combining large numbers of transducers in arrays are explained, and the spe¬ 
cial problems that must be considered in such arrays are analyzed. The nonlinear 
mechanisms that exist in all transducers are described, and analyses of some of 
their most important effects are given. Many different acoustical quantities play 
essential roles in the design and performance of electroacoustic transducers and 
arrays, and the methods for determining these quantities are presented. Analyt¬ 
ical modeling and understanding is emphasized throughout the book, but it is 
also made clear that numerical modeling is now an essential part of transducer 
and array design. Non-electroacoustic types of transducers that are used in certain 
underwater applications, such as explosive sources, spark sources, hydroacoustic 
sources, and optical hydrophones, are not included in this book. 

The monograph is organized in a manner that brings the reader quickly to the 
main body of results on current transducers and arrays in the first six chapters 
with a minimum of background material. The most important basic concepts of 
electroacoustic transduction are introduced in Chapter 1, after a brief historical 
review and a survey of some of the many applications of transducers and ar¬ 
rays. Chapter 2 describes and compares the six major types of electroacoustic 



x Preface 


transducers, presents additional transducer concepts and characteristics, and intro¬ 
duces the equivalent circuit method of transducer analysis. Chapters 3 through 6 
contain the main body of results on modern transducers and arrays. Chapters 3 
and 4 cover transducers as projectors, which produce sound, and as hydrophones, 
which receive sound, including many details of specific transducer designs as they 
are used in current applications. Chapters 5 and 6 explain the benefits of combin¬ 
ing large numbers of transducers in arrays that often contain more than a thousand 
individual transducers. These large arrays are necessary in many sonar applica¬ 
tions, but they introduce other problems that are also discussed and analyzed. 

The remaining six chapters, 7 through 12, support the earlier chapters and carry 
the discussion of concepts and methods into much more detail for those who seek 
a deeper understanding of transducer operation. Chapter 7 describes all the princi¬ 
pal methods of transducer modeling, analysis, and design, including an introduc¬ 
tion to the finite element method. Chapter 8 gives further discussion of the most 
important transducer characteristics. Chapter 9 describes the principal nonlinear 
mechanisms that occur in all the transducer types and presents methods of analyz¬ 
ing important nonlinear effects such as harmonic distortion. Chapter 10 presents 
the basic acoustics necessary for determining those acoustical quantities, such as 
directivity patterns and radiation impedance, that are essential to transducer and 
array analysis and design. It also includes useful results for such quantities in 
several typical cases. Chapter 11 extends the discussion of acoustical quantities 
by introducing more advanced methods of analysis that can be applied to more 
complicated cases including a brief introduction to numerical methods. Chapter 
12 is a summary of the major methods of measurement used for the evaluation 
of transducer and array performance. The book ends with an extensive Appen¬ 
dix containing several types of specific information that can be used in transducer 
analysis and design and with a Glossary of Terms. 

We have attempted to make this monograph suitable for beginners to learn 
from— and for practitioners in the transducer field to learn more from. In addition, 
those concerned in any way with undersea research may find useful guidance re¬ 
garding applications of transducers and arrays. Although some parts of this book 
may be useful to undergraduates, it is written on a graduate level for engineers and 
scientists in the fields of electrical engineering, mechanical engineering, physics, 
ocean engineering, and acoustical engineering. The book uses SI (MKS) units 
in general, but English units are also occasionally used to clarify the relationship 
to practical devices. 


C.H. Sherman and J.L. Butler 
Cohasset, Massachusetts 
July 2006. 
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1 

Introduction 


The development of underwater electroacoustic transducers expanded rapidly dur¬ 
ing the twentieth century, and continues to be a growing field of knowledge, 
with many significant applications, one that combines mechanics, electricity, mag¬ 
netism, solid state physics and acoustics. In the most general sense, a transducer 
is a process or a device that converts energy from one form to another. Thus an 
electroacoustic transducer converts electrical energy to acoustical energy or vice 
versa. Such processes and devices are very common. For example, a thunderstorm 
is a naturally occurring process in which electrical energy, made visible by the 
lightning flash, is partially converted to the sound of thunder. On the other hand, 
the moving coil loudspeaker used in radio, television and other sound systems is 
a familiar man-made transducer. Loudspeakers are so common that they probably 
outnumber people in developed parts of the world. The familiar designations loud¬ 
speaker and microphone for transducers used as sources and receivers of sound in 
air become projector and hydrophone for sources and receivers in water. The term 
SONAR fSOund Navigation And Ranging) is used for the process of detecting and 
locating objects by receiving the sounds they emit (passive sonar), or by receiving 
the echoes reflected from them when they are insonified (see Glossary of Terms) 
in echo-ranging (active sonar). Every use of sound in the water requires transduc¬ 
ers for the generation and reception of the sound, and most of the transducers are 
based on electroacoustics. Several non-electroacoustic transducers also find appli¬ 
cations in water, (e.g., projectors based on explosions, sparks and hydroacoustics 
as well as optical hydrophones), but they are not included in this book. 

This book presents the theory and practice of underwater electroacoustic trans¬ 
ducers at the beginning of the twenty-first century. Chapter 1 begins with a brief 
historical survey of the development of electroacoustics and its many applications 
to underwater sound. It also introduces the basic concepts of electroacoustic trans¬ 
duction in a general way applicable to all types of electroacoustic transducers. 
Chapter 2 describes and compares the six major types of electroacoustic trans¬ 
duction mechanisms to show why certain piezoelectric materials now dominate 
the field of underwater transducers. Chapter 2 also introduces the transducer 
characteristics and analysis methods needed to discuss the specific projector and 
hydrophone designs presented in Chapters 3 and 4. Chapters 5 and 6 discuss arrays 
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1. Introduction 


of projectors and hydrophones and the benefits and problems associated with ar¬ 
rays. The last half century has seen many improvements in transduction materials, 
and in the concepts, models and methods of calculation and measurement that 
are available for current transducer design and future transducer development. All 
these matters are discussed in more detail in Chapters 7 through 12. 


1.1. Brief History of Underwater Sound Transducers 

Electroacoustics began to develop more than 200 years ago with observations of 
the mechanical effects associated with electricity and magnetism, and found an 
important place in underwater sound early in the twentieth century. F.V. Hunt has 
given the most complete historical survey of the development of electroacoustics, 
including a section entitled Electroacoustics Goes to Sea [1], (Numbered refer¬ 
ences are listed at the end of each chapter.) R.J. Urick’s brief historical introduc¬ 
tion concentrates on underwater applications of electroacoustics [2]. R.T. Beyer’s 
recent history of the past 200 years of acoustics also contains many references to 
underwater sound transducers [3]. A few historical items taken from these books 
will be briefly described here. Daniel Colladon and Charles Sturm collaborated 
in 1826 on the first direct measurement of the speed of sound in the fresh water 
of Lake Geneva in Switzerland [3]. They had no electroacoustic transducer to 
generate sound in the water; instead their projector was a mechanoacoustic 
transducer—the striking of a bell under water. At one point on the lake the bell 
was struck simultaneously with a flash of light, while an observer in a boat 13 km 
away measured the time interval between the flash and the arrival of the sound. 
The observer also had no electroacoustic transducer for detecting the arrival of 
the sound; his hydrophone consisted of his ear placed at one end of a tube with 
the other end in the water. Their measured value at a water temperature of 8°C is 
given by Beyer as 1438 m/s [3], and by Rayleigh as 1435 m/s [4]. A modern value 
for fresh water at 8°C is 1439 m/s [3, 5]. This is remarkable accuracy for a first 
measurement and for a propagation time of less than 10 seconds. 

Interest in telegraphy in the latter part of the eighteenth and the first part of 
the nineteenth centuries provided the first practical impetus for the development 
of electrical transducers. Acoustics was not involved at first; a mechanical input 
causing an electrical signal could be visually observed at the other end of the 
telegraph wires as another mechanical effect, (e.g., the motion of a needle). The 
devices used at each end of the system were electromechanical or magnetome¬ 
chanical transducers. Electroacoustic transducers were introduced into telegraphy 
by Joseph Henry in 1830 using a moving armature transducer (now often called 
variable reluctance transducer) in which the transmitted signal was observed by 
the sound of the armature striking its stops. These developments led to the inven¬ 
tion of the telephone, primarily by Alexander Graham Bell in 1876, using moving 
armature electroacoustic transducers on both ends of the line. 

James Joule is usually credited with the discovery of magnetostriction based on 
his quantitative experiments between 1842 and 1847 including measurement of 
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FIGURE 1.1. Early simple underwater signaling system using hammer, rod and piston, 
courtesy Raytheon Company [27]. 


the change in length of an iron bar when it is magnetized, although various mani¬ 
festations of magnetostriction had been observed earlier by others [1], In 1880, 
piezoelectricity was discovered in quartz and other crystals by Jacques and Pierre 
Curie [1]. The discoveries of magnetostriction and piezoelectricity would even¬ 
tually have tremendous importance for underwater sound, since materials with 
such properties are now used in most underwater transducers. Magnetostrictive 
and piezoelectric materials change dimensions when placed in magnetic or elec¬ 
tric fields, respectively, and have other properties that make them very suitable for 
radiating or receiving sound in water. Interest in the mechanical effects of elec¬ 
tric and magnetic fields was also closely associated with the development during 
the nineteenth century of a theoretical understanding of electricity, magnetism and 
electromagnetism. 

The first application of underwater sound to navigation was made by the Sub¬ 
marine Signal Company (later a division of the Raytheon Company) early in the 
twentieth century. It required the crew of a ship to measure the time interval be¬ 
tween hearing the arrival of an underwater sound and an airborne sound. A bell 
striking underwater was the source of sound in the water while the simultaneous 
blast of a foghorn at the same location provided the sound in air. Early shipboard 
acoustic devices included mechanical means for generating sound, as illustrated 
in Fig. 1.1 and binaural means for determining the direction of sound as shown in 
Fig. 1.2. 

L.F. Richardson filed patent applications with the British Patent Office for echo 
ranging with both airborne and underwater sound in 1912, soon after the Titanic 
collided with an iceberg. He apparently did not implement these ideas, probably 
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FIGURE 1.2. Early binaural detection and localization air tube underwater sensor, courtesy 
Raytheon Company [27]. 

because suitable transducers were not available. However, R.A. Fessenden, a 
Canadian working in the United States, soon filled that need by developing a new 
type of moving coil transducer (see Fig. 1.3) which, by 1914, was successfully 
used for signaling between submarines and for echo ranging. 

On 27 April, 1914 an iceberg was detected at a distance of nearly two miles by 
underwater echo ranging using Fessenden’s transducers. These “Fessenden Oscil¬ 
lators” operating at 500 and 1000 Hz were installed on United States submarines 
during World War I. This was probably the first practical application of underwater 
electroacoustic transducers [27, 28]. 

Before the start of World War I it was understood that electromagnetic waves 
were absorbed in a short distance in water, except for extremely low frequencies 
and also for blue-green light. Thus sound waves were the only means available 
for practical signaling through the water. For the first time a significant submarine 
menace existed [6], and many underwater echo ranging experiments were initiated. 
In France Paul Langevin and others started work early in 1915 using an electro¬ 
static transducer as a projector and a waterproofed carbon microphone as a hydro¬ 
phone. Although some success was achieved in receiving echoes from targets at 
short range, numerous problems made it clear that improved transducers were 
necessary. When the French results were communicated to the British, a group 
under R. W. Boyle (the Allied Submarine Detection Investigation Committee, 
ASDIC) began similar experiments in 1916. While both sides realized that use 
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FIGURE 1.3. Fessenden low frequency moving coil linear induction motor transducer. 
Courtesy Raytheon Company [27], See Fay [27], Stewart and Lindsay [28] and paper by 
Fay in Groves [29] for description of operation and response. 


of the piezoelectric effect in quartz had the potential for improved transducers, it 
was Langevin who demonstrated the value of piezoelectricity as soon as he found 
suitable samples of quartz. Improved results were obtained first by replacing the 
carbon hydrophone with a quartz hydrophone, and again in early 1917 when quartz 
transducers were used for both projector and hydrophone. After further improve¬ 
ments in the design of the quartz transducers, echoes were heard from a submarine 
in early 1918. The major design improvement consisted of making a resonator by 
sandwiching the quartz between steel plates (see Fig. 1.4), an approach still used 
in modern transducers. 
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FIGURE 1.4. British Patent 145.691, July 28, 1921 of P. Langevin invention showing steel 
(g)-quarts(a)-steel(g’) sandwich transducer. 

These successes greatly improved the outlook for effective echo ranging on 
submarines, and the efforts increased in France, Great Britain, the United States 
and also in Germany. Boyle’s group developed equipment, referred to as “ASDIC 
gear”, for installation on some ships of the British fleet. In the United States an 
echo ranging program was initiated at the Naval Experimental Station at New Lon¬ 
don, Connecticut with supporting research, especially in piezoelectric materials, 
from several other laboratories. Although none of this work progressed rapidly 
enough to have a significant role in World War I, it did provide the basis for con¬ 
tinued research in echo ranging that would soon be needed in World War II. 

Between the World Wars, depth sounding by ships underway was developed 
commercially, and the search for effective echo ranging on submarines was con¬ 
tinued in the United States primarily at the Naval Research Laboratory under H.C. 
Hayes. One of the main problems was the lack of transducers powerful enough to 
achieve the necessary ranges. It was found that magnetostrictive transducers could 
produce greater acoustic power, while their ruggedness made them very suitable 
for underwater use. However, both electrical and magnetic losses in magnetostric¬ 
tive materials resulted in lower efficiency compared to piezoelectric transducers. 
Other transducer concepts were also explored including one that used the exten- 
sional motion of magnetostriction to drive a radiating surface in flexure (called a 
flextensional transducer; see Fig. 1.5). 

After World War I Rochelle salt, which was known to have a stronger piezo¬ 
electric effect than quartz, also became available in the form of synthetic crystals 
to provide another possibility for improved transducers. Synthetic Rochelle salt 
was probably the first example of what would become the most important type 
of innovation in the field of electroacoustic transducers, new man-made materials 
with improved electromechanical properties. 

Early in World War II these accomplishments in transducers, combined with 
advances in electronics and better understanding of the propagation of sound in 
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FIGURE 1.5. An experimental flextensional transducer built at NRL in May, 1929 forin-air 
operation with magnified shell motion driven by three magnetostrictive tubes [7], 


the ocean, provided the basis for development of sonar systems with useful but 
limited capability. The potential for significant improvement was clear, and, with 
German submarines causing serious damage to shipping off the east coast of the 
United States, the need was great [6]. The work had already started in 1941 with 
Columbia University’s Division of War Research at New London, Harvard Uni¬ 
versity’s Underwater Sound Laboratory (HUSL) in Cambridge, and the University 
of California’s Division of War Research in San Diego. Their work, some of which 
is illustrated in Figs. 1.6 and 1.7, resulted in many American ships being equipped 
with echo ranging and passive listening systems. 

Other types of equipment employing transducers and underwater sound were 
also developed such as acoustic homing torpedoes, acoustic mines and sonobuoys. 
A large amount of practical experience was accumulated from the use of all this 
equipment, and it provided a firm basis for many new developments during and 
after the war [7]. 

At the end of World War II the Columbia work at New London continued under 
the direction of the Naval Research Laboratory [8], The New London facility was 
called the Navy Underwater Sound Laboratory with John M. Ide as Technical Di¬ 
rector and J. Warren Horton as Chief Consultant. Later in 1945 the sonar projects 
at the Harvard Underwater Sound Laboratory, and about half the personnel, went 
to New London to join the Navy Underwater Sound Laboratory, while the Harvard 
ordnance projects, and the remaining personnel, went to a new Ordnance Research 
Laboratory at Pennsylvania State University. In 1946 the Navy Underwater Sound 
Laboratory came under the direction of the Bureau of Ships, in 1970 it became part 
of the Naval Underwater Systems Center (NUSC), and in 1992, part of the Naval 
Undersea Warfare Center (NUWC) with headquarters in Newport, Rhode Island. 
Research and development in sonar transducers and arrays continued throughout 
these organizational changes and continues now at NUWC. During the same pe¬ 
riod research on transducers and arrays was also conducted at the Naval Research 
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FIGURE 1.6. Tapered, laminated magnetostrictive transducer stack polarized by permanent 
magnet in the tail slot. These transducers were used in early cylindrical array scanning 
systems [7], 


Laboratory in Washington, D C and Orlando, Florida (the Orlando facilities are 
now located at NUWC), at the Navy Electronics Laboratory in San Diego, Cali¬ 
fornia and in many university and industrial laboratories. Most of this research has 
been, and continues to be, supported by the Office of Naval Research. 

World War II, and the Cold War that followed, strongly motivated the search 
for new man-made transduction materials which led to ammonium dihydrogen 
phosphate (ADP), lithium sulfate and other crystals in the early 1940’s. Then in 
1944 piezoelectricity was discovered by A.R. von Hippel in permanently polarized 
barium titanate ceramics [9], and in 1954 even stronger piezoelectricity was found 
in polarized lead zirconate titanate ceramics [10]. The discovery of these materials 
initiated the modern era of piezoelectric transducers in time to play an important 
role in once again meeting the threat of submarines off the east coast of the United 
States, this time Soviet submarines armed with long range nuclear missiles. 

At the end of the twentieth century lead zirconate titanate (PZT) compounds 
are still being used in most underwater sound transducers. However, other similar 
materials are being developed, such as lead magnesium niobate (PMN) and single 
crystals of related compounds, and the magnetostrictive materials Terfenol-D and 
Galfenol, which have the potential for improvement over PZT in some applica¬ 
tions. Piezoelectric ceramics and ceramic-elastomer composites can be made in a 
great variety of shapes and sizes with many variations of composition that provide 
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FIGURE 1.7. Early sonar array system with cylindrical transmitter for wide beam pattern 
and planar array for narrow beam receiving. A baffle between the two minimizes the sound 
fed from transmitter to receiver [7]. 


specific properties of interest. The characteristics of these materials have led to 
the development and manufacture of innovative, relatively inexpensive transducer 
designs that would have been unimaginable in the early days of electroacoustics. 


1.2. Underwater Transducer Applications 

The useful spectrum of underwater sound extends from about 1 Hz to over 1 MHz 
with most applications in large (but sometimes shallow) bodies of water. For ex¬ 
ample, acoustic communication over thousands of kilometers is possible in the 
oceans, but frequencies below about 100 Hz are required because the absorption 
of sound increases rapidly as the frequency increases [2]. On the other hand, depth 
sounding in water as shallow as 1 meter is important for small boats, but it re¬ 
quires short pulses of sound at a few hundred kHz to separate the echo from the 
transmission. High resolution, short-range active sonar has used frequencies up 
to 1.5 MHz. Applications over this wide frequency range require many different 
transducer designs. 

Naval applications of underwater sound require a large number and variety 
of transducers. Acoustic communication between two submerged submarines re¬ 
quires a projector to transmit sound and a hydrophone to receive sound on each 
submarine; echo ranging requires a projector and a hydrophone usually on the 
same ship; passive listening requires only a hydrophone. However, hydrophones 
and projectors are often used in large groups of up to 1000 or more transducers 
closely packed in planar, cylindrical, or spherical arrays mounted on naval ships. 

Other naval applications include acoustic mines activated by the voltage from 
a hydrophone sensitive to the low frequency sound radiated by a moving ship. 
Special projectors and hydrophones are required for acoustic communication 
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between submerged submarines or from a surface ship to a submarine. Torpedoes 
with active acoustic homing systems require high-frequency directional arrays, 
while those with passive homing require lower-frequency capability to detect 
ship-radiated noise. Submarines are usually equipped with other specialized 
hydrophones to monitor their self noise or to augment the major sonar systems. 
Sonobuoys are expendable hydrophone/radio transmitter combinations dropped 
into the water from an aircraft. The radio floats on the surface, with the tethered 
hydrophone at a suitable depth for detecting submarines. Some types of sonobuoys 
listen passively, while others echo range, but both types radio information back to 
the aircraft. Urick [2] discusses most of these naval applications. 

As sonar technology matured it began to have significant commercial applica¬ 
tions such as depth sounding, a form of active sonar in which echoes are received 
from the bottom. Accurate knowledge of the water depth under the boat is impor¬ 
tant not only to navies but to all mariners from those aboard the largest ships to 
those on small recreational boats. And sonar can do more than find the water depth 
at the point where the ship is located. It can be extended to provide detailed bottom 
mapping, and with good bottom maps navigation by depth sounding is feasible. 
Bottom maps now exist for much, but not all, of Earth’s 140 million square miles 
of ocean. In a similar way sounding on the lower surface of ice is critical for sub¬ 
marines navigating under the Arctic ice cap. Bottom mapping techniques can be 
readily extended to exploration and search for sunken objects that vary from ship 
and aircraft wreckage to ancient treasure. Active sonar has commercial impor¬ 
tance in the fishing industry where systems have been developed specifically for 
locating schools of fish. Underwater transducers can even be used to kill mosquito 
larva by irradiating them with ultrasonic energy [11], 

Bottom mapping with sonar is an important part of oceanography, and it can 
be extended to sub-bottom mapping and determination of bottom characteristics. 
For example, the bottom of Peconic Bay, Long Island, New York has been studied 
by sonar in an attempt to determine the reasons for the decrease in the scallop 
population [12], Acoustic propagation measurements can be used for modeling 
ocean basins using echo sounding and tomographic techniques. 

Underwater sound is useful in ocean engineering in many ways. The precise 
location of specific points or objects is often crucial when drilling for oil and 
gas deep in the ocean or laying underwater cables or pipelines. A combination 
of underwater and seismic acoustics is needed for finding deposits of oil or gas 
under the oceans. Networked underwater communication systems involving many 
acoustic modems, each with a projector and a hydrophone, are important for naval 
operations and other underwater projects. 

Several research projects make use of underwater sound to gather data related 
to a wide variety of topics. The Acoustic Thermometry of Ocean Climate project 
(ATOC) measures the acoustic travel time over ocean paths thousands of kilo¬ 
meters long to determine whether the average sound speed is increasing as time 
passes. Since an increasing sound speed in ocean waters means an increasing av¬ 
erage temperature over a large portion of the earth, it may be one of the best mea¬ 
sures of global warming. This project requires very low frequency projectors and 
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hydrophones as well as very careful signal processing [13]. The Sound Surveil¬ 
lance System has been used to study the behavior of sperm whales by detecting 
the “clicks” which they emit, and to detect earthquakes and volcanic eruptions 
under the sea [14]. In what may become the ultimate version of the sonobuoy 
concept, plans have been made to land acoustic sensors on Jupiter’s moon Europa 
sometime around the year 2020. Cracks which are thought to occur naturally in 
the ice that covers the surface of Europa generate sound in the ice and in the ocean 
that may lie beneath the ice. The sounds received by the acoustic sensors may be 
interpretable in terms of the ice thickness and the depth and temperature of the 
underlying ocean. Such information may give clues about the possible existence 
of extraterrestrial life [15]. Underwater sound may even play a role in the field of 
particle physics if physicists succeed in showing that hydrophone arrays are capa¬ 
ble of detecting the sounds caused by high energy neutrinos passing through the 
ocean [16]. 

All these applications of underwater sound require large numbers of trans¬ 
ducers, with a great variety of special characteristics for use over a wide range 
of frequency, power, size, weight, and water depth. The problems raised by 
the variety of applications and the numerous possibilities for solutions continue 
to make underwater sound transducer research and development a challenging 
subject. Figs. 1.8 through 1.12 illustrate several more recent underwater sound 



FIGURE 1.8. Low frequency cylindrical hydrophone with isolation mounting system, 
courtesy Massa Products [30], 
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Head 



FIGURE 1.9. Sketch of a Tonpilz transducer with nodal plate mounting system. 


Head mass 



FIGURE 1.10. Sketch of a high power low frequency Tonpilz transducer with head and tail 
mounting system and steel housing case. 


transducers. Fig. 1.13 shows an early low frequency array. Figs. 1.14 through 1.16 
illustrate more current arrays. Figs. 1.17 and 1.18 show flextensional transduc¬ 
ers and Figs. 1.19 through 1.21 illustrate transducers that use the new materials, 
Terfenol - D and single crystal PMN-PT. 
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FIGURE 1.11. Photograph of a low frequency high power Tonpilz transducer showing 
rubber molded piston, fiberglass wrapped drive stack of six piezoelectric ceramic rings, tail 
mass, transformer and housing. 



FIGURE 1.12. Photograph of cut away housing and cross sectional sketch of a mid fre¬ 
quency Tonpilz transducer showing detail of compression bolt as well as molded rubber 
encapsulation housing and water tight “pig tail” connector, courtesy of Massa Products 
[30], 
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FIGURE 1.13. Photograph of large array of very low frequency magnetic variable reluc¬ 
tance dipole “shaker box” transducers ready for deep submergance testing, courtesy of 
Massa Products [30], 


FIGURE 1.14. Cylindrical scanning array of Tonpilz transducers. 
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FIGURE 1.15. Submarine sonar 
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FIGURE 1.17. Sketch of various classes of flextensional transducers [31] 


Accelerometers 


2.85" 

(72.4x10“ 3 m) 


ind piece 


Inactive margin 


(165x10 _3 m) 


FIGURE 1.18. Sketch of a Class IV flextensional transducer with inactive central section 
for operation in a dipole mode [32], Shell and interface by John Oswin. British Aerospace 
England. 


FIGURE 1.19. An experimental ring mode magnetostrictive transducer (without top end 
cap driven by sixteen Terfenol-D magnetostrictive rods [33].) 
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FIGURE 1.20. A high power magnetostrictive/piezoelectric Flybrid transducer with square 
piston, piezoelectric ceramic drive, center mass, magnetostrictive drive and tail mass along 
with water tight housing and electrical connector [34], 



FIGURE 1.21. A flextensional amplified single-side one-inch-square piston transducer 
driven by eight single crystal PMN-PT plates driven into a bending mode. Designed by 
Image Acoustics and further refined by Northrop Grumman, fabricated by Harris Acoustic 
Products for Northrop Grumman. 
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1.3. General Description of Linear 
Electroacoustic Transduction 

There are six major types of electroacoustic transduction mechanisms (piezoelec¬ 
tric, electrostrictive, magnetostrictive, electrostatic, variable reluctance, and mov¬ 
ing coil), and all have been used as underwater sound transducers. Although the 
details of these mechanisms differ considerably, the linear operation of all six 
can be described in a unified way, as we will do in this section and the next. 
Three of the six involve electric fields; the other three involve magnetic fields. The 
piezoelectric, electrostrictive, and magnetostrictive mechanisms are called body 
force transducers since the electric or magnetic forces originate throughout the 
active material, while the electrostatic, variable reluctance, and moving coil mech¬ 
anisms are called surface force transducers since the forces originate at surfaces. 
The piezoelectric and moving coil transducers have linear mechanisms for small 
amplitude of vibration, but the other four transducers are inherently nonlinear and 
must be polarized or biased (see Chapter 2) to achieve linear operation even for 
small amplitude. 

When the nonlinearities are ignored any electroacoustic transducer can be ideal¬ 
ized as a vibrator, with mass, M, stiffness, K m , and internal resistance, R, subjected 
to an acoustic force, F, and also connected to a source of electrical energy that pro¬ 
vides an electrical force as shown in Fig. 1.22. 

In the electric field case the electric force is proportional to voltage, V, and can 
be represented by N em V where N em is a constant. The motion of the mass under 
the influence of these forces is given by Newton’s Law: 

Mx = —K m x — Rx + F + N em V, (1.1) 

where x is the displacement of the mass. When the driving forces vary sinusoidally 
with time as e |tut , at angular frequency to, this equation becomes 

(jcuM - jK m /tu + R)u = Z m u = F + N em V, (1.1a) 

where u = jtux is the velocity of the mass and Z m is the mechanical impedance, 
the ratio of force to velocity. The essential characteristic of a linear transducer 



FIGURE 1.22. The one-dimensional simple harmonic oscillator. 




General Description of Linear Electroacoustic Transduction 19 


u 
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FIGURE 1.23. General representation of voltage, current, velocity and force for any linear 
transducer. 



is a relationship, such as Eq. (1.1a), that couples the mechanical and electrical 
variables F, u and V, with a similar relationship between the current, I, and u and 
V, which can be written 


I = N me u + YV, (1.2) 

where Y is the electrical admittance, the ratio of current to voltage, and N me is 
another constant. The use of these equations, and the cases where N me = ±N em , 
will be discussed fully after we define the variables more carefully. 

A transducer can also be considered as a mechanism, with unspecified details, 
that has one electrical port (two wires) and one acoustical port (a surface that can 
vibrate in an acoustic medium). In Fig. 1.23 the acoustical port is represented in 
the same way as the electrical port, (i.e., as two wires), and F is made analogous 
to voltage with u analogous to current. This is called the classical, or impedance, 
analogy, (see Section 2.8.1) and is the analogy most often used. The other analogy, 
called the mobility analogy, is also used with F and u being analogous to I and V, 
respectively (see Chapter 7). 

The variables V and I are clearly defined as the voltage across the ends of two 
wires and the current through the wires. However, since F and u are associated 
with an extended surface in contact with an acoustic medium, their definitions 
require more consideration. In general F = F r + Fb where F r is the reaction force 
of the medium to the motion of the surface, and Fb is an external force such as a 
sound wave from another source. The velocity u is well defined when the motion 
of the surface is uniform, with the same normal velocity, u = uoe jan , at every 
point on the surface. In that case F r is the integral of the acoustic pressure over the 
surface 

F r = — jj p(T)dS, (1.3) 

s 

where the negative sign indicates that F r is the reaction force of the medium on the 
transducer and T is the position vector on the surface. The radiation impedance is 
defined as 

Z r = -F r /u 0 = jj p(7)dS = R r +jX r , (1.4) 

s 

where the self radiation resistance, R r , and the self radiation reactance, X r are 
critical parameters of any electroacoustic transducer. The time average of F r u is 
the radiated acoustic power and is equal to l /2 R r un = R r u~ ns (see Appendix A.3). 
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Thus R r is the resistance associated with transfer of power from the transducer to 
the external acoustic field, which is the basic function of the projector. The role of 
radiation resistance in the operation of a transducer is entirely different from that 
of the internal mechanical resistance, R, which represents loss of power inside the 
transducer. High values of R r and low values of R are needed for efficient radiation 
of sound. The radiation reactance, X r , represents a mass, M r = X r /cu, added to the 
vibrator, since the vibrating surface accelerates the adjacent medium and transfers 
kinetic energy to it. The added mass affects the operation of the transducer by 
changing the resonance frequency, since resonance occurs at the frequency where 
the mass reactance and the stiffness reactance cancel each other [see Eq. (1.1a) 
and Section 2.8]. Chapter 10 discusses radiation impedance in detail for various 
types of radiators. 

For a surface with a specified, but nonuniform, normal velocity, u(T), a par¬ 
ticular value of u(T) at some point on the surface must be chosen to serve as the 
reference velocity for defining the radiation impedance. The value at the center, or 
the spatial average value over the surface, are most often used. The chosen value 
of reference velocity will be denoted by uo and used to define F r and Z r for the 
case of nonuniform motion in a manner consistent with Eq. (1.4): 

F r = —Z r u 0 , (1.3a) 

where 

Z r = (1/u 0 Uq) jI p( r )u*( r )dS (1.4a) 

S 

is the radiation impedance referred to uo (* indicates complex conjugate). The 
basis for this more general definition of radiation impedance is that the integrand 
in Eq. 1.4a is related to the time average acoustic intensity (see Chapter 10 and Ap¬ 
pendix A.3), and, therefore, the integral over the surface gives the radiated acoustic 
power. The time average power is then equal to '/2 R r Uq in the same familiar way 
as for uniform velocity transducers. Equation (1.4a) also reduces to the uniform 
velocity case when u(T) is a constant over the surface of the transducer. Foldy 
and Primikoff [17, 18] give a more general discussion of a transducer vibrating in 
an acoustic medium. 

The above definitions only apply when it is a good approximation to assume 
that the transducer has a fixed velocity distribution [18]. A fixed velocity distri¬ 
bution means that the velocity amplitude is unrestricted, but its relative spatial 
distribution does not change because of changes of water depth or acoustic load¬ 
ing or under the influence of acoustic waves from external sources, although it 
may change with frequency. This concept also shows that the velocity distri¬ 
bution chosen to describe a transducer must be consistent with the medium in 
which the transducer will be used. For example, a mode of vibration for an object 
vibrating in a vacuum changes when that object is vibrating in water because of 
the water loading [19]. Although the fixed velocity distribution is an idealization 
that is never met exactly, most underwater transducers are mechanically quite stiff 
and are well approximated by this concept. However, in some cases the velocity 
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distribution does change significantly over the range of operating conditions, and it 
is then necessary to consider other methods such as modal analysis of the vibrating 
surface (see Section 5.41). 

Thus the problem of the reaction of the medium, at least for fixed velocity dis¬ 
tribution transducers, comes down to determination of the radiation impedance, 
which will be treated in Chapter 10. Until then it is only necessary for analysis 
purposes to consider the mass and internal mechanical resistance of the trans¬ 
ducer to be augmented by the radiation mass and radiation resistance. However, it 
should be noted that the radiation reactance, the radiation resistance, and the radia¬ 
tion mass are all generally frequency dependent, whereas M and R in Eq. (1.1) are 
often treated as frequency independent parameters. At low frequency the radiation 
mass is constant and the resistance is small, while at high frequency the resistance 
is constant and the mass is small, and the frequency independent approximation 
for the total mass and resistance is often adequate 

For projectors Ft = 0, and the only external force is the radiation force, F = 
F r = —Z r uo. For hydrophones the external force, F b , resulting from the pressure 
of an incident sound wave, is the driving force, but the reaction of the medium is 
also present because the wave sets the surface of the hydrophone into vibration. 
Thus for hydrophone operation 


F = —Z r u 0 + F b , (1.5) 

where F b is the surface integral of the sum of the incident free field pressure, p;, 
and the scattered incident pressure, p s , weighted by the velocity distribution: 

F b = [[ tPi( r ) + Ps( r )] u *( r )dS. (1.6) 

0 s 

The scattered pressure consists of reflections from the hydrophone and the struc¬ 
ture in which it is mounted when the hydrophone surface is clamped and cannot 
vibrate. The diffraction constant, D a , is defined [20] by 

D a = F b /A Pi , (1.7) 

where A is the area of the moveable surface of the hydrophone. In hydrophone ap¬ 
plications at low frequency scattering is usually negligible, making F b = Ap; and 
D a approximately unity. (See Sections 4.6 and 11.31 for more on the diffraction 
constant.) 

Pairs of linear equations relating the four time-harmonic variables V, I, F, and 
u that we have now defined can be used to describe the performance of any linear 
transducer. The natural pair for electric field transducers, where the electric force 
depends on voltage, is Eqs. (1.1a) and (1.2) rewritten as: 


F b = Z^ r u + N em V, 
I = N me u + Y 0 V, 


(1.8) 

(1.9) 
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where the short circuit (V = 0) mechanical impedance, including the radiation 
impedance, is 

z^ r = (R + Rr) + j [U)(M + M r ) - Kf n /cu], 

The superscript notation here, and in the following cases, refers to the field in¬ 
volved; (i.e., V = 0 means electric field, E = 0). This will result in superscript 
consistency between transducer equations and the equations of state for materials 
to be introduced in Chapter 2. This condition means that the time harmonic part of 
the electric field is zero, but the total electric field may be non-zero but constant, 
since time independent biases also exist in most cases (see Chapter 2). Yo is the 
clamped (u = 0) electrical admittance. The transduction coefficients N em and N me 
(also called electromechanical transfer ratios or turns ratios) are the key quantities 
that determine the coupling between the mechanical and electrical variables. The 
natural pair of equations for magnetic field transducers, where the electric force 
depends on current, gives Fb and V as functions of I and u. An advantage of both 
these forms of the equations is that two of the coefficients have familiar meanings, 
one coefficient is a mechanical impedance, one is an electrical admittance (or im¬ 
pedance in the magnetic case) while only the transduction coefficients have both 
electrical and mechanical characteristics. 

Equations (1.8) and (1.9), or similar equations, are the basis for analysis of 
transducer performance. They will be derived in the following chapters for many 
different transducers, which will give specific results for all the parameters in the 
equations in terms of material properties and dimensions. As an example of their 
use, consider projector operation, where Fb = 0. Equation (1.8) gives the velocity 
produced by a voltage, V, as 

u = N em V/Z^, r , 

which, using the radiation resistance, gives the radiated power as !/2 R r |u| 2 . 

If Nem = N me the coupling is called symmetric or reciprocal; if N em = —N me , 
it is called anti-symmetric or sometimes anti-reciprocal. However, the term anti¬ 
reciprocal is misleading, since essentially the same reciprocal properties exist in 
both cases [1], It will be seen in Chapter 2 that the equations for electric field 
transducers with u and V independent, and for magnetic field transducers with u 
and I independent, all have transduction coefficients that are equal in magnitude 
but opposite in sign. The transduction coefficient N em being equal to either plus 
or minus N me is a property called electromechanical reciprocity, and it holds for 
all the major transducer types. It is important because it allows an idealized trans¬ 
ducer to be described by three parameters instead of four and it means that energy 
flow through a transducer is independent of direction. The second characteristic is 
especially important because, combined with acoustic reciprocity, it forms the ba¬ 
sis for reciprocity calibration (see Sections 11.22 and 12.5). Foldy and Primikoff 
[17] show that reciprocity calibration is valid when |N em | = |N 

me I- 

Rewriting Eqs. (1.8) and (1.9) to make u and I the independent variables, rather 
than u and V, gives, with N me = N and N em = — N for electric field transducers. 
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F b = zS r u-(N/Y 0 )I, (1.10) 

V=-(N/Y 0 )u+(l/Y 0 )I, (1.11) 

where Zf = Z[) lr + N 2 /Yo is the open circuit (I = 0) mechanical impedance and 
D is the electric displacement. Note that the transduction coefficient has changed 
to N/Y 0 , showing that its value depends on which variables are dependent. Note 
also that the anti-symmetric equations, (1.8) and (1.9), have become symmetric, 

(1.10) and (1.11), although both sets of equations apply to the same transducer. 
Thus the difference between symmetric and anti-symmetric equations has little 
physical significance, although it does affect the types of electrical circuits that 
can represent a given transducer. Woollett [21] has discussed the different sets of 
transducer equations and the electrical circuits that can represent them. 

As a second example of use of the transducer equations consider hydrophone 
operation with 1 = 0 and F b = AD a p; from Eq. (1.7). Combining Eqs. (1.10) and 

(1.11) then shows that the voltage output per unit of acoustic pressure is V/p, = 
(NAD a )/(YoZ^ r ), which is the hydrophone open circuit receiving sensitivity. 

Although a reciprocal transducer can be described by three parameters, such 
as Z[) lr , N and Yo, it is convenient to define other parameters, such as Z^ lr in the 
previous paragraph. Thus, rewriting Eqs. (1.8) and (1.9) again to make F b and V 
the independent variables gives us, with N em = —N and N me = N, 

u = (l/Z^)F b + (N/Z^)V, (1.12) 

1= (N/Z^)F b + Y f V, (1.13) 

which introduces another parameter, Yf = Yo + N-^/Z^j., the free (F b = 0) electri¬ 
cal admittance. The differences between free and clamped electrical admittance, 
(Yf - Yo), and between open circuit and short circuit mechanical impedance, 
(Zj^.- Zj^j.), are important indicators of electromechanical coupling. If these dif¬ 
ferences were zero, the device would not be a transducer. 

This formulation of the linear transducer equations applies to all the major types 
of electroacoustic transducers, but it is restricted to transducers that are passive 
in the sense that they have no internal energy source. For example, the carbon 
button microphone, which contains an electrical source and a pressure dependent 
resistance, is not a passive transducer. 


1.4. Transducer Characteristics 

1.4.1. Electromechanical Coupling Coefficient 

While the transduction coefficients in Eqs. (1.8) and (1.9) that relate electrical and 
mechanical variables are measures of electromechanical coupling, a more general 
measure is needed that facilitates comparison of different types of transducers and 
different designs within a given type. The electromechanical coupling coefficient 
(also called electromechanical coupling factor), denoted by k, fills this need. The 
definition and physical significance of k has been discussed at some length [1, 21, 
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22, 23], some of which will be reviewed in Section 8.4. Here we will introduce 
two consistent definitions with different physical interpretations. 

The coupling coefficient is defined for static (not moving) or quasistatic (mov¬ 
ing slowly) conditions, although it is often determined from quantities that are 
measured under dynamic conditions. Quasistatic conditions occur at low fre¬ 
quency where, after neglecting the resistance, the mechanical impedances, Zj 2 , 
and Z E r , reduce to the stiffness reactances, Kj^/jcu and K E /jo>, and the electrical 
admittances, Yo and Yf, reduce to the capacitive susceptances, jeuCo and jcuCf. 
Thus the relationships Z^ lr = Z E r + N 2 /Yo and Yf = Yo + N 2 /Z^ ;ir derived in the 
previous section for reciprocal transducers reduce to 


D F N 2 

k£-k£ = — , (1.14) 

and 

N 2 

C f —C 0 =-e. (1.15) 

*Sn 

The electromechanical coupling causes these changes in stiffness and capacitance 
when the electrical boundary conditions, or the mechanical boundary conditions, 
are changed. Eliminating N 2 from the two relations shows that Co(K® — K E ) = 
K E (Cf — Co), and thus that CqK^ = CfK E . It follows that the relative changes 
are equal and can be defined as k 2 : 

k 2 = K^-K| = Cf-Co 
K° C f 

This definition follows Hunt’s suggestion [1] that k 2 could be defined such that its 
physical meaning is the change in mechanical impedance caused by the coupling, 
but this is not the only physical meaning of k 2 , as we will see in Eq. (1.19). Equa¬ 
tion (1.16) makes k 2 a dimensionless quantity that applies only to linear, reciprocal 
electric field transducers, but a similar definition will be given below for magnetic 
field transducers. One of the two equivalent definitions in Eq. (1.16) involves only 
mechanical parameters, the other only electrical parameters. Alternative expres¬ 
sions for k 2 involving both electrical and mechanical parameters can be derived 
from the relations above, for example. 


N 2 N 2 N 2 /K E 

K£C 0 ~~ K|Q ~~ C 0 + N 2 /K E ' 


(1.17) 


Since it is common in transducer work to use both mechanical stiffness and com¬ 
pliance, the reciprocal of stiffness, Eqs. (1.17) will also be written in terms of 
compliance, C m = 1/K m- 


„ n 2 c d 
k 2 _ ^ 

Co 


N 2 C e 

c f 


N 2 C e 

C 0 + N 2 C E ' 


(1.17a) 
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The definition in terms of the stiffness change is especially useful because it 
relates k 2 to the measurable resonance/antiresonance frequencies of a transducer 
if we assume that the stiffnesses, K® and K E , do not depend on frequency (see 
Section 2.8). The definition based on the capacitance change does not offer a con¬ 
venient method of measuring k 2 , because it is usually difficult to clamp an un¬ 
derwater sound transducer as would be required to measure Co- However, it can 
easily be done in the ideal world of finite element simulations. 

If we start from the equations for magnetic field transducers in which F and V 
are the dependent variables, and the magnetic field variables are H and B, the defi¬ 
nition of the coupling coefficient in terms of stiffness changes, inductance changes 
and transduction coefficients is 


.2 ^ K« - K» = Lf-Lp = _N^_ = _N^_ 
KB Lf KB Lo KH Lf ' 


(1.18) 


The quantities (Cf - Co) and (Lf - Lo) are called the motional capacitance and 
inductance since they are the differences between the values when the transducer 
is free to move and when it is clamped. 

Mason [22] pointed out, in connection with the electrostatic transducer, that 
“■ • • k 2 has the significance that it represents the portion of the total input electri¬ 
cal energy stored in mechanical form for a static or DC voltage.” A statement of 
this kind is often used as a definition of k 2 for all types of electroacoustic transduc¬ 
ers, because its simple physical meaning is very appealing. For example, voltage, 
V, applied to a reciprocal transducer described by Eqs. (1.8) and (1.9) with Fb = 0 
causes a displacement x = NV/K m E at low frequency. The transducer is me¬ 
chanically free and the input electrical energy is !/2 CfV 2 , the energy stored in 
mechanical form is !/2 K E x 2 and Mason’s definition gives 


converted mechanical energy 
input electrical energy 


K E x 2 /2 

C f V 2 /2 


N 2 


as in Eq. (1.17) obtained from the other definition of k 2 . 


(1.19) 


1.4.2. Transducer Responses, Directivity Index and 
Source Level 

The function of an electroacoustic transducer is to radiate sound into a medium 
such as air or water or to detect sound that was radiated into the medium. The 
transducer responses are measures of a transducer’s ability to perform these func¬ 
tions. They are defined as the transducer output per unit of input as a function 
of frequency, for fixed drive conditions. Transducers generally radiate sound in 
a directional manner which changes with frequency and with distance from the 
transducer. At a given frequency the far field is the region beyond which the di¬ 
rectional characteristics become independent of distance, and the sound pressure 
becomes inversely proportional to distance. The distance to the far field is an im¬ 
portant concept that will be made more quantitative in Chapters 10 and 12. The 
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variation of acoustic intensity, I(r, 0, <[)), with the polar and azimuthal angles, 0, <J>, 
at a given distance, r, in the far field is called the far field directivity function. It 
is essentially an interference pattern consisting of angular regions of high inten¬ 
sity (lobes) separated by angular regions of low intensity (nulls) and characterized 
quantitatively by the directivity factor and the directivity index. The direction in 
which the maximum acoustic intensity, Io(r), occurs is called the acoustic axis or 
maximum response axis (MRA). The directivity factor is the ratio of the maximum 
acoustic intensity to the acoustic intensity averaged over all directions, I a (r), at the 
same distance, r, in the far field. The average intensity is the total radiated acoustic 
power, W, divided by the area of a sphere at the distance, r, i.e., I a = W/47tr 2 . 
(See Section 10.1 for the full definition of acoustic intensity.) Thus the directivity 
factor is defined as 


D f = I 0 (r)/I a (r) = 


Io(r) 

W/47tr 2 


_Io(r)_ 

27171 

(1/471. r 2 ) f f I(r, 0, 4>)r 2 sin 0d0d4> 


( 1 . 20 ) 


o o 

and the directivity index is defined as the directivity factor expressed in dB, 


DI = 10 log D f . 


( 1 . 21 ) 


When the area. A, of the vibrating surface of a transducer is large compared to 
the acoustic wavelength. A, and the normal velocity of the surface is uniform, a 
convenient approximation for the directivity factor is Df ss 47tA/A 2 (see Chapter 
10 ). 

The source level of a transducer is a measure of the far field pressure it is capable 
of producing on its maximum response axis. The total radiated power is indepen¬ 
dent of distance in a lossless medium, but, since the pressure varies inversely with 
distance, it is necessary to define a reference distance for the source level, conven¬ 
tionally, lm from the acoustic center of the transducer. Let Prms( r ) be the far field 
rms pressure magnitude on the MRA at a distance, r, and p r ms(l) = rp rms (r) be 
the far field pressure extrapolated back to 1 m. The source level is defined as the 
ratio of p r ms(l) to one micropascal expressed in dB: 

SL = 201og[p rms (l) x 10 6 ]. (1.22) 


The source level can be written in terms of the total radiated acoustic power and 
the directivity index by use of the following relations: 

W = 4jcla(l) = 47tI 0 (l)/D f , (1.23) 

Iod) = [Prms(l)] 2 /pc, (1.24) 


where p is the density and c is the sound speed in the medium (see Section 10.1). 
Then the source level in water, where pc = 1.5 x 10 6 kg/m 2 s, can be written 


SL = 10log W + DI + 170.8 dB referred tol (iPa at lm, 


(1.25) 
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where W, the output power in watts, is the input electrical power reduced by 
the electroacoustic efficiency. The source level corresponding to the maximum 
acoustic power that can be reliably radiated is usually the most important mea¬ 
sure of a projector. The acoustic power is related to the radiation resistance and 
the magnitude of the reference velocity of the transducer’s radiating surface by 
W = 1/2 Rr Uq- The velocity, given by Eq. (1.8) for an electric field transducer, is 

u 0 = N em V/Z^, (1.26) 

and then the source level can be expressed as 

SL = 101og[ 1/2 RrlNemV/Z^I 2 ] + DI + 170.8 dB re IpPa at 1 m. (1.27) 

Equation (1.27) expresses one of the most important properties of an electroa¬ 
coustic projector in a single equation involving the acoustical parameters, R r and 
DI, an electrical drive amplitude, V, an electromechanical transduction coefficient 
and the mechanical impedance including the radiation impedance. 

Transmitting voltage and current responses are defined as the source level for 
an input of one rms volt or one rms amp. Other transmitting responses, such as the 
source level for an input of one watt or one volt-amp, are also used in some cases. 
The free field voltage receiving response is defined as the open circuit voltage 
output for a free field pressure input of one micropascal in a plane wave arriving 
on the MRA. These responses will be discussed more fully in Chapters 3 and 4, 
where a variety of projector and hydrophone designs will be described, and in 
Chapter 12 on measurements. 


1.5. Transducer Arrays 

Large arrays of transducers are needed to achieve the directivity required for ac¬ 
curate bearing determination and noise rejection and, in active arrays, to achieve 
sufficient power for range determination of distant targets. Arrays also provide 
flexibility in shaping and steering both active and passive acoustic beams. Range 
determination is done in active sonar by timing the return of an echo, but passive 
determination of range is also possible by triangulation with two arrays or mea¬ 
surement of wave front curvature with three arrays if there is sufficient distance 
between the arrays. Figs. 1.14, 1.15 and 1.16 show examples of arrays used in 
sonar: cylindrical and truncated spherical active arrays and a conformal passive 
array. Schloemer has given a comprehensive review of hull-mounted sonar arrays 
[24], 

The U. S. Navy uses hundreds of thousands of transducers in its principal active 
and passive sonar systems and many others in smaller systems for specialized 
purposes. Active arrays for medium range detection usually have a bandwidth of 
about one octave and operate in the 2 - 10 kHz region, those for shorter range 
applications, such as mine or torpedo detection, use frequencies up to 100 kHz, 
while high resolution applications may go up to 1.5 MHz [25]. Passive naval arrays 
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containing hundreds of hydrophones are designed in many configurations from 
those that conform to the ship’s hull to line arrays that are towed far astern. 

Some passive arrays are designed for surveillance at fixed installations in the 
ocean. This usually has an advantage over arrays mounted on a ship in that the 
self noise of the ship is removed, and long range capability is feasible. However, 
long range active surveillance requires a combination of low frequency and high 
power that raises two major design problems. The first concerns the individual 
projectors, because they must operate near resonance to radiate high power, and 
resonant low frequency transducers are large, heavy and expensive [26]. The sec¬ 
ond problem arises when projectors are close together in an array, since then the 
sound field of each one affects all the others (see Chapter 5). These acoustic in¬ 
teractions, or couplings, complicate array analysis and design, but are important 
because they can cause severe problems. For example, coupling may reduce the 
total mechanical impedance of some transducers to the point that their velocity 
becomes high enough to cause mechanical failure. 

While characteristics such as beam width and side lobe level are fixed for an 
individual transducer, they can be changed for arrays by adjusting the relative 
amplitudes and phases of the individual transducers. For example, the amplitudes 
of individual transducers can be adjusted to reduce the side lobes relative to the 
main lobe (shading) or the phases can be adjusted to steer the beam. Both active 
and passive arrays also present the problem of grating, or aliasing, lobes near the 
high end of a frequency band, where the transducer outputs may combine to form 
lobes as large as the main lobe in undesired directions, especially when steered 
(see Chapters 5 and 6). Increasing the bandwidth of active arrays is especially 
challenging because the high frequency end is limited by grating lobes, while the 
low frequency end is limited by acoustic interactions between transducers. 

In fixed passive arrays the ability to discriminate against internal noise and am¬ 
bient sea noise is critical. In hull-mounted passive arrays flow noise and structural 
noise excited by flow and machinery are more important than ambient sea noise 
except at very low speed. Towing passive arrays reduces the ship noise, but towed 
arrays are limited by their own flow noise and flow-excited structural noise. Am¬ 
bient noise, flow noise, and structural noise are very large subjects that are not 
treated comprehensively in this book, but some aspects directly related to array 
design will be discussed briefly in Chapter 6. 
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Electroacoustic Transduction 


This chapter will describe the six major electroacoustic transduction mechanisms 
in a unified way using one-dimensional models to derive pairs of linear equations 
specific to each mechanism as discussed in general in Section 1.3. Important char¬ 
acteristics of the transducer types will be summarized and compared to show why 
piezoelectric and magnetostrictive transducers are best suited for most applica¬ 
tions in water. 

In piezoelectric, electrostrictive, and magnetostrictive materials applied electric 
or magnetic fields exert forces on charges or magnetic moments contained within 
their crystalline structure. In these body force transducers the electric or mag¬ 
netic energy is distributed, with the elastic energy and some of the kinetic energy, 
throughout the active material. Thus the stiffness, mass, and drive components are 
not completely separated as implied by Fig. 1.22; instead the stiffness, drive, and 
some of the mass are included in the active material as suggested by Fig. 2.5. 
Figure 1.22, where the symbol M is only mass and the symbol K m is only stiff¬ 
ness, represents the lumped parameter approximation. This very frequently used 
approximation holds for body force transducers only when the dimensions of the 
active material are small compared to the wavelength of stress waves in the mate¬ 
rial and the mass and stiffness are independent of frequency. Lumped parameter 
models will be used in this chapter because, although relatively simple, they still 
include the basic characteristics of each transduction mechanism. 

The transducer models in this chapter do not include important dynamic effects 
that will be discussed in Chapters 7 and 8, nor do they include nonlinear effects. 
The latter are also important in some cases, since most transduction mechanisms 
are inherently nonlinear, and those that are not become nonlinear for high ampli¬ 
tudes. In this chapter some of the nonlinearities will be included initially in the 
equations for each mechanism, but the equations will then be reduced to the lin¬ 
ear form used in most transducer work. In Chapter 9 we will return to nonlinear 
mechanisms and methods for calculating their effects. 

This chapter will also introduce additional transducer characteristics such as 
resonance, quality factors, characteristic impedance, efficiency, and power limits 
as well as a brief summary of transducer modeling by means of equivalent cir¬ 
cuits. This will prepare the reader for Chapters 3 and 4 on specific underwater 
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electroacoustic projector and hydrophone designs, and Chapters 5 and 6 on pro¬ 
jector and hydrophone arrays. Chapters 7 and 8 will present the details of all the 
major methods of modeling transducers and further discussion of transducer char¬ 
acteristics. We begin this chapter with a discussion of piezoelectricity in biased 
electrostrictive materials, such as piezoelectric ceramics, the most commonly used 
underwater sound transduction material. 

2.1. Piezoelectric Transducers 

2.1.1. General 

Although this section is concerned with piezoelectric transducers it will be helpful 
first to clarify the distinction between electrostriction and piezoelectricity. Cady 
[1] states it succinctly: “It is this reversal of sign of strain with sign of field that 
distinguishes piezoelectricity from electrostriction”. In other words, piezoelectric¬ 
ity displays a linear relationship between mechanical strain and electric field while 
electrostriction displays a nonlinear relationship between the same variables as 
shown in Fig. 2.1. 

Although the natural piezoelectric materials have a linear response to small 
electric fields they still display nonlinearity when the field is large enough. The 
origin of such nonlinearity is, at least in part, the weak electrostriction which 
occurs in all materials and becomes more important relative to piezoelectricity 
in higher electric fields. 

Piezoelectricity occurs only in crystal structures that lack a center of symmetry 
[1, 2]. If an electric field is applied parallel to the length of a bar of piezoelectric 
crystal in one direction the bar will get longer; if the field is applied in the oppo¬ 
site direction the bar will get shorter. The change of length in an electric field is 
called the converse (sometimes reciprocal or inverse) piezoelectric effect, while 
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FIGURE 2.1. Strain vs. electric field for piezoelectric and electrostrictive materials. 
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the appearance of electric charge caused by mechanical stress is called the direct 
piezoelectric effect. It was observed first by the Curie brothers. A polycrystalline 
piezoelectric material, composed of randomly-oriented piezoelectric crystallites, 
displays no macroscopic piezoelectric effect because the effects in the individual 
crystallites cancel, and, therefore, it would not be useful for transducers. Quartz 
was the first piezoelectric material discovered, followed by others such as Rochelle 
salt, ammonium dihydrogen phosphate (ADP), and lithium sulfate. 

Electrostriction occurs in all dielectric materials including solids, liquids, and 
gases, but the effect is only large enough for practical use in the ferroelectric mate¬ 
rials that contain domains of oriented electric dipoles [1], In these materials an ap¬ 
plied electric field aligns the domains and causes significant dimensional changes 
as shown in Fig. 2.2. A bar of electrostrictive material gets longer (in most cases 
[1]) when an electric field is applied parallel to its length, regardless of the direc¬ 
tion of the field. Thus the mechanical response is nonlinear, since it is not directly 
proportional to the electric field. The response depends on the square and higher 
even powers of the field, and there is no reciprocal electrical response to a me¬ 
chanical stress. To achieve a linear response to an applied alternating drive field a 
much larger, steady polarizing, or bias , field must first be applied. The bias field 
establishes a polar axis of symmetry and causes a fixed displacement along that 
axis. Then a superimposed alternating drive field causes a variation of the total 
field accompanied by an alternating displacement about the fixed displacement. 
The result is an approximately linear, reciprocal mechanical response to the drive 
field as shown in Fig. 2.3. The bias converts an isotropic polycrystalline elec¬ 
trostrictive material to a material with planar isotropy in planes perpendicular to 
the polar axis. This type of symmetry has the same elasto-piezo-electric properties 



(a) (b) 

FIGURE 2.2. Polarization of a ferroelectric, electrostrictive material occurs when ran¬ 
domly oriented dipole moments (a) are approximately aligned (b) by a strong, steady elec¬ 
tric field, Eq. The material also increases in length in the direction of Eq. 
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FIGURE 2.3. Electrostrictive material with maintained static bias field Eg and static strain 
So- An alternating field Ej follows a minor hysteresis loop and causes an alternating strain 
Sj. If Ei <§; Eg the variations are approximately linear. 



FIGURE 2.4. Polarization and strain vs. electric field showing remanent polarization, Pg 
(a), and remanent strain, So (b), when the field is removed. Application of the alternating 
field Ei then causes alternating strain Si about the remanent strain Sg. 


as crystals of the class Cgv [1, 2], and the biased electrostrictive material is, for 
transducer purposes, equivalent to a piezoelectric material. A general description 
of the properties of materials has recently been given by Newnham [2a], 

The electrostrictve materials can be divided into two groups: those with high 
coercive force that retain a significant remanent polarization when the bias Eo 
in Fig. 2.2b is removed, and those with low coercive force that require the bias 
to be maintained in order to maintain the polarization. Barium titanate (BaTiOi) 
and lead zirconate titanate (PZT) are ferroelectric electrostrictive materials with a 
high coercive force in which the domains remain partially aligned after temporary 
application of a high polarizing field at temperatures near the Curie temperature. 
The resulting remanent polarization gives an approximately linear response to an 
alternating electric field as shown in Fig. 2.4. In ceramic BaTiC >3 and PZT the 
remanent polarization is very stable and large enough to give a strong piezoelec¬ 
tric effect. However, depolarization can result from operating temperatures too 
near the Curie temperature, from high static pressure cycling in deep water ap¬ 
plications [3], from high alternating electric fields and to a slight extent from the 
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passage of time (see Appendix A. 14 and Section 2.8.4). Thus, while the properties 
of true piezoelectrics are determined by their internal crystal structure and can¬ 
not be changed, the piezoelectric properties of polarized electrostrictive materials 
depend on the level of remanence achieved in the polarization process, and may 
also be changed by operating conditions. Despite these limitations these materials 
are now used more than any other material for underwater transducers, but the 
limitations must be considered during the design process. Except for these depo¬ 
larization problems “permanently” polarized BaTiOs and PZT can be considered 
to be piezoelectric with the symmetry associated with crystal class C6v- Since 
they can also be conveniently made in the form of ceramics they are known as 
piezoelectric ceramics (sometimes shortened to piezoceramics). The properties of 
the most commonly used piezoelectric ceramics are given in Appendix A.5. 

Some ferroelectric materials have strong electrostrictive properties but do not 
have high coercive force. The remanent polarization in these materials may be 
sufficient for low field applications, such as hydrophones, but not sufficient for 
high field projector applications. In the latter cases a steady electric bias must 
be maintained to achieve linear operation. Lead magnesium niobate (PMN), lead 
zirconium niobate (PZN) and mixtures with lead titanate, (PMN-PT) or (PZN-PT), 
are promising materials of this type. 

It will be seen in Sect. 2.4-2.6 that analysis of the surface force transduction 
mechanisms is based directly on fundamental physical laws applied to macro¬ 
scopic objects. However, the body force transducers present a different situation 
since the electromechanical effects result from interactions on the atomic level. 
Macroscopic descriptions of these effects take a phenomenological form similar 
to Hooke’s law of elasticity. Since this section is restricted to linear effects, the de¬ 
scription is a set of linear equations that relate stress, T, strain, S, electric field, E, 
and electric displacement, D, all of which are functions of position and time. For 
most transducer work adiabatic conditions can be assumed, and temperature and 
entropy variables can be omitted from the equations [2], but it must be understood 
that the coefficients in the equations are generally temperature dependent in a way 
that varies from one material to another. 

Since the second rank tensors T and S are symmetric it is simpler to consider 
only their six independent components and write the phenomenological equations 
of state as two matrix equations since the coefficients then have two subscripts 
rather than four: 

S = s E T + d' E, (2.1a) 

D = d T + t T E. (2.1b) 

In these equations S and T are 1 x 6 column matrices, E and D are 1 x 3 col¬ 
umn matrices, s E is a 6 x 6 matrix of elastic compliance coefficients, d is a 3 x 6 
matrix of piezoelectric coefficients (d l is the transpose of d) and e T is a 3 x 3 
matrix of permittivity coefficients [2]. Each of these coefficients is proportional 
to a partial derivative where the superscript gives the variable that is held con¬ 
stant. For example, s E is the partial derivative of S with respect to T with E held 
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constant, and s E can be measured from the slope of a curve of strain versus stress 
while holding electric field constant. The superscript is omitted from d, because 
d = (0D/3T)e = (3S/0E)t as can be derived from thermodynamic potentials 
[2], This is the origin of the electromechanical reciprocity discussed briefly in 
Section 1.3. 

When the coefficient matrices in Eqs. (2.1) are combined they form a symmet¬ 
ric 9 x 9 matrix with 45 unique coefficients in general. However, for piezoelec¬ 
tric crystals of class Q,v, and for permanently polarized electrostrictive materials, 
many of the coefficients are zero and others are related, leaving only 10 indepen¬ 
dent coefficients. Thus for this symmetry, Eqs. (2.1) expand to: 

51 = s E : Ti + s E , T 2 + s e 3 T 3 + d 3 i E 3 , (2.2) 

5 2 = s E 2 Ti + s E [T 2 + s E 3 T 3 + d 3 i E 3 , 

5 3 = s E 3 Ti + s E 3 T 2 + sf 3 T 3 + d 33 E 3 , 

5 4 = sf 4 T 4 + d i5 E 2 , 

5 5 = S 44 T 5 + d i5 Ei, 

^6 = Tg, 

Di = dis T 5 + e}| Ei, 

D2 = d^ T4 + e}| E2, 

D 3 = d 3 i Ti + dii T 2 + di 3 T 3 + e | 3 E 3 , 

where s E 6 = 2(s E j — s E 2 ) and the subscripts 4, 5, 6 refer to shear stresses and 
strains. 

Three other equation pairs relating S, T, E and D are also used, depending on 
which variables are more convenient to make independent in a given application: 

T = c E S - e* E, (2.3) 

D = e S + £ s E, 

S = s D T + g l D, (2.4) 

E= -gT + p T D, 

and 

T = c D S - h' D, (2.5) 

E = —h S + p s D, 

where c E , s D and c D are 6 x 6 matrices of stiffness and compliance coeffi¬ 
cients, h, g and e are 3 x 6 matrices of piezoelectric coefficients and e s , p T 
and p s are 3x3 matrices of permittivity and impermittivity coefficients. Gen¬ 
eral relationships exist among these coefficients [ 2 ] which can be used to convert 
results obtained with one pair of equations to notation associated with another pair 



Piezoelectric Transducers 37 


(see Appendix A.4). There are 10 coefficients in each pair, Eqs. (2.2) - (2.5), for 
a total of 40 different (but not independent) coefficients; 36 of them are given 
in Appendix A.5 for several piezoelectric ceramics and one single crystal. The 
remaining 4 coefficients are the impermittivities (p's), which are the reciprocals 
of the permittivities (e's) as indicated in Appendix A.4. Five different coupling 
coefficients, the dielectric loss factor, tan 8 (defined in Sect. 2.8.6, following Eq. 
(2.109)), and the density, p, for each material are also given in Appendix A.5. 

2 . 7 . 2 . The 33-Mode Longitudinal Vibrator 

Now an idealized one-dimensional longitudinal vibrator transducer shown in 
Fig. 2.5 will be analyzed. A piezoelectric ceramic bar of length L is fixed at one 
end and attached to a mass M at the other end. The other side of the mass, of area 
A, is in contact with an acoustic medium. The length of the bar is assumed to be 
less than a quarter wavelength of longitudinal waves in the ceramic to validate the 
lumped parameter approximation (see Chapter 8 ). Assume that the bar has been 
polarized by using electrodes on the ends to establish the polar axis (by conven¬ 
tion called the X 3 axis, but also sometimes the z-axis) parallel to the length of the 
bar. An alternating voltage, V, is applied between the same electrodes creating an 
alternating electric field, E 3 , parallel to the polarization. The electric fields E] = 
E 2 = 0 on the electrodes which are equipotential surfaces, and, if fringing of the 
field is neglected, these components can be assumed to be zero throughout the bar. 
It is also assumed that this purely longitudinal electric field does not excite shear 
stresses, (i.e., T 4 = T 5 = _ I7, = 0). Then the equations of state in Eq. (2.2) reduce 
to 

51 = sfj Ti + s^ 2 Tt + sJ2T3 + du E3, (2.6) 

5 2 = s ^ 2 Ti + sfj T 2 + Sj^ T 3 + d 3 iE 3 , 

5 3 = S ^ 3 Ti + S ^ 3 T 2 + S 33 Ti + d 33 E 3 , 

D 3 = dn Ti + d 3 iT 2 + d 33 T 3 + ej 3 E 3 , 



Fixed 

End 


FIGURE 2.5. The 33 mode piezoelectric longitudinal vibrator with working strain parallel 
to poling direction and electrodes on the ends of the bar. 
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Let the cross-sectional area of the bar be Ao and assume that the sides of the bar 
are free to move. Then the stresses Ti and T2 are both zero on the surfaces of the 
sides, and, if the lateral dimensions are small, Ti and T2 are zero throughout the 


bar, and the state equations reduce further to: 

51 = s^ 3 T3 + d3i E3, ( 2 . 6 a) 

5 2 = sf 3 T 3 + d 31 E 3 , ( 2 . 6 b) 

53 = sf 3 T3 + d 3 3 E3, ( 2 . 6 c) 

D3 = d 3 3 T3 + £33 E3. ( 2 . 6 d) 


The first two equations show that Si = S 2 - These lateral strains are caused by a 
Poisson ratio effect modified by the piezoelectric strain, and they play no role in 
the operation of the transducer, because the sides are not usually in contact with 
the acoustic medium in a real transducer. This case illustrates the importance of 
choosing a convenient pair of equations. Note that, in this case, it is convenient to 
make stress an independent variable, because the unimportant strains, S 1 and S 2 , 
are then analytically separated from the important strain, S 3 . 

Equations (2.6c,d) provide the basis for the two transducer equations. If the bar 
is short enough, the displacement varies linearly along its length from zero at the 
fixed end to a maximum at the end attached to the mass. The stress and strain, T 3 
and S 3 , are then constant along the length, and the force exerted on the mass by 
the bar is A 0 T 3 . The equation for S 3 can be solved for T 3 and inserted directly into 
the equation of motion of the mass giving 

M t x 3 + R,x 3 + A 0 T 3 = M t x 3 + R t x 3 + (A 0 /sf 3 )[S 3 — d 33 E 3 ] = Ft, (2.7) 

where X 3 is the displacement of the mass, M t = M + M r and R t = R + R r where 
R r and M r are the radiation resistance and mass and Fb is an external force. The 
strain in the bar is S 3 = X 3 /L and the electric field in the bar is E 3 = V/(L + X 3 ) 
resulting in 

M t x 3 + R t x 3 + (Ao/sf 3 L)x 3 = (A 0 d 3 3 /sf 3 )V/(L + x 3 ) + F b . (2.8) 

This equation shows that the piezoelectric ceramic bar provides the spring force 
(proportional to x 3 ) and the electric drive force (proportional to V). The drive 
force is nonlinear because x 3 appears in the denominator, but X 3 L, and the 
equation will be linearized by neglecting x 3 compared to L. For sinusoidal drive, 
and omitting the factor e Jtut appearing in all the variables, Eq. (2.8) becomes 

Fb = [-cu 2 M t + jcuR t + (A 0 /sf 3 L)]x 3 - (A()d 33 /sf 3 L)V 

= Z^U 3 -(Aod 33 /sf 3 L)V, (2.9) 

where u 3 = jo>x 3 , the coefficient of V is N 33 and 

= (R + Rr) + jo)(M + M r ) + (Ao/Lsf 3 )/ja), (2.9a) 

is the total mechanical impedance including the radiation impedance. 
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The lumped parameter spring constant of the short bar is = Ao/Ls| 3 , where 
l/sf 3 is Young’s modulus for constant voltage. Although the bar is the spring, it 
also has mass; one end is moving with the same velocity as the radiating mass, 
while the other end is not moving causing some fraction of the bar’s mass to 
be involved in the total kinetic energy. This dynamic mass will be discussed in 
Chapters 3 and 8 , where it will be shown that the effective mass of a short bar is 
1/3 the static mass of the bar. It is more important to consider the dynamic mass of 
a short bar than the dynamic stiffness. For a very short bar the dynamic stiffness 
approaches the static stiffness, for a 1/8 wavelength bar it is only 1 % greater and 
for a 1/4 wavelength bar 23% greater (see Chapter 8 ). Thus the lumped parameter 
approximation of the short piezoelectric ceramic bar consists of a spring, a portion 
of the mass of the bar and a force. 

The other member of the pair of transducer equations comes from Eq. (2.6d). 
Since electric displacement is charge per unit area, the current is 

dD 3 d T 

I = A 0 —- =Ao-[d 33 T 3 + 4,V/L]. (2.10) 

dt dt 

Later another term will be included in this equation to represent electrical losses 
in the piezoelectric material. To put Eq. (2.10) in terms of U 3 it is necessary to 
express T 3 in terms of S 3 using Eq. (2.6c) which gives, for sinusoidal drive, 

I = (Aod 33 /sf 3 L)u 3 + Y 0 V, (2.11) 

where 

Y 0 = j cu(e| 3 A 0 /L)[l - (d| 3 /e| 3 sf 3 )] = jcuC 0 (2.12) 

is the clamped (X 3 = 0 ) electrical admittance, the clamped capacitance is 

C 0 = (4a 0 /L)[1 - (d| 3 /ej 3 sf 3 )], (2.13) 

and the first factor in Eq. (2.13) is the free (Fb = 0) capacitance, 

Cf = £33 A 0 /L. (2.14) 

Using Eq. (1.16), in the form Co = Cf(l -k 33 ), identifies the coupling coefficient 
as 

^33 = ^33/ £ 33 s 33 - (2-15) 

It also follows from Eq. (1.16) that 

K° = K£/(l - k^ 3 ) = K E m + Nf 3 /C 0 . (2.16) 

The transduction coefficient, appearing in Eqs. (2.9) and (2.11) with opposite 
signs, is N 33 = A 0 d 33 /sf 3 L; note that N 33 is positive since d 33 is positive. The 
subscripts on k 33 indicate that this is the value that applies when the working 
strain, S 3 , and the electric field, E 3 , are both parallel to the polar axis, the situa¬ 
tion that usually gives the highest electromechanical coupling. Such a transducer 
is called a 33 mode longitudinal vibrator. 
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Equations (2.9) and (2.11) lead to the source level and transmitting response 
by solving for U 3 with Fb = 0 and using Eq. (1.27). The open circuit receiving 
response is given for Fb= D a A pj by setting 1 = 0 and solving for V. However, such 
calculations cannot be completed until the acoustical parameters, radiation im¬ 
pedance, directivity index, and diffraction constant are determined. Equation (2.9) 
and (2.11) will also be used to obtain other transducer parameters in Sect. 2.8. 

2.1.3. The 31-Mode Longitudinal Vibrator 

Another example of a piezoelectric longitudinal vibrator transducer will be given, 
a variation on the case just discussed that uses the same ceramic bar in a different 
way called the 31 mode. The 31 mode has lower coupling but has the advantage 
of being less susceptible to depoling by static pressure cycling because the polar¬ 
ization is perpendicular to the static stress [3, 4], Consider the bar to have lateral 
dimensions h and w, with Ao = hw, and to have been polarized using electrodes 
on the sides of area hL as shown in Fig. 2.6. 

The polar axis is now perpendicular to the length and parallel to the side of 
dimension w and is still called the X 3 axis. One end of the bar is fixed with the 
other end attached to the mass as before. The only non-zero stress component is 
still parallel to the length of the bar, but it will now be called Ti, with T 2 = T 3 = 
0. The driving voltage is applied between the electrodes used for polarizing, and 
E 3 is the only electric field component. In this case Eqs.(2.2) become 

51 = sft Ti + d 31 E 3 , (2.17) 

5 2 = s^ 2 Ti + d 3 i E 3 , 

5 3 = S ^3 Ti + d 33 E 3 , 

D 3 = d 3 i Ti + £33 E 3 . 



End 

FIGURE 2 . 6 . The 31 mode piezoelectric longitudinal vibrator with working strain perpen¬ 
dicular to poling direction and electrodes on the sides of the bar. 
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The lateral strains, S 2 and S 3 , again play no role, but they are not equal, as Si 
and S 2 were in the 33 mode case, because one of them is parallel, and the other 
perpendicular, to the polar axis. The equation for Si can be solved for Ti and 
inserted in the equation of motion of the mass: 

M t xi + R,xi = —A 0 Ti + F b = -(Ao/sftHSi - d 3 iE 3 ] + F b . (2.18) 
The strain is Si= xi/L and the electric field is E 3 = V/w, for x 3 w, giving 

M t xi + R t xi + (A 0 /Lsii E )xi = (A„d 3 i V/ws E ) + F b (2.19) 


or, for sinusoidal drive. 


F b = Z E r u, - (Aod 3 i/ws E )V. (2.20) 

Note that Z E r is the same as before except for the spring constant, which is now 
K e = Ao/Fs E j, depending on s E 3 rather than s| 3 . The transduction coefficient is 
also different, depending on d 3 i and s E j rather than d 33 and s| 3 , 

N 3 i = A 0 d 3 i/ws E = hd 31 /s E . (2.21) 

Since d 33 is considered to be positive and the lateral dimensions decrease when 
the length increases, d 3 i and N 3 i are considered to be negative. 

The other transducer equation comes from the equation for D 3 : 

dD 3 d T 

I = hL-^2 = hL-[d 3 iTi + e 33 V/w], (2.22) 

After expressing Ti in terms of Si this becomes 

1= (A„d 3 i/ws E )ui+Y 0 V, (2.23) 

where 

Y 0 = j cu(£ 3 T 3 hF/w)[l - d^/e^sf,] = j cuC 0 (2.24) 

is the clamped admittance and Co is the clamped capacitance. The quantity Cf = 
e 33 hL/w is the free capacitance and comparison with Eq. (1.16) shows that the 
coupling coefficient is 

k 2 = 1 - Q>/C f = d^/e^sf, = k 31 . (2.25) 

The piezoelectric coefficient d 3 i, with working strain perpendicular to the elec¬ 
tric field, is usually about half of d 33 , the controlling coefficient for the 33 mode 
where the working strain is parallel to the electric field. Since s E j and s 33 have 
similar magnitude (see Appendix A.5), k 3 i is significantly less than k 33 , and the 
33 mode transducer outperforms the 31 mode transducer in most respects. 

It is important to note that k 33 and k 3 i depend only on properties of the piezo¬ 
electric material. They are material coupling coefficients that characterize active 
materials, but do not necessarily characterize complete transducers. The idealized 
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analysis that led to IC 33 and kji assumed that the bar was short compared to the 
wavelength. This corresponds to optimum use of the piezoelectric ceramic in that 
the strain and electric field are the same throughout the active bar, and the cou¬ 
pling coefficients have their maximum values. Chapters 3, 7, and 8 will discuss 
transducers where wave motion makes the strain and electric field vary within the 
active material or where a portion of the transducer structure, other than the active 
material, stores either electric or elastic energy. In such cases the transducer can be 
characterized by an effective coupling coefficient that is less than the material cou¬ 
pling coefficient [5], It is usually a valid design goal to make the effective coupling 
coefficient as close as possible to the material coupling coefficient. Piezoelectric 
ceramic is also the favored material for many other transducer configurations, in 
addition to longitudinal resonators, as will be seen in Chapter 3. 


2.2. Electrostrictive Transducers 

The permanently polarized piezoelectric ceramics can be analyzed and used, for 
most purposes, as though they were piezoelectric as discussed in the previous sec¬ 
tion. Now we will continue the discussion of electrostriction in order to include the 
electrostrictive materials with low coercive force that must be used with a main¬ 
tained bias for projector applications. In this category PMN and PMN-PT [ 6 ] are 
promising new materials for underwater transducers available as ceramics or, in 
some cases, as single crystals; (properties of PMN-PT crystals are given in Appen¬ 
dix A.5). The electric field dependence and the temperature dependence of some 
of these properties (as shown for PZT in Appendix A. 14) probably needs further 
investigation for PMN-PT. In this section we will derive the effective piezoelectric 
constants of electrostrictive materials from nonlinear electrostrictive equations of 
state to show how they depend on the bias. 

Figures 2.3 and 2.4 compare strain vs. electric field when operating with a main¬ 
tained bias and when operating at remanence. The need to provide a biasing circuit 
and electric power is an added burden that reduces overall efficiency. However, the 
promising electromechanical properties of the PMN-based materials indicate that 
their use may be advantageous in spite of the need for bias in some applications. 
PMN ceramic requires maintained bias for almost all applications, but PMN-PT 
ceramic has some remanence, depending on the degree of alignment of the crys¬ 
tallites achieved in the processing [7], and PMN-PT single crystals also have use- 
able remanence. But for high power applications, PMN-PT, in ceramic or crystal 
form, needs maintained bias. The feasibility and value of maintained bias has been 
clearly demonstrated by a study that showed the benefits of adding a maintained 
bias to already permanently polarized PZT [ 8 ], 

To show the dependence of the effective piezoelectric constants on the bias 
it is necessary to start with approximate nonlinear equations of state, which can 
be derived from thermodynamic potentials [9] as extensions of linear equations 
such as Eqs. (2.2). For simplicity the one-dimensional case with parallel stress 
and electric field will be considered, as in the 33 mode transducer in Section 2.1.2. 
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When only linear and quadratic terms are kept, the nonlinear equations can be 
written [9]: 

S3 = S33 T3 + d33 E3 + S2 T5 + 2s a T3 E3 + d2 E3, (2.26a) 

D 3 = d 33 T 3 + £33 E 3 + s a T 3 + 2 d 2 T 3 E 3 + £2 E 3 . (2.26b) 

Some of the coefficients are the same in these two equations as a result of their 
derivation from a thermodynamic potential that is an exact differential [9]. For the 
present purpose these equations will be specialized to electrostrictive materials in 
which the strain is an even function of the electric field by setting d 33 and s a equal 
to zero. Furthermore, since elastic and dielectric nonlinearities are not of interest 
for our present purposes, S 2 and £2 will also be set equal to zero, leaving 

S3 = sf 3 T 3 + d 2 E 3 , (2.27a) 

D 3 = 2d 2 T 3 E 3 + 4 E 3 . (2.27b) 

The unfamiliar coefficient in these equations, d 2 , is a property of the material 
that can be determined by measuring the strain as the field is varied with stress 
held constant. These are the simplest possible nonlinear electrostrictive equations. 
Note that they are non-reciprocal, since application of E 3 with T 3 = 0 gives S 3 , 
but application of T 3 with E 3 = 0 does not give D 3 as it would for a piezoelectric 
material. Note also that the strain does not change sign when E 3 changes sign. 

Now consider a bias electric field, Eo, and a static prestress. To, both applied 
parallel to the length of the bar. A prestress is usually necessary in high power 
applications of ceramics to prevent the dynamic stress from exceeding the tensile 
strength. When only Eo and To are applied the static strain and static electric 
displacement that result are given by Eqs. (2.27a,b) as: 

So = s | 3 To + d 2 Eq, (2.28a) 

Do = 2 d 2 To Eo + £33 Eo- (2.28b) 

When a small alternating field, E a , is applied, in addition to the bias field, and 
hysteresis is neglected, the equations that determine the alternating components, 
S a , T a and D a , are: 

So + s a = sf 3 (To + T a ) + d 2 (Eo + E a ) 2 , (2.29a) 

Do + D a = 2d 2 (T 0 + T a ) (E 0 + E a ) + e] 3 (E 0 + E a ). (2.29b) 

Canceling the static components by using Eqs. (2.28a,b), and neglecting the small 
nonlinear terms, gives for the alternating components 

S a = sf 3 T a + (2d 2 E 0 )E a , (2.30a) 

D a = (2d 2 Eo)T a + (4 + 2d 2 T 0 )E a . (2.30b) 

These are the linearized electrostrictive equations; if the bias field was zero there 
would be no electromechanical effect. These equations are reciprocal and in ex¬ 
actly the same form as the piezoelectric equations, Eqs. (2.6c,d), with the effective 
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(I33 = 2d2Eo and the permittivity augmented by 2d2To. Thus, if a bias field is main¬ 
tained, the electrostrictive material can be used as though it was piezoelectric, and 
the analysis of the 33 mode transducer in Sect. 2.1 applies with the understanding 
that the effective d constant depends on the bias field, Eo, through d 3 3= 2d2Eo, 
neglecting the effects of saturation. 

Starting from equations with T and D as independent variables and assuming 
that S is an even function of D gives a different set of nonlinear electrostrictive 
equations: 


S 3 = s? 3 T3+Q33D5, ( 2 . 31 a) 

E 3 = — 2 Q 33 T3D3 + P33 D 3 , ( 2 . 31 b) 

where Q33 is a material property. After applying a bias electric field and a pre¬ 
stress, canceling the static components and linearizing as before, these equations 
become: 


S a = s ®3 T a + 2 Q 33 Do D a , (2.32a) 

E a = —2Q 33 Do T a + (pj 3 - 2Q 33 To) D a , (2.32b) 

which are similar to those used by Mason [10], The resulting effective piezoelec¬ 
tric constant [see Eq. (2.4)] is g 33 = 2 Q 33 D 0 where Do is the static electric displace¬ 
ment caused by the bias field. This result for g 33 is also the same as that obtained 
by Berlincourt [2] that was said to apply to electrostrictive material with high co¬ 
ercive force operating at remanence with Do the remanent electric displacement. 

Piquette and Forsythe have developed a more complete phenomenological 
model of electrostrictive ceramics that explicitly includes saturation of the 
polarization [11, 12, 13] as well as remanent polarization. Their one-dimensional 
equations are 

S 3 = sg, T 3 + Q 33 D 3 , (2.33a) 

E 3 = (D 3 - P 0 )[(4) 2 - a(D 3 - P 0 ) 2 ] -1/2 - 2 Q 33 T 3 D 3 , (2.33b) 

using the notation of Reference [13], except that permittivity, rather than relative 
permittivity, is used here. The quantity Po is the remanent polarization and a is 
called the saturation parameter. A small value of a means that saturation is not 
significant until the electric field is high. For Po = 0 and a = 0 these equations 
reduce to Eqs. (2.31a,b). Other phenomenological models of electrostriction in 
PMN and similar materials have been proposed [14, 15, 16], including compar¬ 
isons with experimental data. A similar model of electrostriction in polyurethane 
with measurement of some of the coefficients is also available [17]. 

The Piquette-Forsythe equations include the nonlinearity associated with both 
saturation and electrostriction and will be referred to again in Chapter 9. In this 
section saturation will be neglected by setting a = 0, and the equations will be 
applied to low level operation of piezoelectric ceramics at remanence by applying 
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an alternating electric field E a . The equations then become with D 3 = Po + D a , 
where D a is the alternating electric displacement associated with E a , 


S 3 = s°T 3 + Q 33 (Po + D a ) 2 , (2.34a) 

E a = pJ 3 D a - 2Q 33 T 3 (P 0 + D a ). (2.34b) 

Assuming no prestress (T 3 = T a ) and linearizing by neglecting products of variable 
quantities gives for the alternating components 


S a = s^ 3 T a + 2Q 33 Po D a , (2.35a) 

E a = -2Q 33 P 0 T a + P 33 D a . (2.35b) 

These equations are essentially the same as Eqs. (2.32a,b) with Po in place of Do- 
At remanence g 33 = 2Q 33 Po, whereas with maintained bias g 33 = 2Q 33 Do- The 
impermittivity P 33 is not modified here as it was in Eqs. (2.32b), but it would be 
modified if prestress had been applied. 

These results show how the piezoelectric constants of linearized electrostrictive 
materials depend on the remanent polarization or on the maintained bias. Since 
the bias is controlled by the transducer designer it can be optimized as discussed 
by Piquette and Forsythe [12, 13]. 


2.3. Magnetostrictive Transducers 

Magnetostriction is the change in dimensions that accompanies a change in mag¬ 
netization of solid materials. In many respects it is the magnetic analog of elec- 
trostriction with the largest effects occurring in ferromagnetic materials. Both 
positive and negative magnetostriction occur in nature, (e.g., an iron bar gets 
longer when magnetized, while a nickel bar gets shorter). The mechanical re¬ 
sponse of magnetostrictive materials to an applied magnetic field is nonlinear and 
depends on even powers of the field. Thus for small fields it is essentially a square 
law, and a magnetic bias is required to obtain a linear response. The bias can 
be obtained by direct current windings on the magnetostrictive material or by an 
auxiliary permanent magnet forming part of the magnetic circuit. The remanent 
magnetization of materials with high magnetostriction is usually not sufficient for 
operation at remanence. 

In the development of high-power transducers for active sonar before and during 
WWII [18], magnetostrictive nickel was the most useful transducer material avail¬ 
able (see Fig. 1.6), and even after the advent of piezoelectric ceramics it still had 
the advantage of high tensile strength and low input electrical impedance. Nickel 
scroll-wound ring transducers (see Section 3.24) were built and tested after WWII 
for low frequency, high power applications, including rings up to 13 feet in dia¬ 
meter, probably the largest individual transducers ever built [19]. However, PZT 
has much lower electrical losses and higher coupling coefficient, and its effective 
tensile strength can be increased by prestressing. 
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Since World War II, several other magnetostrictive materials have been investi¬ 
gated. The non-metallic ferrites [20] were of interest because their low electrical 
conductivity reduced eddy current losses and Metglas [21] was promising because 
of its high coupling coefficient. But none were competitive with the piezoelectric 
ceramics until, in the 1970’s, rare earth-iron compounds were discovered with 
magnetomechanical properties that surpassed the piezoelectric ceramics in some 
respects [22]. These new materials, especially Terfenol-D (Terbium, Tb, Dyspro¬ 
sium, Dy, Iron, Fe) have rekindled interest in magnetostriction, and have made 
possible new transducer designs such as the hybrid piezoelectric-magnetostrictive 
transducer (see Section 3.32 and Fig. 1.20). The most recent rare earth-iron mag¬ 
netostrictive material is Galfenol [23]. The properties of magnetostrictive materi¬ 
als of current interest are given in Appendix A.7. 

Although there is no magnetic analog of the piezoelectric effect, magnetostric¬ 
tive materials are sometimes called piezomagnetic after being biased. They then 
have the same symmetry as the piezoelectric ceramics, and can be described to 
a good approximation by linear equations of state analogous to the piezoelectric 
equations of state [2a]. The major difference is that the magnetic variables B and 
H replace D and E, but otherwise it is convenient to keep the notation analogous to 
that for piezoelectric materials [24]. Thus one of the sets of piezomagnetic matrix 
equations is 

S = s H T + d 1 H, (2.36a) 

B = d T + |4 T H, (2.36b) 

where s H is a 6 x 6 matrix of elastic compliance coefficients, d is a 3 x 6 matrix of 
piezomagnetic coefficients, and | 0 . T is a 3 x 3 matrix of permeability coefficients. 
These matrices are analogous to the piezoelectric matrices, the complete set of 
equations has the same form as Eq. (2.2), and other sets of equations correspond¬ 
ing to Eqs. (2.3) - (2.5) are also used. The piezomagnetic coefficients are related 
to the bias in a way analogous to the discussion in Sect. 2.2. 

An idealized longitudinal vibrator will be used to illustrate magnetostrictive 
transducers as was done for the piezoelectric transducers. Since magnetic fields 
occur in closed loops the structure must differ from the piezoelectric case by pro¬ 
viding a closed magnetic circuit, (e.g., two thin bars of magnetostrictive material, 
as shown in Fig. 2.7), with the magnetic circuit (see Appendix A.9) completed at 
both ends by high permeability magnetic material. 

The length of each bar is L, the total cross-sectional area of both bars is Ao 
and the coil surrounding both bars has n turns per bar. It will be assumed that the 
magnetostrictive material is operated with a bias current that determines the value 
of the effective d 33 constant [25], 

In the configuration shown in Fig. 2.7 the stress T 3 is parallel to the bars, the 
stresses Ti and T 2 are zero, and the only magnetic field components are H 3 and 
B 3 parallel to the bars. Under these conditions the equations of state reduce to 

Si = S 2 = s ^ 3 T 3 + d 3 i H 3 , 

S 3 = S33 T 3 + d 33 H 3 , 

B 3 = d 33 T 3 + p.33 H 3 . 


(2.37a) 

(2.37b) 

(2.37c) 
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FIGURE 2.7. The 33 mode magnetostrictive longitudinal vibrator. 


Determination of the transducer equations is analogous to that for the 33 mode 
piezoelectric case. The equation for S 3 is solved for T 3 , S 3 = X 3 /L and H 3 = nl/L, 
where I is the current through the coil (using Ampere’s Circuital Law with 2n turns 
in the path length of 2L and neglecting the path length in the high permeability 
end pieces). Then the equation of motion is 

M,x 3 + R t x 3 = —A 0 T 3 + Fb = — (Ao/s^ 3 L)[x 3 — d 33 nl] + Fb, (2.38) 

which becomes, for sinusoidal drive 

F b = Z» r u 3 - (nAodM/s&L) I. (2.39) 

The Faraday induction law and the equation for B 3 give the electrical equation 

dB 

V = (2n)(Ao/2) — = (jumAo)[d 33 X 3 /sf 3 L + ftt* _ d^/s^nl/L], (2.40) 

or 

V = (nA 0 d 3 3 /s|L)u 3 + Z 0 I. (2.41) 

The impedance Zf,',. is the open circuit mechanical impedance with = Ao/s!Al 
the open circuit stiffness, including both magnetostrictive bars. The clamped elec¬ 
trical impedance is Zo = j cuLo where Lo = (|dj 3 Aon 2 /L) (l-d^ 3 /| 4 j 3 s^ 3 ) is the 
clamped inductance and Lf = ttl 3 A()ti 2 /L is the free inductance. It is evident from 
the definition of the coupling coefficient in Eq. (1.18) that 

k 2 = 1 - Lo/L f = d 33 /(x| 3 s ^ 3 = k 2 3 , (2.42) 

The transduction coefficient is N m 33 = nAod 33 /s 33 L, which appears with opposite 
signs in Eqs. (2.39) and (2.41). Equation (1.18) also shows that 

Kn B , = K,V, + N^/Lo. (2.43) 

These results are completely analogous to the piezoelectric case with k 33 the ma¬ 
terial coupling coefficient of the magnetostrictive material. The analogy follows 
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from assuming that the bias linearizes the magnetostrictive mechanism and from 
neglect of electric and magnetic dissipation mechanisms. Electrical losses in the 
windings, as well as magnetic hysteresis and eddy current losses, have also been 
neglected, although they are usually more important than dielectric losses in piezo¬ 
electric materials. These losses will be included in the more complete models to 
be developed in Chapters 3 and 7. 


2.4. Electrostatic Transducers 

The electrically-generated force in the electrostatic transducer acts at the sur¬ 
faces of condenser plates; it has the simplest force law of all the transducers, 
the attraction between opposite electric charges on the two condenser plates. 
A detailed description of electrostatic transducers, often called capacitive trans¬ 
ducers, is given by Hunt [26]. Electrostatic transducers are now very important 
in micro-electromechanical systems (MEMS) [27], but they have found little use 
in underwater sound, although they do have a place in its history. Early in World 
War I Langevin did his first echo-ranging experiments in water with electrostatic 
transducers, but he soon replaced them with quartz piezoelectric transducers [26] 
(see Fig. 1.4). 

In the idealized model of this transducer one condenser plate is considered fixed 
while the other is the vibrating mass in contact with an acoustic medium, and the 
plates are held apart by a spring of spring constant K m as shown in Fig. 2.8. 

Consider the plates to have area Ao and the separation between them to be L 
before voltage is applied. A voltage V gives a charge ±Q on the plates, which 
causes one plate to move toward the other a distance x, considered a negative 



FIGURE 2.8. Basic elements of the electrostatic transducer. 
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value when the plates move closer together. Neglecting fringing, the electric field 
between the plates is assumed to be uniform and given by 


E = 


V 

L + x’ 


(2.44) 


and the electric displacement is D = eE where e is the permittivity of the material 
between the plates (usually air). The energy stored in the field is 


u = 1/2 QV = V 2 EDAq(L + x) = 


eA 0 V 2 
2(L + x)' 


(2.45) 


The force attracting the plates is given by the rate of change of energy with 
position: 


_ dU _ eA 0 V 2 
dx 2(L + x ) 2 ’ 

and the equation of motion of the moveable plate with mass M is 


(2.46) 


M t x + R t x + K m x = -eA 0 V 2 /2(L + x ) 2 + F b . (2.47) 


The dependence of the electric force on V 2 shows that a bias voltage, Vo, is re¬ 
quired to achieve a linear mechanical output. When the bias voltage is applied 
alone with no external force (F b = 0), Eq. (2.47) reduces to the static case in which 
the plates reach an equilibrium separation, xo, where the electric and spring forces 
are equal: 


Km x o — 


eAqVq 
2(L + x 0 ) 2 ' 


(2.48) 


The solutions of this equation give the equilibrium positions about which vibra¬ 
tions can occur. But when the bias voltage is increased beyond a certain value it 
is found that no solutions exist, indicating that the electric force overcomes the 
spring force, and the gap between the plates closes. This instability is caused by 
the nonlinearity, and will be analyzed and discussed in detail in Chapter 9. 

When the drive voltage V 1 is superimposed on the bias voltage the moveable 
plate vibrates with amplitude xj about the value xo. The total displacement, x, can 
be written as xq + X[ and Eq. (2.47) becomes 


eA 0 (V 0 + Vi) 2 

M,X! + R t xj + K m ( Xl + x 0 ) =-” (2.49) 

2(L 0 + xi)- 

where Lo = L + xq. The nonlinearity appears in Eq. (2.49) in two different ways: 
the electric force is a nonlinear function of xj and it depends on the square of the 
total voltage, but for now it will be linearized by expanding (Vo + Vj ) 2 and (Lo + 
xi ) -2 and dropping the nonlinear terms. The result, using Eq. (2.48) to cancel the 
static terms, is 


M t xi + R t xi + (K m - £A 0 Vq/Lq)xi = —(eAoVo/L^V! + F b , (2.50) 



50 2. Electroacoustic Transduction 


which, because of the linearization, is a good approximation only for xi Lo. 
Since the electric force depends on both Vi and xi, linearizing it still leaves two 
linear forces, an electric force proportional to V i and a mechanical force propor¬ 
tional to xj. The latter combines with the usual spring force to give an effective 
spring constant of K^= (K m — eAoV^/Lo 3 ) for the biased transducer; (eAoVq/Lq) 
is called the negative stiffness because it represents a force that opposes the spring 
force. Equation (2.50) can be written for sinusoidal drive as 


F b = Z>! + (eA 0 Vo/Lq)Vi, (2.51) 

where ui = jtoxi and Z^ r = R t + jcuM t + (l/jcu)K^ is the total short circuit 
mechanical impedance. Expressing the force in terms of voltage clearly shows 
the physical origin of two important features of the electrostatic mechanism: the 
negative stiffness and the instability. 

The other transducer equation for the electrostatic transducer gives the current, 
Ii, caused by the drive voltage, Vi: 

dD dE d 

It = Ao— = A 0 £— = A 0 £-[(Vo + VO/(Lo + Xl ]. (2.52) 

dt dt dt 

After linearizing, this equation becomes 


It = -(£A 0 Vo/L5) Ul + (£Ao/L 0 )dVi/dt, (2.53) 

or, for sinusoidal drive, 

It = -(£A 0 Vo/L5) Ul + Y 0 Vi, (2.54) 

where Yo = j cu Co is the clamped electrical admittance, and Co = eAo/Lo is the 
clamped capacitance. The transduction coefficient in Eq. (2.54), Nes = eAVo/L 3 , 
is the same as that in Eq. (2.51), with a negative sign. 

When Eqs. (2.51) and (2.54) are solved to make u| and I) the independent 
variables we find that Kj n = K m . Using the above expression for K 3 ' in Eq. (1.16), 
shows that the coupling coefficient is 

k 2 = 1 - Kl/Kl = £ A 0 V 2 /K m L 3 . (2.55) 

It can be seen that k 2 increases as Vo increases. It will be shown in Chapter 9 that 
k = 1 when Vo has reached the value at which the plates collapse together. Thus 
k < 1 is a condition for physical realizability of the electrostatic transducer (see 
Chapter 8 ). 

As with electrostrictive and magnetostrictive transducers the transduction co¬ 
efficient and coupling coefficient depend on the bias, raising the question of the 
optimum bias. For example, Eq. (2.55) shows that the coupling coefficient in¬ 
creases with Vo, but increasing Vo leads to instability. Thus the optimum value of 
Vo cannot be found without considering the nonlinear mechanisms that determine 
static and dynamic stability and harmonic distortion (see Chapter 9). 
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2.5. Variable Reluctance Transducers 

The variable reluctance transducer (also called electromagnetic or moving arma¬ 
ture transducer) is a magnetic field transducer in which the magnetically gener¬ 
ated force acts at the surfaces of gaps in a magnetic circuit [25, 26]. Some of what 
has been said about the electrostatic transducer can also be said about the vari¬ 
able reluctance transducer, since, when both are sufficiently idealized, the variable 
reluctance is the magnetic analog of the electrostatic. 

Figure 2.9 shows the essential components of a variable reluctance transducer 
in which an electromagnet is separated into two parts by two narrow air gaps, 
each of length L and area Ao/2 held apart by a spring of spring constant K m . 
When current flows through the windings of 2n turns, it creates a magnetic field 
H and a magnetic flux BAo/2 in the gaps which causes an attractive force between 
the two poles of the magnet. One part of the magnet is attached to a moveable 
plate in contact with an acoustic medium, the other part is fixed. Let x represent 
displacement of the moveable part with negative values corresponding to closing 
the gaps. The magnetic reluctance, the ratio of magnetomotive force to magnetic 
flux (see Appendix A.9) of each gap is 2(L + x)/ pAo which varies as the moveable 
part vibrates, giving this transducer its name. The quantity p is the permeability 
of the air in the gaps, and it will be assumed that the permeability of the magnetic 
material is much greater than that of air, making the reluctance of the rest of the 
magnetic circuit negligible. 

The force between the two poles can be found from the magnetic energy. Ne¬ 
glecting fringing and the energy in the magnetic material, the energy in the gaps is 

U = 1/2 (BH)2(Ao/2)(L + x) = pA 0 (nI) 2 /2(L + x), (2.56) 



FIGURE 2.9. Basic elements of the variable reluctance transducer. 
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and the force between the two poles is 

dU/dx = -|xA 0 (nI) 2 /2(L + x) 2 . (2.57) 

With Eq. (2.57) as the force the equation of motion of the moving part of the 
transducer is 


M,x + R,x + K m x = -pA 0 (nI) 2 /2(L + x) 2 + F b . (2.58) 

In this case M t is the sum of the radiation mass, the mass of the moveable part of 
the magnetic material and the mass of the plate in contact with the medium. This 
equation for current drive of the variable reluctance transducer has the same form 
as Eq. (2.47) for voltage drive of the electrostatic transducer with permeability 
in place of permittivity and nl in place of V, including nonlinearities of the same 
kind. Thus a bias current is needed in addition to a drive current to achieve a linear 
output. 

A fundamental difference between the variable reluctance and the electrostatic 
transducers exists since lines of magnetic flux form closed loops while lines of 
electric flux end on the plates of the condenser. Thus a closed magnetic circuit is 
needed in the variable reluctance transducer, a significant disadvantage because of 
hysteresis and eddy current losses in the magnetic material and the copper losses 
in the windings. 

The instability found in the electrostatic transducer also occurs in the variable 
reluctance transducer, and it has been put to practical use; the magnetic relay is 
a variable reluctance transducer operating in the unstable region. When only a 
steady bias current is applied (I = lo), and there is no external force, Eq. (2.58) 
shows that the stable equilibrium positions are given by solutions of 

K m x 0 = -pA 0 (nI 0 ) 2 /2(L + x 0 ) 2 . (2.59) 

Eq.(2.59) has the same form as Eq. (2.48) for the electrostatic transducer, and 
the analysis in Chapter 9 of stability and other nonlinear effects applies to both 
transducers. 

When a drive current, Ij, is added to the bias current Io, and x is written as xo + 
xi, Eq. (2.58) can be linearized in the same way as Eq. (2.49). The result can be 
written for sinusoidal drive with L x = L +xo as, 

F b = Z^ r Ul + (ftA 0 n 2 I 0 /L 2 ) I,, (2.60) 

where the open circuit mechanical impedance is Z l mr = R t +j cuM t + K| n /j cu, and 
K| n = K m — pAoir I2/L 2 , showing a negative stiffness for current drive analogous 
to the negative stiffness in the electrostatic case for voltage drive. 

The electrical equation for the variable reluctance transducer is the Faraday in¬ 
duction law. Using the steady bias current Io and driving current I|, and neglecting 
losses, the electrical equation becomes 


Vi = 2n(Ao/2)^ = nA„^[pn(I 0 + Ii)/(L X +X0], 
dt dt 


(2.61) 
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When this equation is linearized and the static terms are canceled the voltage is 

Vi = — (M-A 0 n 2 Io/L^)ui +Z 0 Ii. (2.62) 

Zo = j cuLo is the clamped electrical impedance, Lo = |J.Aon 2 /L x is the clamped 
inductance, and the transduction coefficient is Nvr = p.Aon 2 Io/L 2 with the same 
magnitude but opposite signs in Eqs. (2.60) and (2.62). The latter equations also 
show that K 2 ' = K m . Using the relation obtained from Eq. (2.60), that K[ n = —11 

Aorrljj/ F 2 , the stiffness definition of k 2 in Eq. (1.18) gives 

k 2 = (Kl - K l m )/Kl = pA 0 n 2 I 2 /K m L 2 . (2.63) 

This result for k 2 is analogous to that for the electrostatic transducer in Eq. (2.56), 
including k = 1 when nig equals the value that causes the gaps to collapse. 


2.6. Moving Coil Transducers 

The moving coil transducer (also called the electrodynamic transducer) is proba¬ 
bly more familiar than any other transducer because it is used as the loudspeaker 
in most music and speech reproduction systems [26]. But moving coil transducers 
have also found an important place in underwater acoustic calibration where low 
frequency, broadband sound sources of moderate power are needed [28]. This is 
based on the feasibility of making their resonance frequency very low, thus pro¬ 
viding a broad, flat transmitting response above resonance, if other resonances can 
be avoided, (see Chapter 12 and Appendix A.12, Fig. A.10). 

The transducer consists of a circular coil of wire suspended in an annular gap 
in a permanent magnet where the radial magnetic field exerts a force on the coil 
when a current passes through it as shown in Fig. 2.10. 

This is the Lorentz force on moving electric charges in a magnetic field, and 
since it is perpendicular to the magnetic field and to the current it causes motion 
in the x direction in Fig. 2.10. If the static magnetic field produced by the magnet 
is Bo, the total length of wire in the coil is l c and the current through the coil is I 
the magnitude of the force is 

F = B 0 1 C I. (2.64) 

The basic configuration of the transducer is completed in most air loudspeakers by 
attaching the coil to a paper or plastic cone that serves as the radiating surface. The 
stiffness of the cone edge suspension (the surround) combined with the stiffness of 
the centering device, or spider, serves as the spring; it is shown in Fig. 2.10 as K m . 
For use in water, with characteristic mechanical impedance much greater than air, 
a rigid piston radiator is used in place of the paper cone, as suggested by Fig. 2.10. 

The moving coil mechanism differs significantly from the electrostatic or vari¬ 
able reluctance mechanism in that the basic force law is a linear function of the 
current. This basic linearity is one of the reasons why the moving coil transducer is 
so widely used, but it must also be noted that there have probably been more stud¬ 
ies of nonlinear effects in this transducer than in any of the other transducer types. 
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FIGURE 2.10. Basic elements of the moving coil transducer. 


This interest in small nonlinear effects shows that the moving coil transducer has 
great potential for linearity and is very suitable for high fidelity music systems 
and underwater transducer calibration where linearity is especially important. But 
the linearity of the moving coil transducer is limited, as the vibration amplitude 
increases, for several reasons, as will be discussed in Chapter 9. Here Eq. (2.64) 
will be used as the only drive force in the equation of motion: 

M t x + R t x + K m x = B 0 1 C I + Fb, (2.65) 

where M t is the radiation mass plus the mass of the coil plus the effective mass of 
the paper cone or piston. For sinusoidal drive Eq. (2.65) becomes 

F b = Z! nr u - B 0 1 C I, (2.66) 


where Z[ nl = Z mr , Kj vi = K m and, when F b = 0, the velocity is u = Bol c l/Z mr . 

It may appear that the moving coil transducer differs from the electrostatic and 
variable reluctance transducers by achieving linear operation without bias. How¬ 
ever, the magnetic field. Bo, plays the role of a bias, although it provides no static 
force as the bias does in the variable reluctance transducer. The transduction co¬ 
efficient, Bo l c , is proportional to Bo, and there is no linear transduction if Bo = 0. 
The field. Bo, is provided either by a permanent magnet or by direct current in a 
magnetizing coil. 

The electric equation for the moving coil transducer comes from the Faraday 
induction law. Since the current is changing in the coil and the coil is moving at 
right angles through the radial magnetic field there are two sources of voltage. 
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With Lb the clamped inductance of the coil, and again neglecting losses, the volt¬ 
age equation is 

V = L b (dl/dt) + B 0 l c (dx/dt), (2.67) 


or, 

V = B 0 l c u + Z b I, (2.68) 

where Z b = j o>L b is the clamped electrical impedance. 

The moving coil transducer differs significantly from the variable reluctance 
transducer in that it has no negative stiffness because the internal electrical force 
is independent of displacement for small displacements as can be seen from Eq. 
(2.64). Thus using K[ n = K m and rearranging the equations to make V a dependent 
variable shows that 


Z^ r = Z l mr + (B 0 lc) 2 /Z b , 

(2.69) 

= K m + (B 0 l c ) 2 /L b . 

(2.70) 


Thus the short circuit stiffness for the moving coil transducer increases as Bo is 
increased, since L b is usually approximately proportional to l 2 . 

Using the values of Kj n and above in the stiffness definition of k 2 in Eq. 
(1.18) gives 


k 2 = (K^ - Kjj/K^ = (B 0 l c ) 2 /[K m L b + (B 0 lc) 2 ] = 1/[1 + K m L b /(B 0 l c ) 2 ]. 

(2.71) 

The second form of k 2 was given by Hersh [29] and the third by Woollett [25], 
Equation (2.71) shows that k 2 can be made to approach unity by decreasing the 
stiffness, K m , for a given Bo- Woollett [25] has pointed out that this condition 
corresponds to a poorly defined equilibrium position for the coil, (i.e., a drift type 
of instability). But for the moving coil transducer k 2 can be made close to unity 
(about 0.96) [29] without becoming unstable, by making (Bol f ) 2 K m L b 

Note that for the variable reluctance transducer = K m , while for the moving 
coil transducer Kj n = K m . The difference arises from the different physical nature 
of the magnetic forces in the two cases. In the variable reluctance the magnetic 
force is a function of x and I which, after linearizing, has a component proportional 
to x (the negative stiffness force) in addition to the component proportional to I. 
In the moving coil for small amplitude the magnetic force does not depend on x 
and consists only of the component proportional to I. In the variable reluctance the 
bias reduces the stiffness K[ n while remains at K m , but in the moving coil Kj n 
remains at K m while Bo (the bias) increases the stiffness K^'. 


2.7. Comparison of Transduction Mechanisms 

The fundamental features of the major transduction mechanisms will now be sum¬ 
marized and compared to identify those most suitable for underwater sound appli¬ 
cations. The main results of this chapter are the equation pairs for each transducer 
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type, which have been derived with force and current (or voltage) as dependent 
variables. They can be summarized as: 


Electric Field Transducers: 


Magnetic Field Transducers: 


F b = Z> - NV, (2.72a) 

I = Nu + Y 0 V. (2.72b) 

F b = Z> - NI, (2.73a) 

V = Nu + Z 0 I. (2.73b) 


Table 2.1 lists the transduction coefficients, N, and the coupling coefficients 
squared, k 2 , for each transducer type. These quantities are expressed in terms of 
material constants, dimensions, and bias to show the dependence on the parame¬ 
ters that are critical in transducer design. Note that the expressions for N give the 
turns ratios of the ideal transformers in the electrical equivalent circuits that will 
be discussed in Section 2.8 and Chapter 7. 

Table 2.1 shows that bias is the common factor that determines the values of 
both transduction coefficients and coupling coefficients. This is most obvious in 
the surface force transducers where the bias fields appear explicitly as Vo/Lo, 
nlo/Lo, and Bo- In electrostrictive and magnetostrictive transducers, the d 33 con¬ 
stants depend on bias, as shown in Section 2.2. In the true piezoelectric materials 
the measured d 33 is a naturally occurring property related to the crystalline struc¬ 
ture in a way that could be interpreted in terms of an internal bias. The last column 
in Table 2.1 emphasizes the similarity among the linearized transducer types. 

The term NV or NI in the transducer equations determines the ability of a trans¬ 
ducer to produce force, and the most critical parts of N are the material properties 


TABLE 2.1. Comparison of Transduction Mechanisms 


Transducer 

Transduction 

Coupling 

(N/k) 2 

Type 

Coefficient-N 

Coefficient-k 2 


Electrostatic * 

-£A 0 V 0 /L 2 

eAoVg 

Km Cf 

Piezoelectric/Elec trostrictive 

d 33 A 0 /s 33L 

d 33 / £ 33 S 33 

K^Cf 

Magnetostrictive 

d 3 3nAo/s^ 3 L 

d 33 / b 33 s 33 


Variable Reluctance * 

—pA 0 n 2 I 0 /L 2 

pA 0 n 2 I§ 

K V L 3 

Kjn Lf 

Moving Coil 

Bole 

(Bole) 2 

KfnLf 


*N must be considered negative for the electrostatic and variable reluctance mechanisms 
to be consistent with the transducer equations above. In these cases an increase in V or I, 
with F b = 0, gives a negative displacement; in the other cases an increase in V or I gives a 
positive displacement. 
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and the bias fields. For example, d 33 /s| 3 and eoVp/Lp are critical for piezoelectric 
and electrostatic transducers, where d 33 /s| 3 ~ 20 for PZT-4, while epVp/Lp ~ 
10 -5 with a bias of 10 6 volt/m. Therefore, a piezoelectric transducer has about a 
million times more capability for producing force than an electrostatic transducer 
of the same size. Similar considerations show that the order of increasing force 
capability is: electrostatic, moving coil, variable reluctance, and then magne- 
tostrictive and piezoelectric, which are about equal [30]. This conclusion is rel¬ 
evant for high power projectors but does not apply to underwater applications in 
general; (e.g., at very low frequency, where the acoustic loading is low, large dis¬ 
placement is more important than large force). 

The other critical factor that determines the potential of a transducer to produce 
the force required as a projector is the limiting drive voltage or current that can 
be applied without damage (see Sect. 2.8.4 and Appendix A. 14). This is a difficult 
concept to quantify because limiting drives are determined by phenomena such as 
electrical breakdown, mechanical failure, and overheating which depend on mate¬ 
rial properties and the details of design and construction. Therefore the estimates 
about to be made are intended to show the relative-but only approximately the 
ultimate-capabilities of the transducer types. The transducer equations show that 
with maximum drive NVi/Ao or NIi/Ao is the maximum dynamic force per unit 
area that can be produced; (e.g., for the piezoelectric case NVi/Ao = Vid 33 /s| 3 L). 
These forces per unit area are shown in Table 2.2 for specified high drive condi¬ 
tions. For comparison some underwater applications require acoustic pressures at 
the radiating face of the transducer that approach the static pressure (e.g., 1-10 
atmospheres or 10 5 - 10 6 Pa). Higher pressures would be limited by cavitation 
(see Chapter 10). For optimum acoustic loading at resonance the pressures pro¬ 
duced in the water by the forces per unit area in Table 2.2 would be reduced by the 
ratio of radiating area (A) to drive area (Ao), a value in the range 1 to 5. 

Table 2.2 shows that the electrostatic transducer is not suitable for high power 
applications in water, the moving coil transducer is marginal, the variable re¬ 
luctance transducer is much better, and the piezoelectric and magnetostrictive 
transducers are fully capable of producing the required forces. The characteris¬ 
tic impedance of piezoelectric, electrostrictive, and magnetostrictive transducers 
also favors their use in water (pc = 22 x 10 6 kg/m 2 s for PZT), and, combined 
with their high force capability, makes them superior for most underwater sound 
applications. 


Table 2.2. Comparison of Force per Unit Area Capability 



NV! /A 0 

orN^/Ap in Pa 

Electrostatic 

3 

[ E 0 = 10 6 V/m, E| = 3xl0 5 V/m] 

Moving Coil 

8000 

[200 turns, radius = 0.1m, Bp = IT, 1 1 = 2A] 

Variable Reluctance 

10 5 

[Hp = 5x10 s A/m, Hj = 1.7xl0 5 A/m ] 

Piezoelectric (PZT) 

8xl0 6 

[E a = 4xl0 5 V/m] 

Magnetostrictive (Terfenol) 

8xl0 6 

[Hi = 2xl0 4 A/m, H 0 = 4xl0 4 A/m] 
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2.8. Equivalent Circuits 
2.8.1. Equivalent Circuit Basics 

Electrical equivalent circuits are an alternative representation of transducers that 
can be combined with power amplifier circuits, and other electrical circuits, for a 
more complete systems representation. In addition, they provide a visual alterna¬ 
tive to an analytical representation of the individual parts and interconnections of 
the transducer. We present here a brief introduction to equivalent circuits which 
will be used extensively in Chapters 3 and 4 to represent specific projector and 
hydrophone designs. Equivalent circuits will be developed more fully in Chapter 7 
as one of the major methods of modeling transducers. The simplest equivalent 
circuit uses lumped electrical elements such as inductors, resistors and capaci¬ 
tors to represent mass, resistance, and compliance (reciprocal of spring constant) 
respectively and voltage, V, and current, I, to represent force, F, and velocity, u. 
The analogy is based on the following similarities between the laws of electricity 
and magnetism and the laws of mechanics: 

• For an electrical resistance R e , the voltage V = R e I. 

For a mechanical resistance R, the force F = Ru. 

• For a coil of inductance L, the voltage V = F dl/dt = jcuLI. 

For an ideal mass M, the force F = M du/dt = jcuMu. 

• For a capacitor C the voltage V = (1/C )J Idt = I/jcuC. 

For a compliance C m the force F = (1/C m ) / udt = u/jcuC m . 

• For an electrical transformer of turns ratio N the output voltage is NV. 

For an electro-mechanical transformer the force F = NV. 

• Electrical power is W = VI =| V| 2 /2R e =|I| 2 R e /2. 

Mechanical power is W = Fu = |F| 2 /2R = |u| 2 R/2. 

Angular resonance frequency, cu r , and quality factor, Q, analogies are: 

• For inductance F, capacitor C, resonance is cu, = (1/FC) 1 / 2 . 

For mass M, compliance C m , resonance is cu, = (l/MC m ) 1//2 . 

• For inductance F, resistance R e , the Q is Q = cu r F/R e . 

For mass M, mechanical resistance R, Q is Q = cu r M/R. 

where terms containing jcu apply to sinusoidal conditions. The mechanical com¬ 
pliance C m = 1/K m acts like a capacitor and is used in equivalent circuits rather 
than the stiffness K m . 

Thus, an electrical circuit can represent a mechanical vibrating system by re¬ 
placing the voltage V, with a force, F, and the current, I, with a velocity u. 
Since electroacoustic transducers involve both electrical and mechanical parts, 
one circuit can be used to represent the entire transducer with an ideal electro¬ 
mechanical transformer connecting the electrical and mechanical parts as shown 
in Fig. 2.11. 

The electromechanical turns ratio of the ideal transformer, N = F/V, is the quan¬ 
tity we called the transduction coefficient earlier in this chapter. Figure 2.11 is an 
example of the impedance analogy in which the force acts like a voltage and the 
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FIGURE 2.11. Lumped equivalent circuit. Tail mass inductor between AB is for the case 
of a finite reaction mass. 


velocity acts like a current; it is directly applicable to piezoelectric ceramic and 
other electric field transducers. Because of the widespread use of piezoelectric 
ceramic in underwater sound transducers, only the impedance analogy will be 
considered in this introductory section. However, as will be shown in Chapter 7, 
magnetic field transducers are more readily represented by a mobility analog cir¬ 
cuit in which the velocity acts like a voltage and the force acts like a current, since 
the magnetic forces are derived from a current in the associated coil. 

The circuit of Fig. 2.11 is an equivalent way of representing Eqs. (2.9) and 
(2.11) with K m replaced by the compliance C'fj, = 1/K^. Accordingly, Eq. (2.9) 
may be written 

jut (M + M r )u + (R + R r )u + u/jtu C® = uZ^ = NV + F b , (2.74) 

which gives the sum of the forces around the mechanical and acoustical part of 
the circuit of Fig. 2.11. It has the same form as an electrical series “RLC” circuit 
driven by a voltage of NV + F b , where F = NV, justifying the representation of the 
mechanical and acoustical parts of the equivalent circuit of Fig. 2.11. 

The electrical part of Fig. 2.11 can be characterized through the input current in 
Eq. (2.11) written as 

I = jcuC 0 V + Nu. (2.75) 

Equation (2.75) gives the sum of two currents and satisfies the electrical part of 
the equivalent circuit where jiuCoV is the current through the capacitor, Co, and 
Nu is the current entering the ideal transformer of turns ratio N. The capacitor, Co, 
would be the only reactive component if the acoustical part were open circuited 
with the velocity u = 0. Without this capacitor the transduction would be perfect, 
all the electrical energy would be converted to mechanical form, and the coupling 
coefficient would be unity. 

The ideal transformer turns ratio N is proportional to the coupling coefficient 
and connects the electrical and mechanical parts of the circuit by the relations 


F = NV and u = I/N. 


(2.76) 
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The power passing through this transformer is identical on both sides, since 
VI = Fu. The circuit represents an acoustic projector for Fb = 0, where the power 
out is W = |u| 2 R r /2. The output velocity, 

u = NV/{(R + R r ) + j[o)(M + M r ) - 1/coC®]} = NV/Z^, (2.77) 

can be obtained directly from the equivalent circuit parameters using common 
circuit theorems and is consistent with Eq. (2.74). The source level may then be 
obtained from Eq. (1.25) or Eq. (1.27) if the DI is known. The source level may 
also be obtained without use of the DI from Eq. (2.77) and analytical expressions 
for the far-held acoustic pressure as a function of the transducer normal velocity 
(see Chapter 10). 

2.8.2. Circuit Resonance 

At resonance the transducer output velocity is magnified by the Q of the trans¬ 
ducer for a given electrical input. Accordingly, projectors are usually operated 
in a frequency band around the fundamental resonance and in this region impor¬ 
tant characteristics can be obtained from the electrical admittance of electric held 
transducers. Resonance may be defined as the frequency at which the kinetic and 
potential energies are equal. (See Chapter 8 for a more extensive discussion of 
resonance.) In the case of a circuit this is equivalent to the frequency at which 
the reactance vanishes. Because of the shunt capacitance, Co, in Fig. 2.11 there 
are two resonance frequencies, one at which the susceptance, B, vanishes; and an¬ 
other at which the reactance, X, vanishes. These two frequencies play an important 
role in characterizing a transducer. 

The input electrical admittance, Y = G + jB, may be obtained from the circuit 
of Fig. 2.11, with the external force Fb = 0, and written as 

Y = I/V = jtuCo + N 2 /{(R + R r ) + j[cu(M + M r ) - 1/cuC^]} 

= jcuC 0 + N 2 /zE r . (2.78) 

The mechanical resonance frequency occurs under short circuit conditions 
(which shorts out the capacitor Co) where the reactance cancels, a>(M + M r ) — 
1/tuC^ = 0, and gives 

U) r = l/KM + MrjC®] 1 / 2 . (2.79) 

This is the frequency of maximum response for projectors driven with a con¬ 
stant voltage and also the frequency of maximum conductance. Under open circuit 
conditions the capacitor Co/N 2 is in series with C® reducing the compliance to 

C° = (C^C 0 /N 2 )/(C^ + Co/N 2 ) = C*/(l + N 2 C®/C 0 ), 

and yielding a higher open circuit anti-resonance frequency given by 

U>a= l/t/M + MrjC^] 1 / 2 . 


( 2 . 80 ) 



Equivalent Circuits 61 


This is the frequency of maximum response for hydrophones and also approx¬ 
imately the frequency of maximum impedance. Use of the stiffness definition of 
the coupling coefficient k in Eq. (1.16) with = 1/C® and = 1/Cj^ leads to 

k 2 = [l-(cu r /u> a ) 2 ], (2.81) 

which is often used to determine the effective coupling coefficient of a transducer 
by calculation or measurement of the resonant and anti-resonant frequencies. This 
important quantity, k, is a measure of transduction and ranges between zero and 
unity (see Chapters 1 and 8). If k was unity, Co would be zero and would no longer 
shunt the circuit. 


2.8.3. Circuit Q and Bandwidth 

The mechanical quality factor, Q m , (See Chapter 8 for a more extensive discussion 
of Qm-) is a measure of the sharpness of a resonant response curve and may be 
determined from 

Qm = fr/(f 2 —fl) = to r M*/R*. (2.82) 

In the first expression, f r is the mechanical resonance frequency and 13 and 1) 
are the frequencies at half-power relative to the power at resonance. Tradition¬ 
ally, the bandwidth is considered to be Af = f 2 — fi, which covers the response 
region where the output power is within 3 dB of the value at resonance and may 
be extended to cover the case of multiply-resonant transducers. Occasionally the 
bandwidth is determined by the input power or intensity response. At the band 
edge frequencies, fi and f 2 , the phase angle is ± 45° in the combined mechanical 
and acoustical (motional) part of the circuit of Fig. 2.11. 

Both expressions in Eq. (2.82) are equivalent for the simple circuit of Fig. 2.11 
where there is only a single mechanical resonance frequency cu r . The first is most 
useful for measurement while the second is more useful for analysis. In the second 
expression M* is the effective mass and R* is the effective mechanical resistance. 
The latter form may be obtained from the energy-based definition: 

Q m = 27t(Total Energy) / (Energy dissipated per cycle at resonance). 

In the electric field transducer circuit of Fig. 2.11 the quality factors at mechan¬ 
ical resonance, Q m , and at antiresonance, Q a , are 

Qm = o>r(M + M r )/(R + R r ), Q a = tu a (M + M r )/(R + R r ). (2.83) 

With the expressions for cu r , cu a , Q m and Q a , the admittance, given by Eq. (2.78), 
may be recast in the form 

Y = G 0 +jcuCf[l-(a)/tu a ) 2 + ja)/cu a Q a ]/[l-(co/cu r ) 2 +jo)/tu r Q m ], (2.84) 

by using N 2 = k 2 CfK®. Equation (2.84) shows that the admittance approaches the 
electrical loss conductance. Go, plus jcu times the free capacity, Cf = Cq/( 1 - k 2 ). 
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at frequencies well below mechanical resonance, cu r . Equation (2.84) also shows 
that for low losses, with Go small and, more importantly, Q m and Q a large, the 
magnitude of Y becomes a maximum at mechanical resonance, cu = cu r , and a 
minimum at anti-resonance, cu = cu a . As we will discuss in Chapter 12, these 
conditions may be used to determine resonance and antiresonance of piezoelectric 
ceramic transducers and are usually accurate under air-loaded conditions if the 
mounting does not introduce significant stiffness or damping. Under water loading 
conditions where Q m and Q a are not necessarily high, the frequency of maximum 
conductance may be used to obtain mechanical resonance, cu r , and the frequency 
of maximum resistance may be used to obtain antiresonance, cu a , for the common 
case of small electrical loss conductance. Go- 

A low Q m is usually desirable, but, for efficient radiation, it must be based on a 
large radiation resistance, R r , rather than a large mechanical loss, R. The Q m can 
be related to the coupling coefficient, k, by starting from the electrical admittance 
at mechanical resonance, tu r , where Eq. (2.78) becomes 

Y = Go+jcu r C 0 + N 2 /(R + Rr). (2.85) 

Using k 2 = Nr/K^Cf, from Eq. (1.17), the motional conductance, G m = N 2 / 
(R + R r ), becomes 

Gm = k cu r CfQ m . (2.86) 

If we ignore the usually small electrical loss conductance. Go, in the expres¬ 
sion for Y at resonance, the electrical quality factor, Q e , evaluated at mechanical 
resonance, is defined as 

Q e = u) r Co/G m . (2.87) 

The quantity Q e is a measure of the ratio of the susceptance to the conduc¬ 
tance and also a measure of the power factor which is an important consideration 
when the transducer is connected to a power amplifier. Broadband power oper¬ 
ation is difficult if Q e is high, since then a large volt-ampere capacity from the 
power amplifier is needed for a given power requirement as a result of the shunted 
current through Co- Substituting G m from Eq. (2.86) into Eq. (2.87) gives Q e = 
Co/(k 2 CfQ m ) which, with Co = Cf(l - k 2 ) leads to the important general transduc¬ 
tion expression, 

QmQe = (l-k 2 )/k 2 , (2.88) 

which fixes the relationship between Q m and Q e for a given coupling coefficient, k. 
This formula may also be used to determine the effective coupling coefficient, k e ff, 
(see Chapter 8) from measurements of Q m and Q e as will be shown in Chapter 12. 

While the quantity Q m is a measure of the sharpness of the constant voltage 
drive response curve, the Q e is a measure of the reactive electrical susceptance. 
Since low values of both are usually desirable for broadband response, it is useful 
to define a total quality factor, 

Qt = Qm + Qe = Qm + (1 - k 2 )/(k 2 Q m ), 


(2.89) 
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Table 2.3. Values of Optimum Q m 


k 

Qm 

1.25Q m 

0.1 

9.9 

12.4 

0.2 

4.9 

6.1 

0.3 

3.2 

4.0 

0.4 

2.3 

2.9 

0.5 

1.7 

2.1 

0.6 

1.3 

1.6 

0.7 

1.0 

1.2 

0.8 

0.8 

0.9 

0.9 

0.5 

0.6 


where Eq. (2.88) was used. The minimum Q t occurs for dQ t /dQ m = 0, which yields 

Q m = (1 -k 2 ) 1/,2 /k, (2.90) 

as the optimum Q m for broadband response. Using Eq. (2.88) again shows that the 
optimum Q m = Q e . Thus a low optimum Q m , which corresponds to broadband 
performance, requires a high coupling coefficient (see. Mason [10] for further 
discussion of this concept). Table 2.3 lists the values for optimum Q m and values 
of 1.25Q m (see Stansfield [30a] for the factor 1.25, also see Moffett et al. [31]) 
with broader response but with slight ripple. 

Low Q m is commonly achieved by matching the impedance of the transducer 
to the medium. The characteristic impedance is an important concept in acoustics 
and also in electroacoustics. The characteristic specific acoustic impedance (i.e., 
the mechanical impedance per unit area) of a fluid medium such as air or water is 
pc where p is the density and c is the sound speed in the medium. The value for 
water is 1.5 x 10 6 kg/m 2 s or 1.5 x 10 6 rayls. At boundaries between two different 
media the relative values of pc (see Appendix A.2) determine how a sound wave 
is divided into reflected and transmitted waves. A similar situation occurs at the 
interface between the vibrating surface of a transducer and the medium in which 
it is immersed. The characteristic mechanical impedance of a transducer is a mea¬ 
sure of the approximate average mechanical impedance in a frequency band near 
resonance (see Section 8.3). For good performance over a broad frequency band 
the characteristic mechanical impedance of the transducer must be similar to the 
characteristic mechanical impedance of the medium. 


2.8.4. Power Factor and Tuning 

The ultimate power capabilities of a transducer may not be achieved if the electri¬ 
cal power source is inadequate because of excessively high transducer voltage and 
current requirements. The power factor (see Appendix A.3) is a way of assessing 
this capability, and its relationship to transducers may be understood by referring 
to the equivalent circuit of Fig. 2.11. As we discussed in Section 2.83, the clamped 
capacitance, Co, stores energy that is not transformed into mechanical motion and 
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shunts reactive current through it. Without this capacitance, the transducer would 
achieve a coupling coefficient of 100%. This capacitive reactive power does not 
contribute to the power radiated and corresponds to a power factor less than unity 
even at resonance. Improvement may be obtained by tuning out the capacitor, Co, 
with a series or shunt inductor (see Section 12.6). Operation at frequencies off 
resonance additionally reduces the power factor as a result of non-canceled me¬ 
chanical reactive power in the spring of compliance Cj^ and the mass, M. 

The power factor, Pf, is given by the cosine of the phase angle between the 
voltage and the current. With phase angle cp = tan -1 (B/G), the power factor cos cp 
= W/VI where W is the power absorbed and VI is the product of the input voltage 
and current magnitude. Accordingly, the electrical power into a transducer is W = 
VI cos cp and a transducer with a high power factor is desirable. Since the input 
power is W = V 2 G and VI = V 2 |Y| , 

P f = G/|Y| = G/|G + jB| = 1/[1 + (B/G) 2 ] 1 / 2 , (2.91) 

allowing evaluation of Pf from the input electrical admittance, Y, such as given by 
Eq. (2.78) for the equivalent circuit of Fig. 2.11. Equation (2.91) demonstrates the 
need for a small B/G ratio for large Pf, since the power factor attains a maximum 
value of unity for B/G = 0. 

Without electrical tuning Eq. (2.78) may be rewritten as 

Y = jcuCo + G m /[1 + jQ m (a)/cu r - u> r /tu)]. (2.92) 

After rationalizing the denominator in Eq. (2.92) and expressing the result as 
Y = G + jB we get 

B/G = [Qe + QeQmWcw - o) r /o)) 2 ]a)/cu r - Q m (tu/cu r - tu r /u>). (2.93) 

At resonance the ratio B/G = Q e and Pf = 1/(1 + Q 2 ) 1 / 2 showing the desirability 
of a low Q e (and, consequently, low value of Co). Note that a power factor of 0.707 
is obtained for the case of Q e = 1. Equation (2.93) also shows the desirability of a 
low Q m and high k for off resonance operation where 

B/G & Q m (tu r /o>)/k 2 , cu <$C cu r and 

B/G « Q m (a>/co r ) 3 (l - k 2 )/k 2 , tu » cu r . (2.94) 

The power factor can be improved with electrical tuning (for more on tuning see 
Section 12.61) of the clamped capacitance, Co, by a parallel inductor, L p , across 
the electrical terminals of Fig. 2.11 which gives the admittance 

Y = jcuCo + 1/jcoLp + G m /[1 +jQ m (cu/cu r -cu r /cu)]. (2.95) 
With Lp chosen to tune out Co at resonance L p = l/co 2 Co and Eq. (2.95) gives 
B/G = [Q e - Q m + QeQjn(a>/tu r - a) r /cu) 2 ](cu/o) r - tu r /u>). (2.96) 
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At frequencies well removed from resonance Eq. (2.96) becomes 

B/G «« — Q m (cu r /cu) 3 (l — k 2 )/k 2 , cu tu r and 

B/G « Q m (cu/cu r ) 3 (l-k 2 )/k 2 , cu » cu r . (2.97) 

The inductor lowers the value of B/G for cu <£ cu r more than in the case of no 
inductor, Eq. (2.94), but has no effect at the high end of the band. At resonance 
cu = cu r the second factor in Eq. (2.96) vanishes yielding B/G =0, and Pf = 1. 

There are two other possible frequencies under which B/G = 0 and these occur 
when the first factor (in brackets) vanishes. Under this condition Eq. (2.96) may 
be written as 

(cu/cu r ) 4 + [1/Q^ - k 2 /(l - k 2 ) - 2](cu/cu r ) 2 + 1=0. (2.98) 

Equation (2.98) is a quadratic equation and the solution may be written as 

(cu/cu r ) 2 = —b/2 ± [(b/2) 2 - 1] 1/2 , (2.99) 

where b = 11/Q^—k 2 /(l — k 2 ) — 2] and cu/cu, = f/f r . For example for k = 0.5 and 
Q m = 3 we get b = —20/9 with solutions f = 0.792f r and f = 1.263f r in addition to 
f = f r as the frequencies for B/G = 0 and Pf = 1. At these frequencies the admittance 
locus crosses the G axis three times as illustrated in Fig. 12.17a and produces a 
Pf of unity, as illustrated in Fig. 2.12a with Q m = 3. Equation (2.90) yields an 



FIGURE 2.12a. Power factor as a function of frequency, relative to resonance, for k = 0.5 
and Q m = 1, 1.73, 2 and 3. 
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optimum Q m = ^/3 = 1.73, for k = 0.5, as listed in Table 2.3 and illustrated by the 
power factor response in Fig. 2.12a. 

The optimum Q m value shows a single resonance with a broad response while 
the case for the lower value, Q m = 1, shows a sharper single resonance. On the 
other hand, the case with the higher value, Q m = 2, appears to be slightly broader 
than the optimum case, but with a very small fluctuation. Power factor results are 
also shown in Fig. 2.12b for k = 0.7 and in Fig. 2.12c for k = 0.9 with optimum 
Q m values from Eq. (2.90) of 1 and approximately 0.5 respectively as listed in 
Table 2.3. As seen, the higher coupling coefficient cases yield a broader band¬ 
width and smoother response with lower values of Q m . It may also be seen that 
Q m values slightly higher than optimum values of 1.73, 1 and 0.5 give an even 
broader bandwidth with a small ripple, as shown in Figs 2.12a,b,c for Q m equal to 
2, 1.73 and 0.7 (for k = 0.5, 0.7 and 0.9 respectively). This result is consistent with 
Stansfield [30a] that a Q m value 25% higher than that given by Eq. (2.90) yields 
an even broader bandwidth. These higher Q m values are also listed in Table 2.3. 

The curves of Figs 2.12a,b,c may also be used to represent the effective coupling 
coefficient, k e ff, which, for practical piston-type transducers, can be about 25% 
less than the material coupling coefficient (see Chapter 8). The case of k e ff = 0.5 
is typical for the effective coupling coefficient of a practical Tonpilz transducer 
using PZT piezoelectric ceramic (see Section 3.3). The case of keff = 0.7 could 
represent a Tonpilz transducer which, instead, uses a higher coupling coefficient 
single-crystal PMN-PT material. However, the case of k e ff = 0.9 indicates what 
might be achieved from a Tonpilz transducer using a new transduction material 



FIGURE 2.12b. Power factor as a function of frequency, relative to resonance, for k = 0.7 
andQ m =l, 1.73, 2 and 3. 
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FIGURE 2.12c. Power factor as a function of frequency, relative to resonance, for k = 0.9 
and Q m = 0.5, 0.7, 1 and 2. 


with material coupling well above 0.9 plus design improvements that reduce the 
effects that lower k e ff and also achieves a low Q m . On the other hand, other types 
of transducers, such as low-frequency flextensional transducers (see Section 3.5), 
typically have an effective coupling coefficient of about 0.3 which is roughly 50% 
lower than the material coupling coefficient, leading to an optimum Q m design 
goal of about 3^1. 

2.8.5. Power Limits 

The value of Q m for maximum output power [2, 32] in the vicinity of resonance 
can differ from the Q m value for optimum bandwidth given by Eq. (2.90). This can 
be seen from calculating both the electrical and mechanical stress limited power. 
The total input power, W, for a transducer with negligible electrical losses may 
be calculated at resonance from Eq. (2.86) as W = 1 /2V 2 G m = V 2 V 2 cu r Cfk 2 Q m . 
Substituting the free capacity Cf = eJ 3 Ao/L, yields an expression for the input 
power density in the piezoelectric material in terms of the electric field E = V/L, 

P = W/(A 0 L) = V2k 2 cu r£ T 3 E 2 Q m . (2.100) 

The maximum value of E that can be used, without excessively high electrical 
dissipation, is often a limitation on transducer power output unless Q m is quite 
high. For example, the maximum rms value of electric field, E m , for piezoelectric 
ceramics typically ranges from 2 to 4 KV/cm (approximately 5 to 10 Volts/mil). 
Figures All, A12, and A13 in Appendix A.14 show the increase of electrical 
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dissipation with increasing electric field for PZT. This is an important property for 
high power applications that must also be considered for new materials such as 
PMN. 

An expression for the power density in terms of stress, rather than electric field, 
may also be obtained, since at resonance the stress in the ceramic is due to the 
force of the mass, (M + M r ), moving with acceleration o> r u = cu r NV/(R + R r ). 
Using the value of N from Eq. (2.9), this force gives the stress 

T = Q m d 33 E/sf 3 . (2.101) 

Solving for E and substituting into Eq. (2.100), with k 2 = d] 3 /s| 3 ej 3 , then 
yields the stress-limited input power density 

P = W/(AoL) = V 2 Wrsf 3 T 2 /Qm. (2.102) 

The maximum safe stress, T m , in piezoelectric ceramic transducers with glue 
bonds is about 2 kpsi = 1.4xl0 7 Pa (see Appendix A. 14). A compressive pre-stress 
(typically by means of a stress rod or fiberglass wrap) is often used to increase this 
limit by about a factor of 3, allowing a nine fold increase in power output if the 
transducer is stress limited. 

Equations (2.100) and (2.102) show an inverse dependence on Q m . Transducers 
with a high Q m are usually stress limited at resonance while transducers with a 
low Q m are usually electric field limited. Maximum input power occurs when the 
transducer is operated at maximum safe values of both E m and T m . The optimum 
Q m , in this sense, can be found by equating Eqs. (2.100) and (2.102) which gives 

Qm = (s 33 / d 33 ) (T m /E m ), (2.103) 

as the value of Q m that would achieve the electrical and mechanical limits 
simultaneously. For PZT this value of Q m is about 3, a value that corresponds 
to a reasonable bandwidth for underwater projectors. Substituting this optimum 
Q m , back into Eq. (2.100) or (2.103) gives the maximum power density as 

P = i/2tu r d 33 E m T m . (2.104) 

The maximum mechanical energy density, U m , for particular materials may also 
be calculated from the maximum strain, S, at the maximum accepted drive field 
and the Young’s modulus, Y, as U m = YS 2 /2. Energy density values [33] of some 
common transduction materials are listed below in Table 2.4. 


Table 2.4. Energy Density Values for Transducer Materials 


Material 

Young’s Modulus 

Field 

Strain (0-pk) 

Energy Density 

PZT-8 

74 (GPa) 

10 V/mil 

125 (ppm) 

578 (J/m 3 ) 

PZT-4 

66 

10 

159 

830 

PMN 

88 

15 

342 

5,150 

Terfenol-D 

29 

64 kA/nr 

582 

4,910 
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The Young’s modulus values in Table 2.4 are under short circuit conditions 
for electric field materials, PZT and PMN, and open circuit conditions for mag¬ 
netic field material, Terfenol-D. Although PZT-4 has a higher energy density than 
PZT-8, the value is limited to lower duty cycle operation. Terfenol-D and PMN 
appear to offer significantly greater energy density, although heating caused by 
electrical dissipation in PMN is an issue for high-power applications. 


2.8.6. Efficiency 

The acoustic output power radiated into the far field is equal to the input power 
reduced by the overall efficiency of the transducer. As discussed in Chapter 1 or as 
seen from the circuit of Fig. 2.11, the acoustic power is given by W a = 1/2 R r u 2 , 
while the total power mechanically dissipated is W m = !/2 (R + R r ) u 2 . Thus the 
mechanoacoustical efficiency is defined as 

fima = W a /W m = R r /(R + R r ), (2.105) 

showing that the radiation resistance, R r , must significantly exceed the internal 
mechanical resistance, R, for high efficiency. Typically r| ma increases with fre¬ 
quency since the radiation resistance increases up to a maximum value of about 
pcA (see Section 10.4). The radiation resistance R r and radiation mass M r may 
often be approximated by an equivalent spherical radiator of the same area. A, 
as the radiating surface of the transducer. Therefore the radius of the sphere is 
a = (A/4 7t) 1,2 and, with the wave number k = cu/c, we have, from Section 10.41 

R r = pcA(ka) 2 /[l + (ka) 2 ] and M r = p47ta 3 /[l + (ka) 2 ]. (2.106) 

The expression for R r is a good approximation for transducers which are small 
compared to the wavelength in water where ka 1 and also in the other extreme 
where ka 1. The internal resistance depends on a variety of dissipation mecha¬ 
nisms related to the details of the encapsulated transducer structure and also tends 
to increase with frequency. Typical values of q ma range from 60% to 90%. 

The other factor in the overall efficiency of a transducer is the power lost to elec¬ 
trical or magnetic dissipation. With W e as the input electrical power and W m as 
the power delivered to the mechanical part of the transducer the electromechanical 
efficiency is defined as 

Oem = W m /W e , (2.107) 

and the overall electroacoustic efficiency is defined as 

fiea = W a /W e = r| em r| ma . (2.108) 

For electric field transducers the electrical input power is W e = 1/2 GV 2 . The 
quantity G, the total input conductance, can be written as 

G = Go + /MN 2 /Z^) = Go + G e , (2.109) 

The electrical loss conductance Go = cuCf tan 8 for piezoelectric ceramics, where 
tan 8, the electrical dissipation factor, is defined by this relationship. The power 
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delivered to the mechanical part of the transducer is !/2 G e V 2 , yielding the electro¬ 
mechanical efficiency 

T lem = G e/(Go+Ge)=l/[l + (tan8/k 2 ff ){tu/cc r Q m + (Q m a) r /a))(l - ar/tu 2 ) 2 }], 

( 2 . 110 ) 

as shown in Appendix A. 15. 

The influence of all the transducer parameters on the electroacoustic efficiency 
can best be seen by evaluating Eq. (2.110) in different frequency regimes, and 
then multiplying by r| ma to get the overall electroacoustic efficiency as given by 
Eq. (2.108). The results, expressed in terms of the effective coupling coefficient 
k e ff (see Sections 8.42 and 8.43) are: 


= cuR,k 2 ff C^/tan8, 

tu <<C tu r 

(2.111) 

= [keffQm/ (kg f fQ m + tan S)][R r /(R r + R)], 

cu = tu r 

(2.112) 

= R r k 2 ff (tu r /tu) 3 /tan8cu r (M + M r ). 

tu » tu r 

(2.113) 


The efficiency always improves as the radiation resistance and effective cou¬ 
pling coefficient increase and always decreases as the electrical dissipation in¬ 
creases. Below resonance the efficiency increases as the mechanical compliance 
increases, while above resonance the efficiency increases as the mass decreases. 
This indicates a greater efficiency for a low-impedance transducer both below and 
above resonance. We note that near resonance the first factor in brackets is nearly 
unity since normally k 2 ff Q m tan8, and the efficiency is mainly determined by 
R r and R. The efficiency well above resonance falls off as u> 3 , while below reso¬ 
nance it appears from Eq. (2.111) to fall off only as tu. However, at low frequency 
the radiation resistance decreases as tu 2 causing the efficiency to fall off as tu 3 , as 
it does above resonance. 

Similar expressions for the efficiency of magnetic field transducers are compli¬ 
cated by eddy currents (see Chapter 7). However, if eddy current losses are neg¬ 
ligible, simple expressions for q ea may be obtained at resonance and well above 
and below resonance. The results are, on using N 2 n = k 2 ff Lf /C, 1 ,' and with the coil 
quality factor defined as Qo = tu r Lf/Ro’: 

flea = (tu/tu r ) 2 tu r R r k 2 ff QoC^, tu « cu r (2.114) 

fl ea = [k 2 ff Q m Qo/(k 2 ff Q m Qo + l)][R r /(Rr + R)L tu = tu r (2.115) 

fl ea = R r k 2 ff Q 0 (tu r /tu) 2 /tu r (M + M r ). tu » tu r (2.116) 

It can be seen that the efficiency is proportional to the radiation resistance, R r , 
as well as k 2 ff as in the electric field case, while the coil quality factor has the same 
effect as the reciprocal of tan 8. It turns out that Eq. (2.114) is valid even with eddy 
currents if the frequency is low enough, and Eq. (2.115) is approximately true if f r 
is low enough. Although the rate of reduction in efficiency is only quadratic with 
frequency in Eq. (2.116), compared to cubic in Eq. (2.113), one should expect a 
greater reduction rate due to actual eddy current losses at high frequencies. 
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In active sonar systems with a high duty cycle, where the transducer is turned 
on 20 % of the time or more, heating from electrical losses, and in some cases 
mechanical losses in the transduction material, can often be the limit on the out¬ 
put power [34], In these cases it is important to choose the transduction mecha¬ 
nism with the lowest dissipation factor under high drive conditions (see Appendix 
A. 14). In some cases specific measures may be taken to extract heat from the trans¬ 
ducer; e.g., by filling the housing with oil, providing external fins or potting in a 
conductive epoxy [35]. Pulsed sonar systems with a short pulse length and slow 
repetition rate can be either stress- or electric field-limited and the value of Q m for 
maximum power, of Section 2.8.4, becomes an important design factor. 


2.8.7. Hydrophone Circuit and Noise 

The equivalent circuit can also be used to represent a hydrophone which converts 
an input free field pressure p, to an open circuit output voltage, V, with blocked 
force 

F b = D a A P i, (2.117) 

where A is the sensitive area of the hydrophone and D a is the diffraction constant. 
The circuit of Fig. 2.11 may be solved for the open circuit output voltage V as a 
voltage divider circuit (see Appendix A.8) with input voltage F b /N yielding 

V = (F b /N)(l/ja)C 0 )/[l/jujCo TZ^j/N 2 ]. (2.118) 

Substitution of Z[) lr from Eq. (2.9a) gives 

V= (F b /N)/[l+Co/C^N 2 -cu 2 Co(M+M r )/N 2 +jcuCo(R+R r )/N 2 ]. (2.119) 

At frequencies well below antiresonance where the impedance becomes 1/jcuCf, 
the output voltage becomes a constant with value k 2 F b /N, which is typically 
independent of frequency for pressure-sensitive electric field hydrophones. At 
antiresonance the output voltage, V = — jQ a k 2 F b /N, is magnified by the Q at 
anti-resonance, Q a 

The hydrophone sensitivity, M = V/p,, is a common measure of the hydrophone 
response and may be obtained from the equivalent circuit as 


M = AD a V/F b . (2.120) 

The open-circuit-receiving response and constant-voltage-transmitting response 
are related to each other through the input impedance and reciprocity, as will be 
shown in Chapter 12. 

Just as mechanical and electrical losses inside the transducer are a limitation 
on the output of projectors, these losses are also a limitation on the performance 
of hydrophones due to the internal thermal noise generated by the equivalent 
series resistance. This condition allows the calculation of the hydrophone self 
noise through the thermal noise voltage developed in the series resistance, Rh, of 
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the hydrophone (see Section 4.7). This resistance then determines the equivalent 
total Johnson thermal mean squared noise voltage, (V 2 ), through 

IvA = 4KTR h Af, (2.121) 

where K is Boltzman’s constant (1.381 x 10~ 23 Joule/Kelvin), T is the absolute 
temperature, and Af is the bandwidth. At 20°C, Eq. (4.57) leads to 

10 log /v 2 \ = — 198dB + 10 log R h + 10 log Af. (2.122) 

The value of the noise voltage in Eq. (2.122) becomes more useful when con¬ 
verted to an equivalent mean squared noise pressure, (p“) = (V 2 )/M 2 by means of 
the hydrophone sensitivity M. The resulting level of the equivalent noise pressure 
is then 

10 log |p 2 | = - 198dB + 10 log Rh - 20 log M + 10 log Af, (2.123) 

which emphasizes the fact that the noise increases with the bandwidth. The signal 
to self noise ratio is equal to unity or greater when the signal pressure p s > (p 2 ) 1 ^. 

The electrical component of the noise is given by the loss conductance Go = 
tuCf tan 8, shunted across the electrical input terminals in the equivalent circuit of 
Fig. 2.11, where tan 8 is the electrical dissipation factor and Cf is the free capacity. 
It may be shown (see Section 4.72) that, at low frequencies, 

Rh = (tan8/cuCf)/(l + tan 2 8) sa tan8/cuCf, (2.124) 

where the approximation tan 8^1 holds for most electric field transducers. Under 
this tan 8 approximation, the input series resistance of the entire circuit of Fig. 2.11 
may be shown to be (see Appendix A. 15) 

R h = R r k 2 C®/C f r| ea [(to/tu a Q a ) 2 + (1 - tu 2 /cu 2 ) 2 ]. (2.125) 

This expression includes the noise contributions from Go, the mechanical loss 
resistance, R, and the radiation resistance R r and may be used in Eq. (2.122) and, 
with M, Eq. (2.123). Equation (2.123) may also be used with measured values of 
the sensitivity M and Rh- 

Alternatively, as shown in Section 4.71 and Appendix A. 15, if the transducer 
efficiency, q ea , and DI are known, the equivalent mean squared self noise may be 
determined from 


101og(p 2 > = 20 log f- 74.8 - 101ogq ea - DI, (2.126) 

at 20°C and in dB//(joPa) 2 Hz. It should be noted that the DI does not increase 
the sensitivity of a hydrophone, but it does decrease the isotropic acoustic equiva¬ 
lent of internal noise for hydrophones with directivity, thus increasing the signal- 
to-noise ratio. The hydrophone self noise should be less than the many other 
noise sources in the medium and hydrophone platform, as discussed in Chapters 4 
and 6. 
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2.8.8. Extended Equivalent Circuits 

The lumped equivalent circuit of Fig. 2.11 is a good representation for a thin- 
walled piezoelectric ring transducer and may be used as an approximation for 
other transducers operating in the vicinity of resonance. On the other hand, Ton- 
pilz transducers are structured with a radiating piston of mass M, a piezoelectric 
drive section with approximate compliance C E , some distributed mass, and an in¬ 
ertial tail mass. As will be shown in Chapter 7, the rigid wall restriction shown in 
Fig. 2.5 may be removed by including a tail mass, Mxaii, between the nodes A, B 
of Fig. 2.11. In this case, as will be shown in Chapter 7, the frequencies, cu r , cu a , 
of Eqs. (2.79) and (2.80) are increased by approximately [1 + (M + M r )/Mx a ii] 
while the Q’s, Q m and Q a of Eq. (2.83) are increased by approximately [1 + (M + 
M r )/MT a ii]. In typical Tonpilz designs the tail mass, Mx a ii, is approximately three 
times the head mass, M, and moves with approximately one third the velocity of 
the radiating head mass. 

The distributed nature of the piezoelectric drive may also be included by re¬ 
placing the pure spring compliance element, C E , with a distributed compliance 
element, 

C E = (sf 3 L/A)(sinkL)/kL, (2.127) 

and two distributed mass elements, 

m = V2pA 0 L(tankL/2)/(kL/2), (2.128) 

one in series with the head mass, M, and the other in series with the tail mass, 
Mx a ii- The quantity p is the density of the piezoelectric bar, the wave number k = 
tu/c E , and the sound speed c E is the short circuit sound speed in the bar. This model 
is typically used where a number of piezoelectric elements are wired in parallel 
and cemented together to make a longer drive section to obtain greater output, 
and it is assumed that the distance between the electrodes is small compared to 
the wavelength. Much more will be said about equivalent circuit representation of 
transducers in Chapter 7. 

The examples of the piezoelectric transducer operating as a projector and as a 
hydrophone illustrate voltage drive and acoustic drive conditions. Current drive 
could also be used for electric field transducers, but it is more appropriate for 
magnetic field transducers. These drives refer to idealizations used for analytical 
work in which the drive variable is constrained to have a sinusoidal waveform with 
constant amplitude as frequency is varied. The two electrical drives correspond to 
the extremes of power amplifier internal impedance with very low impedance giv¬ 
ing approximate voltage drive and very high impedance giving approximate cur¬ 
rent drive. Real amplifiers give intermediate conditions, but usually nearer voltage 
drive. In terms of electrical boundary conditions voltage drive is approximately 
short circuit while current drive is approximately open circuit. 
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3 

Transducers as Projectors 


Active sonar and acoustic communication systems rely on electroacoustic trans¬ 
ducers which “project” sound that is subsequently detected by hydrophones 
through a direct path or reflection from a target. Our focus in this chapter is on 
the projector which is significantly larger and more complex than the hydrophone 
because of the need to generate high acoustic intensity. Because of the recipro¬ 
cal nature of transducers, the underlying concepts presented in this chapter will 
also apply to hydrophones, which are discussed in Chapter 4, although the details 
may differ considerably. The fundamentals of Chapters 1 and 2 form the basis 
for our discussion of both projectors and hydrophones. The basis, and the details, 
for analyzing transducers using equivalent circuits, matrix representations, and fi¬ 
nite element models will be presented in Chapter 7, while acoustic radiation from 
transducers will be discussed in Chapter 10. 

Naval applications present the principal needs for underwater sound transduc¬ 
ers and the main motivation for new transducer developments. Surface ships use 
hull-mounted arrays containing hundreds of projectors for medium frequency ac¬ 
tive search sonar and high frequency mine-hunting sonar. Similar arrays are also 
mounted in towed bodies. Other projectors are used on surface ships for acoustic 
communications and depth sounding. Submarines, which depend on underwa¬ 
ter sound more than other ships do, use all the above types of sonar, but also 
need sonar for obstacle avoidance and navigation under ice. Submarine transduc¬ 
ers must also be capable of operating over a wide range of hydrostatic pressure. 
Long range active sonar surveillance presents the greatest challenge to transducer 
development because of the need for high power at low frequency. Underwater 
communication systems require ship mounted transducers, but also involve net¬ 
works of fixed transducers with special requirements. In addition there are many 
non-military applications for underwater sound transducers such as depth sound¬ 
ing, bottom mapping, fish finding, investigation of ship and aircraft wrecks, oil 
exploration, and various research projects. 

Depending on source level, bandwidth, and system requirements, projectors 
can take various geometrical and mechanical forms such as spheres, cylinders, 
rings, piston radiators (see Figs. 1.9 - 1.12), benders, and amplified motion devices 
such as flextensional transducers (see Figs. 1.17 and 1.18). Any of the transducer 
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mechanisms described in Chapter 2 could be used as projectors. But the piezoelec¬ 
tric ceramics are the most commonly used for underwater sound, because of the 
many geometrical shapes in which they can be fabricated, their excellent electro¬ 
mechanical properties, their low electrical losses, and their ability to generate high 
forces. The desired performance from a projector is usually high power or inten¬ 
sity, high efficiency, and broad bandwidth, usually with limitations on size and 
weight. Greater intensity and narrower acoustic beams require arrays of projec¬ 
tors that will be discussed in Chapter 5. 

Projectors typically have 3-D omnidirectionality, 2-D omnidirectionality, or are 
unidirectional. Projectors that are small compared to the wavelength of sound usu¬ 
ally have nearly 3-D omnidirectionality, which is often the case for flextensional 
transducers. Spherical transducers are truly omnidirectional for all frequencies, 
while cylindrical transducers have 2-D omnidirectionality in a plane perpendic¬ 
ular to the axis, with directionality in any plane through the axis. The cylinder 
or ring is a common piezoelectric ceramic element which, when stacked axially 
and cemented together with a piston head mass and inertial rear tail mass, forms 
the common Tonpilz piston transducer which approaches a unidirectional beam 
pattern when the piston size is greater than one-half wavelength. Large arrays of 
closely packed piston transducers can be used to form a highly directional, uni¬ 
directional beam. Communication transducers are usually omnidirectional in the 
horizontal plane, but have reduced vertical radiation to limit unwanted reflections 
from the surface and bottom. 

The operating depth affects the performance of a projector since acoustic iso¬ 
lation materials generally lose their compressibility under high hydrostatic pres¬ 
sure. Acoustic isolation is often needed to reduce radiation from surfaces that may 
be out of phase or to prevent vibration from communicating with the transducer 
housing. The properties of piezoelectric ceramic can also be changed under high 
hydrostatic pressure, since the “permanent” bias can change under the pressure 
cycling that occurs in submarines. One solution to the deep submergence problem 
is the free-flooded ring, where the hydrostatic pressure is the same on the inside 
and the outside, but its radiation pattern is not convenient for forming arrays. 

The operating frequency band for a particular application has a strong impact on 
the type of transducer required. If the transducer is to operate at low frequencies, 
designs which have low resonant frequencies and manageable sizes, such as ben¬ 
ders or flextensional transducers, are most suitable. At the other extreme of high 
frequency operation the transducers must be small and are usually the piezoelectric 
ceramic-metal sandwich type. The most common transducer for mid-frequency 
bands is the Tonpilz composed of a stack of piezoelectric ceramic elements with 
a larger piston radiating head mass and a heavy inertial tail mass. These are the 
transducers most often used to produce intense directional beams. We will discuss 
a variety of transducer designs with specific advantages for particular operating 
bands and other requirements. 

High output power and efficiency are of paramount importance for any projector 
of sound, which is difficult to achieve if wideband operation is also required. This 
leads to designs that have multiple resonances or operation in the mass controlled 
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region above resonance. The need for higher output has led to the development of 
the magnetostrictive material Terfenol-D, the electrostrictive material PMN, and 
the single crystal electrostrictive material PMN-PT. PMN-PT single crystals have 
displayed extremely high material coupling coefficients. 

3.1. Principles of Operation 

High power projectors are often operated in the vicinity of resonance where the 
output motion is magnified by the mechanical Q of the transducer. At this fre¬ 
quency the mechanical mass and stiffness reactance cancel and, if the transducer is 
also electrically tuned, the input electrical impedance is resistive at resonance. At 
frequencies off resonance the impedance becomes partially reactive, reducing the 
power factor and increasing the volt-ampere product required for a given power 
output. Transducers with a high effective coupling coefficient require less volt- 
ampere product and consequently smaller power amplifier capacity for a given 
power output. 

Below resonance, the input electrical energy density is U e = £ T E 2 /2, and Eq. 
(1.19) shows that the energy density converted to mechanical form is U m = 
k 2 £ T E 2 /2 where e T is the free dielectric constant, E is the electric field inten¬ 
sity, and k e is the transducer effective coupling coefficient. For magnetostrictive 
transducers the mechanical energy density is U m = k 2 p T H 2 /2 where |i T is the 
free permeability and H is the magnetic field intensity. As discussed in Chapter 2, 
the mechanical power density at resonance is P = cu r Q m U m , and for piezoelectric 
ceramics 

P = o) r Q m k 2 e T E 2 /2, 

where Q m is the mechanical Q and cu r is the angular mechanical resonance fre¬ 
quency. If the ceramic is sufficiently compressed, so that it is not dynamically 
stress limited, then the power output is limited by the electric field intensity E, 
which is typically limited to 10,000 volts/inch or approximately 4 kV/cm (see Ap¬ 
pendix A. 14). If the volume of active material is AL, the total mechanical power 
radiated is 

W = q ea co r Q m k 2 C f V 2 /2, 

where q ea is the electroacoustic efficiency, V is the voltage and Cf = £ T A/L is the 
free capacity. 

Two figures of merit are often used for projectors. One that depends on the total 
transducer volume, Vo > AL, is defined as 

FOM v = W/(V 0 f, Q m ), 

which is the power per unit volume divided by Q m and the resonance frequency, 
f r , which may also be written as FOM v = q ea 7tk 2 V 2 Cf/Vo, on substituting the 
expression for W. When weight rather than size is important, the alternative figure 
of merit involving the total transducer mass, M, is defined as 

FOM m = W/(Mf r Q m ). 
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Table 3.1. Figures of Merit for Various PZT Driven Flextensional Transducers 


Projector 

FOM m 

(watts/kHz kg) 

FOM v 

(watts/Hz m 3 ) 

Class I Barrel Stave 

26 

63 

Class IV Flextensional 

30 

64 

Class V Ring-Shell 

55 

81 

Class VI Ring-Shell 

25 

71 

Astroid* 

28 

128 


*See Fig. 3.49. Values based on the "Mini A’T kHz design [la] 


The units for FOM v are watts/Hz m 3 while the units for FOM m are, traditionally, 
watts/kHz kg. Transducers which produce the greatest power at a given frequency 
in the smallest volume or for the least weight and lowest Q m have the highest pro¬ 
jector figure of merit. These figures of merit allow a direct comparison of different 
projector designs as long as the operating conditions are similar. Figure of merit 
values [1] are listed in Table 3.1 for some of the flextensional transducers (see Fig. 
1.17) which will be discussed in this chapter. 

Since the electrical energy stored in the transduction material, E e , is CfV 2 /2, the 
figure of merit expressions may also be written as 

FOM v = 27tr) ea k 2 Ee/Vo and FOM m = 27rn ea k 2 E e /M. 

We can see from these expressions that the FOM is 27tri ea times the fraction 
of stored electrical energy converted to mechanical energy by the effective cou¬ 
pling coefficient per unit total volume or mass. Thus a high transducer figure of 
merit is obtained by use of a transduction material with high electrical energy stor¬ 
age capacity and high material coupling coefficient, incorporated into an efficient 
transducer mechanism with a correspondingly high effective coupling coefficient 
and a small total transducer volume or mass. It should be noted that the FOM, 
as defined above, includes nothing about the transducer operating conditions. De¬ 
signing to operate under unusually high static pressure or to withstand high shock 
or high temperature would tend to increase the mass or volume or reduce the ef¬ 
fective coupling coefficient and yield a lower figure of merit. FOM comparisons 
can be misleading unless the operating conditions are considered. The acoustic 
pressure, p, from a projector, as shown in Chapter 10, is proportional to the area, 
A, and the average normal velocity, u n ; the product Au n is called the volume 
velocity or source strength. In the far field this pressure yields the intensity I = 
|p| 2 /2p 0 co- Thus, high intensity requires large area and high normal velocity. For 
small radiators of limited radiating area, large velocities are needed and the accom¬ 
panying displacement, x n = u n /jeu, becomes greater as the frequency decreases. 
This is the basic difficulty in obtaining large intensities from small sources at low 
frequencies. 

Another difficulty results from the low radiation resistance associated with 
small low frequency sources as this leads to a low mechanical efficiency and low 
output power. At low frequencies the radiation resistance R, = A 2 urp 0 /47tco (see 
Chapter 10) where A is the radiating area, and, in this chapter, cq is the speed of 
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sound and p 0 is the density of the medium. (We will use c and p for various other 
sound speeds and densities, to be identified in each case.) The radiated power is, 
therefore, 

W = u 2 R r /2 = ujjA 2 urpo/c 0 47t = (x n A) 2 tu 4 p 0 /c 0 4jt. 

Thus, the displacement area product must increase quadratically to compensate 
for a linear decrease in frequency, which seriously limits low frequency output 
power. Magnification, by lever arms (see Sect. 3.5) or quarter wave sections (see 
Sect. 3.4), can be used to increase the displacement from displacement limited 
driver materials, while area transformation with pistons (see Sect. 3.3), can be used 
to increase the radiating area. 

Since the power output is proportional to the radiation resistance for a given 
velocity, it is important that the transducer be designed for maximum radiation 
resistance. A measure of this is the so-called radiation “efficiency” r| ra = R r /Ap 0 co 
which, for acoustically large uniform radiators, approaches unity as though the 
transducer radiated plane waves. Although curved surfaces do not produce plane 
waves, they can approach unity radiation efficiency if the radius of curvature is 
large compared to the wavelength of interest. It is important that the amplitude and 
phase do not vary over the surface of the radiator as reductions in amplitude reduce 
the output and phase variations reduce the radiation resistance and the radiation 
efficiency. Out-of-phase motion can result from excitation of higher order modes 
of vibration or from the out-of-phase radiation from the back of the main radiator 
as in the case of a vibrating piston without a back enclosure. The design of the 
radiation section of the transducer is as important as the design of the transduction 
drive section. 

Careful choice of the transduction method and material is of paramount im¬ 
portance. If piezoelectric ceramic is used. Navy Type III (PZT-8) yields the least 
electrical loss under high drive fields since the electrical dissipation does not in¬ 
crease as much under high drive as it does in other piezoelectric ceramics (see 
Appendix A. 14). On the other hand. Type I (PZT-4) material is a better choice 
under lower drive conditions as it has a larger d constant and coupling coefficient. 
The electrostrictive material PMN provides greater output than the piezoelectric 
ceramics, but has a lower coupling coefficient and requires temperature stabiliza¬ 
tion and a high voltage bias field. In some applications the magnetostrictive ma¬ 
terial Terfenol-D may be a better choice than piezoelectric ceramics because of 
its greater power density and lower impedance. The newer magnetostrictive ma¬ 
terial, Galfenol, offers no greater power density than piezoelectric material, but 
has more than an order of magnitude greater tensile strength and may be welded 
or threaded to other parts of the transducer. Newer single crystal material such as 
PMN-PT offers a greater d constant and coupling coefficient, with approximately 
6 to 10 dB greater output potential and a better power factor. This material can op¬ 
erate under remanent polarization but requires an additional bias field to achieve 
its full output potential. Bias fields add to the complexity of the design by requir¬ 
ing additional power sources and wiring or permanent magnets. Terfenol-D and 
Galfenol must also be laminated to reduce eddy current losses. The properties of 
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these transduction materials, as well as other materials used in transducers, are 
given in Appendices A.2, A.5, A.6, and A.7. 


3.2. Ring and Spherical Transducers 

The ring, or short thin-walled cylinder, is one of the most common forms of un¬ 
derwater transducer which is used for both projectors and hydrophones (see Chap¬ 
ter 4). It may be stacked and formed into a line array, end-capped and air-backed, 
or free-flooded and operated in either the piezoelectric 31 or 33 mode. The shape 
provides omnidirectionality in the plane perpendicular to the axis and near om¬ 
nidirectionality in planes through the axis, if the height is small compared to the 
acoustic wavelength in the medium. A small height compared to the wavelength in 
the active material also prevents the excitation of length-extensional and bending 
modes of vibration. In the fundamental circumferential mode the ring vibrates in 
a radial direction as a single mass as a result of the expansion and contraction of 
the circumference induced by an electric or magnetic field and can be represented 
by a simple lumped equivalent circuit. 


3.2.1. Piezoelectric 31-Mode Ring 

The 31-mode piezoelectric ring is the most commonly used ring transducer. It is 
usually inexpensive when compared to other transducers and achieves an effective 
coupling coefficient that is nearly equal to k 3 i. Usually, adding two leads, two 
end caps and waterproof encapsulation to the ceramic ring is all that is needed to 
fabricate this transducer. In addition, the equivalent circuit takes on the simplest 
form of any transducer. A sketch of a 31-mode ring with electrodes on the inside 
and outside cylindrical surfaces and piezoelectric coordinates 1, 2, 3 is shown in 
Fig. 3.1. 

The 1 direction is along the circumference, 2 is along the length, and 3 is radial. 
In the 31 mode we excite cylindrical vibration in a mode where the primary stress 
and strain are in the circumferential direction, by means of an electric field which 
is spatially orthogonal to that direction. Although this is not the optimal way to 
excite circumferential motion, it is commonly used because it permits simple con¬ 
struction. It is assumed that the wall thickness, t, is small compared to the mean 
radius, a, and the length L is small compared to the mean diameter, D = 2a. It is 
also assumed that the ends are free to move with no loading so that T 2 = 0 and that 
the interior of the cylinder is filled with air and protected from the outside fluid 
medium by acoustically isolated end caps. Because the electrodes are equipoten- 
tial surfaces, Ej = Et = 0 on the inside and outside surfaces and throughout the 
cylinder, since t is small. These conditions lead to the piezoelectric equation pair 

S'i = S \\T\ + <Ui £.3, (3.1) 

Di — d 3 iT! + £33 E 3 . 


(3.2) 
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FIGURE 3.1. 31-mode piezoelectric ring of mean radius a, thickness t and length L. 



The radial equation of motion may be developed from Eq. (3.1) by rewriting the 
circumferential strain, S i, as £,/a yielding 

£/a = s^F/tL + d 3 iV/t, (3.3) 

where £, is the displacement in the radial direction as the circumference changes 
from 2;ta to 27t(a + £,), as illustrated in Fig. 3.2, and F is the circumferential force 
TitF. The force, F, may be related to the radial force, F r , as shown in Fig. 3.3. 

For 60 small, F r = 2Fsin(60/2) ~ F60, and, since this applies at each point 
around the ring, the total radial force is F r = 27tF. For small displacements the 
entire ring, of density p, moves as a mass, M = p2ttatF, and the radial equation of 
motion is 


Mf, = Fq — F r = Fq — 2nF, 


(3.4) 
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where Fo is any additional force such as the radiation force on the radial moving 
surface or the force due to an incoming acoustic wave. Substitution of the circum¬ 
ferential force, F, from Eq. (3.3) then leads to 

Mf, + K e £, = NV + Fo, (3.5) 

where the short circuit radial stiffness K E = 2jttL/s E ] a, and the electromechanical 
turns ratio N = 2TtLd3|/s E . Under sinusoidal conditions Eq. (3.5) becomes 

jtuMf, + (K E /jtu)£, = NV + F 0 . (3.6) 

With Fo including the mechanical damping resistance, R m , and the radiation im¬ 
pedance, Z r , the solution for the velocity u = 1 is 

u = NV/(ja)M + K E /jtu + R m + Z r ), (3.7) 

where NV is the piezoelectric driving force for a radial one-degree-of-freedom 
mass/spring system. 

Under in-air loading conditions, as opposed to in-water loading, Z r is negligible 
and the mechanical resonance frequency occurs when cuM = K E /u> leading to 
tu 2 = K e /M = l/s E pa 2 . Since the bar wave speed c = (l/s E j p) 1 / 2 , resonance occurs 
at the frequency 

f r = c/27ta and f r D = c/7t = constant for each material. (3.7a) 

For the case of Navy Type I (PZT-4) material the frequency constant (see Ap¬ 
pendix A.6) is f r D = 41 kHz-inches, affording a simple means for estimating the 
mean diameter for a desired resonance frequency. Since the wave speed c = f2, 
resonance occurs when the wavelength equals the circumference. Although this 
is a useful relationship for remembering the condition for resonance, there are 
no standing waves along the circumference of the cylinder, since the continuous 
circumference presents no boundary condition. However, one might interpret the 
wavelength condition as two half-wavelength resonant bars curved to form half¬ 
circles and joined at their ends, forming a full wavelength structure. Circumferen¬ 
tial waves in the ring satisfy the periodic condition 27ta/2 = 1, 2, 3 • • •, which is 
the condition for the vibration to optimally reinforce itself. 
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Equation (3.2) may be used to obtain the input electrical admittance of the ring 
by eliminating Ti from Eqs. (3.1) and (3.2) giving 

D 3 = (d 3 i/s^)Si + 4 e 3 , (3.8) 

where, as in Chapter 2, the clamped dielectric constant e 33 = 4(1 - 4) and 
k 31 = d 31 /s E j ej 3 . With the dielectric displacement, D 3 , given by the charge, Q, per 
unit area, Eq. (3.8) becomes 

Q/(27taL) = (d 3 i/s^a)f, + ef 3 V/t, (3.9) 


and the current is 

I = dQ/dt = (27taLd 3 i/s E ,)u + ef 3 (2;taL/t)dV/dt. (3.10) 

Under sinusoidal conditions and with the clamped capacity Co = (2jtaL/t)e| 3 , Eq. 
(3.10) gives the input electrical admittance 

Y = I/V = Nu/V+jcuC 0 . (3.11) 

Substitution of u/V from Eq. (3.7) then leads to the final form of the electrical 
admittance as 


Y = G 0 +jcuC 0 +N 2 /(jcuM+ l/jtuC E + R m + Z r ), (3.12) 

where we have added the electrical loss conductance Go = cuCftanS (See Chap¬ 
ters 2, 4, and 7) and introduced the compliance C E = 1/K E for the analogous ca¬ 
pacitance component in the electrical equivalent circuit shown in Fig. 3.4. 

In the model above we assumed polarization along the radial direction with 
electrodes on the inner and outer cylindrical surfaces. If, however, the electrodes 
are placed on the top and bottom annular surfaces in Fig. 3.1, and the ring is po¬ 
larized along the 2 direction, Co = (27tat/L)e s and N = 27ttd 3 i/s E 1 , rather than the 
values above for the radially polarized case. 

The circuit of Fig. 3.4 or Eq. (3.7) may be used to obtain the ring radial velocity; 
however, there is no exact closed form solution for the radiation impedance or for 


C E M R m 



FIGURE 3.4. Equivalent circuit for piezoelectric ring. 
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the relationship between the far-held pressure and the ring radial velocity. On the 
other hand, the Laird-Cohen model [2], which is based on a vibrating cylinder 
of finite length with infinite rigid cylindrical extensions (see Chapter 10), gives 
a good approximation to the far-held pressure. A Fourier series approach [3] has 
also been used to obtain the radiation impedance for the same model. The radiation 
impedance for the ring transducer may also be approximated by an equivalent 
sphere of the same radiating area with radius a s = (aL/2) 1 / 2 and impedance (see 
Section 10.41), 

Z r = Rr + jtoM r = Ap 0 c 0 [(ka s ) 2 +jka s ]/[l + (ka s ) 2 ], (3.13) 

where the area A = 4tta 2 = 27taL, p 0 and Co are the density and sound speed in the 
water and the wave number k = tu/co- 

With Eq. (3.13) as an approximation for the radiation impedance, the mechani¬ 
cal Q is 

Qm = tu r (M + M r )/(R m + R r ) = q ma cu r (M + M r )/R r 

= ri ma [a) r M/R r + uj r M r /R r ] q ma [(k r a s + l/k r a s )(tp/a s p 0 ) + l/k r a s ], 

(3.14) 

where k r = cu r /co. As seen, the hrst term depends on the wall thickness, t. The 
remaining term, l/k r a s , is a result of the ratio cu r M r /R r , which is a measure of 
the radiation Q and is dependent on the contribution from radiation loading alone. 
This term would be predominant if the wall thickness was extremely small. For 
large k r a s , where the radiation mass is negligible and Eq. (3.7a) holds, Eq. (3.14) 
simplifies to 

Qm ~ ri ma (t/a)(pc/p 0 c 0 ), (3.15) 

which shows that cylindrical transducers have broad bandwidth if t a. Typical 
values might be mechano-acoustical efficiency q ma = 0.8, t/a = 0.2, pc/p 0 co = 
22.4 x10 6 /1.5x 10 6 = 14.9 resulting in a low mechanical Q m = 2.4. In practice the 
ring resonance typically occurs for k r a s ~ 2 increasing Q m to ~3.5, as can be seen 
from Eq. (3.14) with p/p 0 = 7.8. 

The radiation mass always lowers the resonance frequency and in this low ka s 
case the mass approximation is 47ta 2 p 0 , and the resonance frequency is 

fr » (c/2ra)(l + 4ra 2 p 0 /M)- 1 / 2 = (c/2jta)(l + p 0 a s /ptr'/ 2 , (3.16) 

which can result in a significant reduction in the resonance frequency for t «: a s . 
For a small ring we may use a spherical radiation model (see Chapter 10) for the 
far-field acoustic pressure in terms of the radial velocity u given by Eq. (3.7) or 
the equivalent circuit of Fig. 3.4: 

p(r) = jtup 0 Aue“ jkr /47tr(l +jk r a s ). (3.17) 

Typical designs of the piezoelectric ring transducer include metal plate or curved- 
ceramic acoustically isolated end caps to prevent water entering the interior. The 
end caps are sometimes separated by a stiff rod along the ring axis which maintains 
the end caps at a small distance from the ends of the ring and prevents clamping of 
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the ring radial motion. Soft acoustic isolation material such as rubber impregnated 
cork (corprene) or paper (see Appendix A.2) is also used to isolate the caps. The 
cylinders may be wrapped with fiberglass to prevent operation in tension under 
high drive and booted with rubber or potted with polyurethane or both. Under 
deep submergence the hydrostatic pressure, Pq, compresses the ceramic ring with 
a circumferential stress T = Poa/t allowing operation at higher dynamic stress. 
For example, at 1,000 feet depth the ambient pressure is 444 psi and for a/t = 10 
the compressive stress on the ring is 4,440 psi. On the other hand, if the ambient 
induced stress reaches levels greater than 10,000 to 15,000 psi, deterioration of 
the piezoelectric parameters can occur and lead to a reduction in performance 
(see Appendix A. 14). Multiple rings acoustically isolated from each other may be 
stacked to form line arrays which are steerable from broadside to end fire while 
maintaining an omnidirectional pattern in the plane perpendicular to the axis of 
the array (see Chapter 5). 


3.2.2. Piezoelectric 33-Mode Ring 

Although the 31-mode ring transducer is simple and effective, greater coupling, 
power output, and electrical efficiency can be obtained by operation in the 33 
mode where the electric field is directed along the circumference (i.e., in the di¬ 
rection of the primary stress and strain). This is usually achieved by piezoelectric 
ceramic elements cemented together in mechanical series with electrodes between 
them as illustrated in Fig. 3.5a. An alternative method uses electrode striping with 



FIGURE 3.5a. Parallel wired segmented ring with inactive segments (i) interlaced with 
active piezoelectric segments (a). The arrows show the direction of remanent pola¬ 
rization [4], 
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+ 



FIGURE 3.5b. Striped 33-mode piezoelectric ceramic cylinder. 


circumferential polarization, illustrated in Fig. 3.5b, and, as in the segmented ring 
of Fig. 3.5a, is typically used with all elements wired in parallel. 

The segmented construction of Fig. 3.5a allows the addition of inactive materi¬ 
als to modify the transducer performance. In the striped case of Fig. 3.5b, a small 
portion of the ceramic located under the electrodes is unpolarized since the ring 
is polarized by use of the same electrodes. The elastic modulus of this portion is 
approximately equal to the open circuit modulus of the polarized material. 

The model for the 33 mode ring transducer with inactive sections has been given 
by Butler [4] and is summarized below using the circuit of Fig. 3.4. With w; the 
width of the inactive material of elastic modulus s; and w a the width of the active 
piezoelectric material of elastic modulus s 33 , the effective coupling coefficient (see 
Eq. (8.30) is 

k e = k 33/(! + SiWi/sf 3 Wa), (3.18) 

where k 33 = d 33 /s 33 e 33 . The inactive material may be used to represent cement 
joints, the portions of a solid ring shielded by striped electrodes, or additional 
material such as aluminum used to reduce the Q m and optimize the performance 
of the transducer for a particular application. 

With cross-sectional area A c = tL, n active and n inactive segments and total 
mean circumference 2tta = n(w; + w a ), the mass of the ring is M = nA c (p;Wi-|-pw a ) 
where p, is the density of the inactive section and p is the density of the active 
section, and the remaining parameters for the equivalent circuit of Fig. 3.4 are: 


C 0 = nA c£ J 3 (l-k 2 )/w a , (3.19a) 

N = 27tA c d 33 /(s i w i + sf 3 w a ), (3.19b) 

C E = n(s;Wi + sf 3 w a )/47t 2 A c . (3.19c) 

The resulting in-air resonance frequency is 

f r = ( Wi + w a )/2jta[(piWi + pw a )(siWi + sf 3 w a )] 1/2 , (3.20) 
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and the mechanical Q is 

Qm = [2jtA c /(R m + Rr)][(PiWi + pw a )/(SiWi + sf 3 w a )] 1/2 . (3.21) 

Equations (3.20) and (3.21) show that inactive materials with density less than the 
ceramic density yield a lower Q m and materials with a higher elastic compliance 
s; > s| 3 yield a lower resonance frequency. For the case of no inactive material, 
Wj = 0 and f r = (l/27ta )(l/ps| 3 ) 1,/2 = c/2tta leading to a frequency constant f r D = 
37 kHz-inches which is 10% less than the 31-mode case of Sect. 3.2.1. More im¬ 
portantly the 33-mode ring has a coupling coefficient and a “d” constant which are 
approximately double those for the 31-mode ring giving a significantly improved 
power factor and greater bandwidth. The approximate radiation impedance in Eq. 
(3.13) and far-field pressure in Eq. (3.17) may also be used to estimate perfor¬ 
mance for the 33-mode ring. 

3.2.3. The Spherical Transducer 

The thin shell spherical transducer provides a near-ideal omnidirectional beam 
pattern. It is usually fabricated from two hemispherical shells which are cemented 
together and operated with a radial electric field applied between the inner and 
outer electrode surfaces. The two outer electrodes as well as the two inner elec¬ 
trodes of the hemispheres are connected together. A wire from the inner electrodes 
is passed through an insulated connector fitted into a small hole in the sphere at 
the junction of the two hemispheres as illustrated in Fig. 3.5c. 

The size of the sphere is usually limited by the fabrication process to about a six 
inch diameter, although larger sizes have been fabricated from spherical triangle 
segments [5], The transducer is especially useful where an omnidirectional pattern 



FIGURE 3.5c. Cross-section of spherical piezoelectric transducer fabricated from two 
hemi-spheres with electrodes on the inner and outer surfaces. 
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is desired even at frequencies where the wavelength is small compared to the size 
of the sphere. Because of the spherical shape, this transducer may be operated at 
considerable depths, and because of its planar mode of operation it has a planar 
mode coupling coefficient, k p , (see Sect. 3.43) that is about half way between that 
of the 31 and 33-mode rings. It is considerably more costly than the 31-mode ring 
transducer described in Section 3.2.1. 

The spherical transducer is unique in that it is the only transducer in which the 
radiation load can be accurately represented by a simple closed form expression 
allowing an exact algebraic formula for the resonance frequency and mechanical 
Q under water-loaded conditions. As in the case of a ring transducer, the funda¬ 
mental omnidirectional radial (or so-called “breathing”) mode of vibration can be 
represented by a simple lumped equivalent circuit model for the common case 
where the wall thickness, t C 2a with, a, the mean radius. As a radial electric 
field E is applied between the electrode surfaces a circumferential stress is devel¬ 
oped causing the spherical wall to expand in the radial direction with lumped mass 
M = 47ta 2 tp, where p is the density of the material. This mass oscillates radially 
at a resonance frequency given by 1/271 times the square root of the ratio of the 
effective radial stiffness and the mass M. 

The analysis is similar to the development of the 31-mode ring in Sect. 3.2.1, 
except there are now stresses and strains in both the 1 and 2 directions leading to a 
planar expansion of the spherical shell circumference. The results of this analysis 
have been given by Berlincourt [6] and are repeated below for the equivalent cir¬ 
cuit of Fig. 3.4. With the area A = 47ta 2 and a t the equivalent circuit parameters 
are 


Co = AeJ 3 (l - kp)/t, N = 47tad 3 i/s E , M = 47ta 2 tp, C E = s e /4tU, (3.22) 

where the planar coupling coefficient is given by k 2 = d(q/e 33 s E and s E = (s E j + 
Sp)/2. At in-air resonance, cUq = 1/MC E and a>o= c/a where the wave speed c = 
(l/ps E ) 1/2 . 

The radiation impedance of Eq. (3.13) applies exactly with a s replaced by the 
outer radius of the sphere, or, to an excellent approximation for a thin-walled 
sphere, with a s replaced by the mean radius a, giving the radiation resistance, 
R r , and radiation mass, M r , as 

R r = p 0 c 0 A(ka) 2 /[l + (ka) 2 ] and M r = M 0 /[l + (ka) 2 ], (3.23) 

where Mo = 47ta 3 p 0 . At resonance, cu r M + cu r Mo/[l + (cu r a/co) 2 ] = l/tu r C E lead¬ 
ing to the quadratic equation in (a> r /cuo) 2 

(a> r /cu 0 ) 4 + [(1 + ap 0 /tp)(c 0 /c) 2 - l](o> r /u) 0 ) 2 - (c 0 /c) 2 = 0, 

with solution 


(cu r /u>o) 2 = [1 - apoCp/tpc 2 - (c 0 /c) 2 ]/2 + {[1 - apocg/tpc 2 - (c 0 /c) 2 ] 2 /4 
-Kcq/c) 2 } 1 / 2 . (3.24) 
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For the special case where a/t = [(c/co) 2 - 1] p/Po- Eq. (3.24) simplifies and yields 
the result cu r = cucKco/c) 1 / 2 . This case corresponds to an extremely thin shell since 
it gives a/t = 101 for PZT-4 and u> r = 0.51a>o; a practical value of a/t, such as 10, 
gives uv = 0.95cuo- 

The general solution for the mechanical Q m under water loading is, 

Qrn = Ti ma ot r (M + M r )/R r = ri ma [k r tp/p 0 + (1 + tp/p 0 a)/k r a], (3.25) 

where k r = cu r /co = 27t/A r . As seen, Q m is controlled by the first term in Eq. (3.25) 
when the sphere is large compared to the wavelength in the medium and by the 
second term when the sphere is small compared to the wavelength as a result of 
the heavy mass loading. 

A sphere is a strong structure and may be submerged to twice the depth of a 
cylinder. For the sphere the circumferential stress caused by ambient pressure Po 
is T = Poa/2t to be compared with a cylinder value of Poa/t. Portions of the sphere 
may be covered or shielded to control the radiation and form beam patterns other 
than the natural omnidirectional case [7]. A hemispherical section alone may be 
used to approximate a 180° beam pattern in the vicinity of resonance where, in this 
case the in-air resonance frequency is 24% higher [5] than a full sphere. Because 
of the well-defined mechanical and electrical structure, a spherical transducer was 
chosen to show that nearly lOdB greater output may be obtained if a large DC 
bias is applied to normal pre-polarized piezoelectric ceramic material [8]. 


3.2.4. The Magnetostrictive Ring 

The magnetostrictive ring transducer may also be operated in the radial mode 
through excitation by a coil of n turns around the ring as illustrated in Fig. 3.6. 
The equivalent circuit representation was originally developed by Butterworth and 



FIGURE 3.6. Magnetostrictive ring transducer. 
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FIGURE 3.7. Mobility circuit representation of the mechanical portion. 


Smith [9], A mobility form of the mechanical portion of the equivalent circuit 
is shown in Fig. 3.7 where Lo is the clamped inductance, / is the eddy current 
factor, N is the electromechanical turns ratio, C H is the open circuit effective radial 
compliance, M is the mass of the ring, R m is the mechanical loss resistance, and 
Z r is the radiation impedance. 

The equivalent circuit components are 

Lo = p. 33 n 2 A c /27ta, N = d 33 A c n/as^ 3 , C H = as^ 3 /27tA c , M = p2ttaA c , 

(3.26) 

where the transduction parameters are as discussed in Chapters 1, 2, and 7 and 
A c is the cross-sectional area of the ring which is operated in the 33 mode. As 
discussed in Chapter 7, a dual circuit and a direct impedance equivalent represen¬ 
tation of Fig. 3.7 may also be used to describe the transducer. 

Terfenol-D rods may be used to fabricate an octagonal, as shown in Fig. 1.19 
[10], or square [11], ring-type structure that supports pistons at the intersection 
of the rods forming an outer cylindrical structure. A magnetic DC bias field may 
be applied through the same AC coil or an additional coil. Magnetostrictive ring 
transducers have also been fabricated from long strips of nickel or permendur 
(iron-cobalt 50% alloy) by winding the strip into a scroll. This design is rugged, 
comparatively simple, and can be made very large. It has been used as a low fre¬ 
quency free-flooded projector in deep submergence applications. 


3.2.5. Free Flooded Rings 

Underwater projector ring transducers are normally operated with isolated end 
caps and an air-filled interior. Occasionally the interior is filled with a compliant 
fluid for deep submergence operation; however, the fluid acts as an additional ra¬ 
dial stiffness that raises the resonance frequency and reduces the effective coupling 
coefficient. On the other hand, when the interior is free-flooded, the motion of the 
inner surface and compression of the interior fluid can be used to advantage if it 
is allowed to radiate and constructively combine with the radiation from the outer 
surface. Free-flooded rings have been commonly used for deep submergence ap¬ 
plications at depths that other transducer types could not withstand. McMahon 
[12] and others have fabricated and tested arrays of piezoelectric free-flooded 
rings. 
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Plane 

FIGURE 3.8. Free flooded ring with half plane symmetry. 


The cross section of a free-flooded ring of length 2L, and a simpler half space 
model with one fluid port, that follows from symmetry, are shown in Fig. 3.8. 

The sound field of a free-flooded ring is more difficult to calculate than that 
of most transducers, because not only the outside, but also the inside, the top 
and bottom sides, and both ports, are radiating surfaces. Toroidal coordinates, in 
which a constant coordinate surface is a torus, offer a possible approach that gives 
useful results in the far field when the ring height and thickness are about equal 
[13], Other approaches are more practical, such as use of a piston in a rigid baffle 
to model the radiation from the ports since L is typically much shorter than a 
wavelength. 

As the ring expands, the outer surface compresses the surrounding outer fluid 
while the inner surface lets the entrained inner fluid expand resulting in an approx¬ 
imate dipole ring with 180° out-of-phase pressures leading to partial cancellation 
along the axis of the ring at low frequency. But there is usually no null on the 
axis because of the different inner and outer areas and the small, but detectable, 
thickness and height mode radiation from the ring. At the Helmholtz resonance, 
o>h, the interior fluid (half-length) axial compliance, C 2 = L/flfta^, and the ra¬ 
diation mass, M 2 , at the port give cu^ = I/C 2 M 2 where p = p 0 Cg is the bulk 
modulus of the fluid. Here there is an additional 90° phase shift in the pressure 
leading to partial addition on the axis resulting in a lobe as shown in Fig. 3.9aa. 
Above the Helmholtz resonance, there is further reduction in the phase shift and 
the radiation mass reactance, CUM 2 , becomes significant reducing the output from 
the inner chamber. The bandpass type response for the free-flooded ring is shown 
in Fig. 3.9b where f r and fh are the ring and Helmholtz resonance frequencies re¬ 
spectively. 

The Helmholtz (or squirting) resonance is typically at or below ring resonance. 
If the two resonance frequencies, fh and f r are closer together, there is less reduc¬ 
tion at mid band. The falloff in level below fh is more rapid than usual because of 
out-of-phase cancellation. 

The acoustic coupling of the inside and outside surfaces is similar to that of the 
bass reflex loudspeaker system [14] where the back of the speaker cone is ported 
near the front of the cone through a tube which, with the interior volume, acts as 
a Helmholtz resonating system. A reasonably complete circuit model for the half- 
length ring with interior and exterior fluid coupling emerges if we consider only 
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FIGURE 3.9a. Typical beam pattern for a free-flooded ring. 



FIGURE 3.9b. Typical free flooded ring response. 



FIGURE 3.10. Free flooded ring equivalent circuit with ring and port radiation impedances 
Z r and Zp. 


the radial mode of vibration and ignore radiation from the length and wall thick¬ 
ness modes of the ring. This circuit model is shown in Fig. 3.10 without coupling 
and in Fig. 3.11 with mutual radiation impedance coupling, Z rp , between the port 
and the outer surface of the ring. 

The quantity Z r is the self radiation impedance of the outer surface of the ring 
of area A], Z p is the self radiation impedance of the port of area A 2 , R 2 is the 
mechanical loss resistance at the ports due to the viscosity of the fluid oscillating 
within the ring, and Ci = l/p47t L is the radial compliance of the inner volume 
for rigid end caps (u 2 = 0). 

The ring exterior and interior velocity is ui and the velocity at the ports is U 2 . 
For equal volume velocity, well below the Helmholtz resonance, A 2 U 2 = — Ajui 
so that U 2 = —U 1 A 1 /A 2 = —ui2jta 2 L/jta, = —ui2L/a 2 . Thus, the acoustical 
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FIGURE 3.11. Circuit of Fig. 3.10 with mutual radiation impedance, Zrp. 

Ci C E M R m 




FIGURE 3.12. Equivalent circuit for fluid filled end caped ring. 


transformer ratio, n, in Fig. 3.10 which connects the velocity at the port to the 
velocity at the ring is n = —U 1 /U 2 = a2/2L. Note that the axial compliance Ci/n 2 
equals L/Pjta^, as it should, since the transformer connects the axial motion to 
the radial motion. Because of the half-plane symmetry, and with L small enough, 
the impedance of a piston in a rigid baffle may be used to approximate Z p . (If 
one port of the ring is blocked with a heavy mass there is no infinite rigid baffle, 
the port radiation resistive load is reduced by about one-half, and this single-sided 
free-flooded ring is called a “squirter”). If both ports are blocked, U 2 = 0, and the 
circuits of Figs. 3.10 and 3.11 reduce to the circuit of Fig. 3.12 for a fluid filled 
end capped ring. 

Here Ci = 1 /p 1 4kL where (3 j is, the bulk modulus of the enclosed fluid. This 
fluid reduces the coupling coefficient of the ring, k, to the effective coupling coef¬ 
ficient, k e , given by (see Eq. 8.29) 

k e 2 = k 2 /[l + (1 - k 2 )C E /C!] = k 2 /(l + s D (3 1 2a/t), (3.28) 

where s D is the open circuit elastic modulus of the cylinder for the mode of inter¬ 
est. As can be seen, the reduction in coupling can be significant if t is small and 
Pi is high. 

Under ideal radial operation the ring is short enough to make the length- ex- 
tensional and bending modes well above the fundamental ring resonance. Rings 
may be stacked, with isolation between them, on top of each other to increase the 
length and produce a half-wavelength fluid resonator, directly excited by the radial 
motion of the piezoelectric rings. This extended length tube may be modeled by 
the addition of the impedance Z = — l/jtuC 2 — jp 0 co7ta2 2 cot kL in series with the 
port radiation impedance Z p . Note that at low frequencies or for small L this added 
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FIGURE 3.13. Multiport transducer [17]. 


impedance Z sa — l/jcuC 2 + p 0 c^7ta^/jcuL = 0. The circuit of Fig. 3.10 may be 
extended to include the mutual radiation impedance, Z rp , between the port and the 
ring as shown in Fig. 3.11. Since the tube is no longer short and the ends are not 
close to the mid-plane, the model for a piston in a rigid baffle is not accurate. The 
model for the radiation from the end of a tube [15] or an approximate model with 
an equivalent sphere at a distance L from a rigid baffle, may be more appropriate. 

The multi-port ring transducer [16, 17] is another type of free flooded ring 
where concentric tubes are used to create a bandpass filter at frequencies well be¬ 
low the ring resonance. The transducer is illustrated in cross section and end views 
in Fig. 3.13 which shows a piezoelectric ring (typically 33 mode) exciting an inner 
tube resonance through its inner surface and an outer tube resonance through its 
outer surface. 

The inner and outer stiff tubes form two half-wavelength fluid resonators with 
the outer shorter tube set at about an octave above the inner tube. A smooth ad¬ 
ditive response, similar to the curve of Fig. 3.9b, is obtained between the two res¬ 
onators as a result of two 180° phase shifts which brings the far-field pressures 
from the inner and outer tubes back in phase. The first 180° shift results from ex¬ 
citation of the two tubes by opposite sides of the piezoelectric driver; the second 
shift occurs in the frequency range between the two tube resonances where one 
tube is in the mass controlled region while the other is in the stiffness controlled 
region. 


3.2.6. Multimode Rings 

In the previous sections we considered ring transducers operated in the fundamen¬ 
tal “breathing” mode with uniform radial extension excited by a uniform radial 
or circumferential electric field. Higher order extensional modes of a ring may be 
excited by a circumferential electric field with azimuthal dependence cos (ncf>). 
The resonance frequency, f n , of these modes is given by [18] 


fn = fo(l + n 2 ) 1/2 , 


(3.29) 
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where, as before, the fundamental in-air ring resonance fo = c/7tf) with c the bar 
sound speed in the ring and D the mean diameter. The radial surface displacements 
of the omni, dipole, and quadrupole modes are illustrated in Fig. 3.14. The dipole 
mode resonance is fj = fo(2) 1 / 2 , the quadrupole resonance is f 2 = f'of5) 1 _ , and 
the higher-order resonances f n ~ nfo for n 1. A cos fncp) voltage distribution 
is ideal and excites only the n t h mode; however, a square wave approximation 
to this is often sufficient to excite the desired modes, although other conforming 
modes will be excited at a lower level. The voltage may be applied to electrodes, 
separated by gaps, with appropriate phase reversals or simply wired directly as 
shown in Fig. 3.15 for the dipole and quadrupole modes of a 31-mode ring with 
two and four gaps respectively. 

Ehrlich [19] initially used the ring dipole mode for directional detection, and 
resolved the directional ambiguity by using the omni mode as a reference to deter¬ 
mine which lobe (+ or —) of the dipole pattern had received a signal (see Chap¬ 
ter 4). A transducer model for the ring dipole mode has been given by Gordon 
et al. [20] and extended by Butler et al. [21] to include the quadrupole mode as a 
projector. The quadrupole mode can be combined with the omni and dipole modes 
to obtain the normalized beam pattern function: 

F(cp) = (1 + Acos cp + Bcos 2cp)/(l + A + B). (3.30) 





FIGURE 3.14. Omni, dipole and quadrupole ring modes of vibration. 




O 


(b) 


FIGURE 3.15. Wiring scheme excitation of the dipole (a) and quadrupole (b) modes. 
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FIGURE 3.16. Synthesis of 90° beam [21]. 


The specific case of A = 1 and B = 0.414 yields a beam-width of 90° which can be 
steered in 45° increments by changing the voltage distribution on eight electrodes 
of the ring transducer. The synthesis of this beam is illustrated in Fig. 3.16. 

The weighting factors A and B are usually maintained as real constants by the 
choice of the operating band [21] or by electrical equalization. 

In general, the pressure modal contributions, p n , for each ring mode may be 
determined from the desired far-held pressure function p (cp) through the Fourier 
series 

71 

Pn = (S n /Jt) j p(cp)cos(ncp)dcp, (3.31) 

0 

where 8o = 1 and 8 n = 2 for n > 0. A solution based on the Laird-Cohen [2] cylin¬ 
der model with rigid axial extensions [See Eq. (10.34)] then leads to the modal 
velocities, u n , of the ring as 

un/uo = (Pn /Po)e _in7t ^ 2 H n / (ka) /Hq (ka), (3.32) 

where H'/ka) is the derivative of the cylindrical Hankel function of the second 
kind of order n. The velocities may be related to the applied electric held E n 
through an equation similar to Eq. (3.7): 

u n = jcuu^ad 31 E n /[(l + n 2 )o>Q - or + (1 - n 2 u^/tu 2 )jtuZ n /pt], (3.33) 

where coo is the fundamental angular resonance frequency, a is the mean radius, 
p is the density, t is the wall thickness of the cylinder, and d 3 1 is the piezoelec¬ 
tric coefficient [20], The quantity Z n is the specihc acoustic modal impedance, 
Pn/u n , where p n is the modal pressure, which for small rings may be approxi¬ 
mated by the modal impedance of a sphere (See Section 10.41). Otherwise, the 
modal impedance may be obtained through the Fourier series approach mentioned 
in Sect. 3.2.1 [3], Beams formed by the addition of modes, as in Eq. (3.30), will 
have a beam pattern independent of frequency provided that the coefficients are 
maintained as real constants over the frequency band of interest. 

The same radiation modes can be obtained from a cylindrical array of discrete 
transducers with appropriate distributions of voltage drive (see Section 5.14). 
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3.3. Piston Transducers 

While spherical and ring sources are omnidirectional in at least one plane, the 
piston-type transducer generally projects sound into one direction with a direction¬ 
ality that depends on its size compared to the wavelength. Large arrays of these 
transducers are used to project highly-directional, high intensity beams of sound 
into a particular area, as will be discussed in Chapter5. Because they are well 
suited for large close-packed arrays, piston transducers are more commonly used 
than any other type in underwater acoustics. Moving coil and variable reluctance 
piston transducers are typically used in the frequency range below 600 Hz where 
piezoelectric or magnetostrictive transducers would be too long for most applica¬ 
tions. However, mechanically leveraged piezoelectric X-spring piston transducers 
have been operated as low as 300 Hz and as high as 50 kHz. “Tonpilz” lumped 
mode transducers are typically operated in the range from 1 kHz to 50 kHz, sand¬ 
wich type transmission line transducers cover the range from 10 kHz to 500 kHz; 
and piezoelectric plates, diced plates, or piezoelectric composites are used from 
about 50 kHz to beyond 2 MHz. The most common sonar projector is the Tonpilz 
and we begin the discussion of piston transducers with this design. 


3.3.1. The Tonpilz Projector 

The Tonpilz transducer (see Figs.1.11 and 1.12) takes its name from the Ger¬ 
man “sound mushroom,” or “singing mushroom,” [22] presumably because of 
a large piston head mass driven by a slender drive section which gives it the 
cross-sectional appearance of a mushroom. This concept along with a tail mass 
allows a compact means for obtaining high output at midrange frequencies with¬ 
out the need for an excessively long piezoelectric ceramic or magnetostrictive 
drive stack. A cross section sketch of a typical Tonpilz transducer is illustrated 
in Fig. 3.17 showing a 33-mode driven ring-stack [22a] of four parallel wired PZT 
rings driving a relatively light but stiff piston mass with a comparatively heavy tail 
mass on the other end. 

Other parts shown include mechanical isolation, a housing, transformer with 
tuning network, rubber enclosure around the head, and electrical underwater con¬ 
nector. The stack is held under compression by a stress rod [22b] and, sometimes, 
a compliant conical disc or Bellville washer [22c] that decouples the stress rod 
and maintains compressive stress under thermal expansion. In some designs the 
circumference of the PZT stack is also fiberglass wrapped for added strength un¬ 
der shock. Typically, the head is aluminum, the tail is steel, the stress rod is high 
strength steel, and the piezoelectric rings are Navy Type I or III piezoelectric ce¬ 
ramic. The housing is usually steel, and the water tight boot is neoprene or butyl 
rubber and occasionally polyurethane for short term immersion. The rubber boot 
is vulcanized to the head to ensure good bonding with no air pockets, which would 
unload the transducer and reduce the radiation resistance. 

The desire is to attain the greatest possible motion of the head piston and radi¬ 
ate as much power as possible near and above mechanical resonance. Although 
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operation below resonance is possible, the Transmitting Voltage Response, or 
TVR, falls off at typically 12 dB per octave. Moreover, operation below resonance 
can introduce significantly magnified harmonic distortion when the harmonics 
occur at or above resonance (see Chapter 9 on nonlinear effects). A number of 
lumped and distributed modeling techniques and specific formulas that are di¬ 
rectly applicable to the Tonpilz transducer are developed in Chapters? and 8. In 
this section these models will be the basis for a more detailed discussion of the 
design and analysis of Tonpilz transducers. 

A simplified lumped model may be used as an aid in understanding and im¬ 
plementing an initial design. Normally, this model would be followed by more 
accurate distributed and finite element models. The lumped mode representation 
is a reasonably good model for a Tonpilz transducer as the size and shape of the 
respective parts favor such a reduction to lumped masses and spring. As discussed 
in Chapter 7, high power piezoelectric ceramic or magnetostrictive drive sections 
of thick walled cylinders or bars have significant mass because of their densities of 
7,600 (for piezoelectric ceramic) and 9,250 kg/m 3 (for Terfenol-D). Consequently, 
the mass of the drive section, M s , should be included and distributed with the head 
mass, Mh, and tail mass, M t , in even the simplest lumped models. 

A lumped mechanical model of the Tonpilz of Fig. 3.17, with minimum essen¬ 
tial parts, is illustrated in Fig. 3.18 and may be used as a basis for the equivalent 
circuit of Fig. 3.19. 

As shown and developed in Chapter 7, the circuit parameters are 

Go = cuCftanS, Cf = neJ 3 Ao/t, Co = Cf(l — k^ 3 ), 

N = d 33 A 0 /tsf 3 , C E = ntsf 3 /A 0 (3.34) 

where Ro = 1/Go, n is the number of rings in the drive stack, t is the thickness of 
each ring, k^ 3 = d 33 /s| 3 e 33 , C E is the short circuit compliance of the drive stack, Ct r 
is the compliance of the stress rod assembly, R m is the mechanical loss resistance, 
R r is the radiation resistance, M r is the radiation mass, uj, is the velocity of the 
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FIGURE 3.19. Lumped equivalent circuit for a Tonpilz transducer. 


head, u t is the velocity of the tail, and the relative velocity between the two is 
u r = Uh — u t . As the stack expands the head and tail move in opposite directions. 
The head mass, tail mass and relative velocity magnitudes are related by 

|uh/u t | = M t /M h , |u h /u r | = 1/(1 +M h /M t ) and |u t /u r | = 1/(1 +M t /M h ). 

(3.35) 

A large tail-to-head mass ratio is desirable as it yields a large head velocity, radi¬ 
ating the most power. If M t = then |u t | = |uh| and uj, = u r /2 which is 6 dB less 
in source level than if u t = 0, which is approached if M t 2> Mh. Typical Tonpilz 
designs use tail-to-head mass ratios from 2 to 4, as larger values lead to too much 
weight. For M t /Mh = 4, Uh = 0.8u r which is a reduction of only 2 dB from the 
ideal infinite-tail-mass case. A design with a low-mass piston head allows a large 
M t /Mh ratio without as much weight burden. 

If a Bellville spring of compliance Cb is used in mechanical series with the 
stress rod of compliance, C sr , the total stress rod assembly compliance becomes 
Cb + C sr = Ct r , which is approximately equal to Cb, since Cb is usually much 
greater than C sr . In this case the stress rod is decoupled from the tail and acts 
as a mass rather than a spring that can be added to the mass of the head. Also, 
since Cb C e , the total electromechanical compliance C m ~ C E and there is 
no loss in coupling coefficient. However, as discussed in Chapter 8, there still is a 
reduction in coupling due to the electrical insulators (often GRP, Macor, alumina 
or unpolarized piezoelectric ceramic) at the ends of the stack (see Fig. 3.17) as well 
as the cement joints between the rings. The cement joints have elastic properties 
similar to plastic, such as Lucite, with a thickness of approximately 0.003 inches 
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and may be modeled as the shunt compliance, C s , connected between the junction 
of C E and -M s /6 and ground in Fig. 3.19. The compliance of the insulators has the 
same effect as the cement joint compliance and the two may be lumped together. 
Occasionally, the electrical insulator at the head mass is also used as a mechanical 
tuning adjustment on the resonance frequency of the transducer. The electrodes 
are cemented in place between the rings and are typically thin strips of expanded 
metal, or approximately 0.003 inch-thick beryllium copper with punched holes 
for the cement and dimples or ridges to ensure contact to the electrodes on the 
piezoelectric ceramic. 

If the drive stack is composed of a thin-walled cylinder or thin-walled rings, 
the stack mass, M s , may be ignored and the approximate resonance frequency and 
mechanical Q are 

cu r 2 = (l+Mi/M t )/MiC E and Q m =r| ma tu r M 1 (l + Mi/M t )/R r , (3.36) 

where Mi Mh + M r and the mechanoacoustic efficiency r| ma = R r /(R r + R m ). 
These equations show that a lower resonance frequency may be obtained by in¬ 
creasing Mi through an increase in Mh, but resulting in a higher Q m and lower 
output above resonance. A comparatively heavy tail mass reduces the resonance 
frequency and reduces the Q m , but leads to a heavier transducer. 

The special case of a dual-piston transducer, illustrated in Fig. 3.19a, achieves 
the ideal condition of an infinite tail mass without the added weight of a tail mass, 
benefiting from the symmetrical motion and resulting in a node at mid plane. 

In addition to this, the symmetry gives an equivalent rigid baffle condition at the 
mid-plane (see Chapter 10) yielding a greater radiation loading on each piston, if 
the distance to the mid-plane is less than a quarter-wavelength in the surrounding 
medium. The greater radiation loading can also be understood as a result of the 
mutual radiation impedance Z 12 between the two pistons. The radiation impedance 
on piston 1 is Z\ = Z\\ + Z 12 and for equal sized small sources (ka <$C 1) the 
radiation resistance is (see Chapter 5) 

Ri % Rn + Rn sin(kL)/kL = R n [l + sin(kL)/kL], (3.37) 

where Rn is the self-radiation resistance of one piston and L is the center-to- 
center separation between the small pistons. Thus for l<L 1, the total radiation 
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FIGURE 3.19a. Dual Piston transducer. 
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resistance on piston 1 (and similarly on piston 2) is Ri ss 2Rn, which can sig¬ 
nificantly reduce Q m compared to the usual single piston Tonpilz. The dual piston 
transducer has an additional reduction in Q m as M t approaches oo in Eq. (3.36), 
since there is no energy stored in a moving tail mass, as there is in a typical Tonpilz 
transducer. 

The discussion of the transducer in Fig. 3.19a shows that the radiation resistance 
for a piston with a large rigid baffle is approximately twice that for one without 
a rigid baffle. This point is sometimes overlooked when the response of a sin¬ 
gle piston transducer is calculated assuming a rigid baffle, while in the intended 
application there may be nothing that approximates such a baffle. The unbaffled 
condition leads to both a far-held pressure and radiation resistance of about half 
the rigid baffle values when ka is small. 

As will be discussed in Chapter7, the two-degree-of-freedom circuit of Fig. 3.19 
can be further simplified to a one-degree-of-freedom system if cu(Mh+M t + M s + 
M r ) R r + R m , which is often the case in practice. The resulting one-degree-of- 
freedom circuit, with Mj = M r + Mh + M s /2, and M 2 = M, + M s /2, is shown in 
Fig. 3.20 where 

M = Mj/d + M!/M 2 ) - Ms/6, C m = C E /(1 + C E /C tt ), 

R = (R r + Ri)/(1 + Mi/M 2 ) 2 , (3.38) 

which is similar in appearance to the circuit of Fig. 3.4 for the ring transducer. 
When transformed by N 2 to a fully electrical circuit, it is then similar to the Van 
Dyke circuit of Fig.7.13 and the measurement circuit of Fig.12.1. The circuit of 
Fig. 3.20 may also be used to represent the dual piston transducer of Fig. 3.19a 
since here, because of symmetry, the tail mass M 2 for both sides of the transducer 
is located at the nodal plane and acts like a rigid wall with, in effect, M 2 approach¬ 
ing infinity. 

A transducer with a low Q m is closely matched to the medium as discussed in 
Chapter8. With the stiffness K m =1/C m in the simplified circuit of Fig. 3.20 we 
have 

cu r = (Km/M) 1 / 2 and Q m = (K m M) 1/2 /R. (3.39) 

Both a lower resonance frequency and lower Q m are obtained for a low value of 
the stiffness K m . Since K m = Y m Ao/F where Y m is the effective Young’s modulus. 


M 
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a low K m implies a long stack length, L, or small cross-sectional area Ao. or both. 
Since the power output is proportional to the volume of drive material, AoL, a re¬ 
duction in Ao must be accompanied by a proportional increase in L for a constant 
AoL. Low Q m or nearly matched impedance is achieved through an adjustment of 
the ratio of the piston head area. A, to the area, Ao, of the drive stack. For matched 
impedance under full array loading conditions at resonance, the quantity Ao(pc) t 
must equal A(pc) w , where t and w indicate transducer and water. This leads to 
a head-to-drive stack ratio A/Aq = (pc) t /(pc) w « 22.4 x 10 6 /1.5xl0 6 15 for 

PZT material. This ratio can be difficult to attain in practice as a large diameter 
piston head can lead to a flexural resonance near the longitudinal resonance and 
a thin-walled piezoelectric drive stack can limit the output power. (Even greater 
area ratios may be needed for single-element matched-loading when the piston 
diameter is one half-wavelength or less). On the other hand, transducers are com¬ 
monly operated with a Q m ~ 3 and this requires an area ratio of only a factor 
of five, which is usually attainable in practice. If power output at a given reso¬ 
nance frequency, rather than Q m , is a more important issue, the area of the stack 
is increased, increasing the force, and the length of the stack is proportionally 
increased, increasing the displacement, while maintaining the same stiffness and 
nearly the same resonance frequency. 

The design of the piston head is almost as important as the design of the drive 
stack as it is the main interface between the drive stack and the medium. It needs to 
be large enough to provide a good match to the medium and yet must also provide 
uniform longitudinal motion. The first flexural resonance of the head should be 
significantly above the operating band. The first free flexural resonance of a disc 
of diameter D and thickness t is 

f r = 1.65ct/D 2 (l - cr 2 ) 1/2 = 2.09Mc/pD 4 (l - cr 2 ) 1/2 , (3.40a) 

where c is the bar sound speed and a is Poisson’s ratio and the mass of the disc 
is M = p7ta 2 t. Equation (3.40a) shows that materials with high sound speed such 
as alumina with c = 8,500 m/s and beryllium with c = 9,760 m/s can yield a high 
flexural resonance. The density of the head material is also important since low 
density materials allow a thicker head, raising f r for the same head mass. Thus, 
the beryllium alloy AlBmet (see Appendix A.2) is better than alumina with its 
density of 2,100 kg/m 3 compared to 3,760 kg/m 3 . The sound speeds for steel, 
aluminum, and magnesium are all roughly the same at 5,130, 5,150 and 5,030 
m/s respectively; however, their densities are 7,860, 2,700 and 1,770 kg/m 3 re¬ 
spectively making magnesium the best choice and steel the worst of these three. 
A circular piston of constant thickness is not optimal as increasing the thickness to 
raise the flexural resonance above the operating band causes an increase in mass 
and lowers the output above resonance. A tapering from the center to the edge re¬ 
moves mass from the outer part which raises the flexural resonance and decreases 
the total mass. The flexural resonances for rectangular and square plates are lower 
than for discs and, therefore, pose a greater problem. The first free flexural reso¬ 
nance of a square plate where the four corners move in opposition to the central 
part may be written as 
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f r = 1.12ct/L 2 (l - cr) 1/2 , (3.40b) 

where L is the side length of the square plate. 

A head flexural resonance can cause increased or reduced output at the upper 
part of the operating band depending on its location relative to the fundamental 
resonance and the transducer bandwidth. Butler, Cipolla, and Brown [23] showed 
that although piston flexure can cause adverse effects above the Tonpilz resonance, 
a small improvement in performance in the lower frequency range can be obtained 
due to a lowered Tonpilz resonance as shown in Fig. 3.21. 

There is a null in the response in the vicinity of flexural resonance since roughly 
half the area of the piston is out of phase with the other half. 

The design of the tail mass is the simplest task. The tail is usually less than 
a quarter-wavelength long with a diameter slightly greater than the diameter of 
the driving stack. It is typically in the form of a solid steel cylinder, occasionally 
of tungsten in smaller higher frequency designs, with a hole through the center 
to accommodate the stress rod. The stress rod exerts a compressive stress To on 
the ceramic to prevent the drive stack from operating in tension under high drive 
conditions. The corresponding tensile stress in the stress rod of cross-sectional 
area A t is T t = ToAo/A t . Because of the typically large area ratio, the stress rod 
must be made of high strength steel, such as tool steel, or Titanium. The stiffness 
of the stress rod is usually made about 10% or less of the drive stack stiffness to 
prevent significant reduction in the effective coupling coefficient [see Eq. (8.29)]. 

The transducer is mounted within the housing with isolation material such as 
corprene for stresses up to 200 to 300 psi and with paper (see Appendix A.2) for 
stresses up to 1,000 psi. The total stiffness of the isolation material, K;, should be 



Frequency (kHz) 

FIGURE 3.21. Comparison of the stiff (-) and flexing (—) head calculated responses 

with the measured (• • •) constant voltage transmitting response of flexing head Tonpilz 
transducer [23]. 
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low enough to place its resonance with the total transducer mass, M to t, well below 
the lowest frequency, fi, of the operating band; that is (Ki/M to t) 1,/2 /27t < fj. The 
transducer may be mounted from the head, the tail, or a central nodal plane. How¬ 
ever, nodal mounting (see Fig.1.9) replaces the most stressed piece of piezoelectric 
ceramic with inert material, lowering the effective coupling coefficient. Tail and 
nodal mounting can yield a higher efficiency because of the lower velocity at those 
points with less motion transmitted to the housing. However, head mounting with 
rubber or syntactic foam can be most effective under higher pressure as no ambient 
pressure is transmitted to the drive stack. The transducer housing is an essential 
part of the Tonpilz transducer as it not only protects the electrical components 
from the water, but also prevents an acoustical short circuit between the front of 
the piston and the out-of-phase rear of the piston. It also isolates radiation from 
the tail mass and lateral vibrations from the drive stack. Sonar transducers are of¬ 
ten designed to withstand high explosive shock which can excite the fundamental 
resonance causing the tail and head mass to move oppositely creating a great ten¬ 
sile stress on the drive stack. The stress rod and fiberglass wrapping around the 
stack help to prevent damage to the stack under explosive shock conditions. See 
Woollett [24], Stansfield [25], and Wilson [22] for additional information on the 
Tonpilz transducer design. 

The Tonpilz design, illustrated in Fig. 3.17, shows a stack of four 33 axial mode 
Navy Type I or III rings wired in parallel. Typically, the axial thickness of the rings 
is 0.25 inches to 0.50 inches and the number of rings is from two to twelve depend¬ 
ing on the frequency of operation and the power required. Greater output can be 
obtained using biased prepolarized piezoelectric ceramics [8], biased PMN, biased 
single crystal PMN-PT, or magnetically biased Terfenol-D magnetostrictive ma¬ 
terial. As discussed in Chapters 2 and 7, Terfenol-D can attain large displacements 
before magnetic saturation (see Section 9.13). However, it has additional losses 
due to ohmic loss in the surrounding coil as well as eddy current loss in the ma¬ 
terial, and it also has effective coupling coefficient reduction due to the magnetic 
circuit [26] (see Appendix A. 10). However, with these problems under control 
(e.g., laminations to reduce eddy currents and a well designed magnetic circuit) 
a Terfenol-D transducer can produce greater output than an equivalent size Navy 
Type I or III piezoelectric ceramic transducer and do so with lower input electrical 
impedance [27, 27a]. Two Terfenol-D magnetostrictive Tonpilz designs are shown 
in Fig. 3.22, illustrating two different permanent magnet (typically rare earth) bi¬ 
asing schemes. 

The dual drive case needs the same number of turns in each leg as the single 
drive case for the same performance. 

The permanent magnets may be eliminated if a DC current is added to the coil, 
but at a cost of lower electrical efficiency and heating due to the additional DC 
ohmic loss in the coil. The magnets may also be eliminated by replacing one 
of the Terfenol-D legs, with positive magnetostriction, by a leg with negative 
magnetostriction, such as SmDyFe 2 , and fitting each leg with separate coils with 
oppositely-directed diodes [27b]. With this arrangement one half of a cycle would 
be directed to one leg, while the second half of the cycle would be directed to 
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FIGURE 3.22. Magnet bias designs for Tonpilz transducer. Arrows indicate magnetic flux 
directions. 


the other leg. This results in a half cycle of expansion followed by a half cycle 
of contraction with the transducer oscillating at the same frequency as the drive 
frequency without a bias field. This method also provides a means for doubling 
the ultimate strain of the transducer, since there is no bias field and the strain 
goes from the maximum negative value to the maximum positive value. On the 
other hand, the effective coupling coefficient of the transducer is reduced by ap¬ 
proximately 30% since one magnetostrictive leg is not activated while the other is 
driven [see Eq. (8.29), Section8.42], 


3.3.2. The Hybrid Transducer 

The hybrid transducer [28] is a piston transducer with a drive stack composed of 
a mechanically coupled magnetostrictive and piezoelectric ceramic drive assem¬ 
bly. It has unique properties such as self tuning, enhanced motion at one end with 
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cancelled motion at the opposite end, and wideband doubly resonant response. 
This unique performance is a result of an inherent 90° phase shift between piezo¬ 
electric ceramic and magnetostrictive materials under constant voltage drive. This 
phase shift can be understood by considering the constitutive equations (see Chap¬ 
ters 2 and 7) at low frequencies where the radiation impedance load is usually 
negligible. Here the 33-mode piezoelectric strain is S 3 = d 33 E 3 , while the 33- 
mode magnetostrictive strain is S 3 = d', , H 3 where the prime is used to distinguish 
the magnetostrictive and piezoelectric strain and d constants. For bars of the ma¬ 
terials each of length L and cross-sectional area, Ao, and for the same sinusoidal 
voltage, V, applied to each, the piezoelectric voltage is given by V = EL and the 
magnetostrictive voltage is given by V = jcunAo|i T H leading to the strains 

S 3 = d 33 V/L and S ' 3 = (d^V/LXn/jtuLf), (3.41) 

where n is the number of coil turns and the free inductance Lf = p. T n 2 Ao/L. The 
j in the magnetostrictive part of Eq. (3.41) shows that this strain, S 3 , and voltage 
are 90° out of phase and the two strains, S 3 and S 3 , differ in phase by 90° for the 
same voltage, V. Terfenol-D and piezoelectric ceramic are a unique combination 
in that they have nearly the same coupling coefficient, mechanical impedance and 
short circuit wave speed. (Although the magnetostrictive drive section of the hy¬ 
brid transducer automatically provides the necessary 90° phase shift, it is possible 
to replace this section with a piezoelectric section if an electrically imposed 90° 
phase shift is introduced [29]). 

The 90° phase difference with comparable impedance and coupling provides a 
favorable condition for addition of waves at one end and cancellation at the op¬ 
posite end. This condition can be implemented in a transmission line or Tonpilz 
transducer structure. The transmission line case [30] allows a physical understand¬ 
ing of the process and is illustrated in Fig. 3.23 showing two quarter-wavelength 
sections and the sequence of events from time t = 0 to t = T/2 where T is the period 
of the vibration. 

Initially the piezoelectric section expands causing a stress wave to travel to the 
front through a distance of one quarter-wavelength arriving at the time that the 
magnetostrictive section expands (as a result of the 90° delay in the magnetostric¬ 
tive section), adding to the magnetostrictive motion and launching a wave into the 
medium. In the next quarter cycle the magnetostrictive expansion moves to the left 
and arrives just when the piezoelectric section is contracting resulting in a cancel¬ 
lation at the rear of the transducer. The result is a transducer with large motion at 
one end and no motion at the other end. If the phase of one of the drive sections is 
reversed, motion at the ends will be interchanged. 

This transducer does not strictly obey reciprocity in the sense that if we transmit 
as a projector from the front with a null in the rear the receiving hydrophone re¬ 
sponse will be from the rear with a null in the front. Bobber [31] obtained similar 
nonreciprocal transmit-receive results with a checkerboard array of independent 
magnetostrictive and piezoelectric transducer elements. The reciprocity formulas 
of Chapter 12 hold provided that one set of leads are reversed during the receive 
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FIGURE 3.23. Sequence of events leading to an enhanced displacement at one end and 
cancellation at the opposite end of the hybrid transducer. Each section is one-quarter- 
wavelength long. T is the drive period of one cycle, and A is the wavelength measured 
in the respective materials [30], 


mode. An array of hybrid symmetrical Tonpilz transducers, of the design illus¬ 
trated in Fig. 3.24, has been developed with a 15 dB front-to-back ratio in the 
vicinity of resonance at 4.25 kHz [32]. 

The electrical input to the two sections was wired in parallel applying the same 
voltage to each section and providing tuning between the inductance of the magne¬ 
tostrictive section and the capacitance of the piezoelectric section. The transducer 
was modeled using a pair of “T” networks coupled through the center mass M. 

An evaluation of the effective coupling coefficient of the hybrid transducer 
[32] poses special consideration since this transducer is composed of both mag¬ 
netostrictive magnetic field and piezoelectric electric field sections. However, 
if we extend Mason’s energy definition and consider the effective coupling at 
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FIGURE 3.24. Directional Flybrid transducer. 


electrically tuned resonance, an interesting aspect of the hybrid design becomes 
apparent. Consider first the case where the magnetostrictive section is replaced by 
a piezoelectric section so that the transducer is composed of two identical piezo- 
electtic sections. The coupling coefficient of each section is written as k 2 = E m /(E m 
+ E e ), where E m is the mechanical energy converted and E e is the electrical en¬ 
ergy stored. The total effective coupling coefficient for both identical piezoelecttic 
sections connected is then given by k e 2 = 2E m /(2E m + 2E e ) = k 2 with no change 
in coupling, as might be expected. Consider now the hybrid case where we re¬ 
place one piezoelectric section with an equivalent magnetostrictive section with 
the same coupling coefficient. Here the total mechanical energy is 2E m , as before; 
however, as a result of the shared exchange of magnetic and electrical energy of 
the two sections at electtical resonance, the total electrical energy is only E e with 
a resulting effective coupling coefficient given by 

k e 2 = 2E m /(2E m + E e ) = 2k 2 /(1 + k 2 ). 

Thus, for k = 0.5 the effective coupling is increased to 0.63 while for k = 0.7 the 
effective coupling is increased to 0.81. To evaluate this effect, the electrical tuning 
should be set at the same frequency as the mechanical resonance and the effective 
coupling determined through the dynamic representation by k e 2 = 1 — (f r /f a ) 2 . The 
increase in effective coupling is a result of the inherent elecUical tuning that arises 
from the electtical connection of the capacitive-based piezoelecttic section and 
the inductive-based magnetostrictive section with a resulting reduction of stored 
electtical energy. 

The hybrid transducer design can take on another form and provide a wide band 
response with a smooth transition between two distinct resonance frequencies 
associated with the magnetostrictive and piezoelecttic sections. A sketch of this 
broadband transducer is shown in Fig. 3.25 with piezoelecttic and magnetostric¬ 
tive stiffness, K e i and K E 2 , and masses, mj and m 2 , along with head, central, and 
tail masses Mi, M 2 , and M 3 respectively. 

At low frequencies the stiffness K e i leads to a high impedance and couples 
the masses, M 1 and M 2 , together so that the front section acts as one mass Mf = 
Mi + M 2 + mi. This mass, Mf, along with the tail mass M 3 , resonates with the 
magnetostrictive short circuit stiffness, K E 2 , leading to the resonance frequency 
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FIGURE 3.25. Broadband Hybrid transducer. 



a»i = [K?(l + Mf/M 3 )/Mf] 1//2 . At high frequencies the tail mass M 3 is decoupled 
through K, leading to the resonance frequency a>h = [K^(l + MiAD/Mi] 1 / 2 . 
Because of the 90° phase shift, there is little reduction in the response between 
the resonance frequencies and moreover, the electrical inductance and capacitance 
cancel providing electrical self tuning. In practice the Terfenol-D section is posi¬ 
tioned as shown in Fig. 3.25 and operates most effectively in the lower portion of 
the band because of eddy current considerations and the need for greater power 
output at the lower frequencies. A typical TVR is illustrated in Fig. 3.26. 

Both high frequency [33] and low frequency [34] versions (see Fig. 1.20) of 
the wideband hybrid designs have been developed. A broadband doubly resonant 
response [29] can also be obtained with two piezoelectric stacks if one is reverse 
wired allowing addition between the resonance frequencies. This gives a wideband 
response, as in the case of the Hybrid transducer, but the response falls off faster 
below the fundamental resonance because of the phase reversal between the two 
piezoelectric stacks. 


3.4. Transmission Line Transducers 

While Tonpilz transducers are usually designed for the range from 1 kHz to 50 
kHz, transmission line sandwich type transducers are used mostly in the range 
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from 10 kHz to 500 kHz and piezoelectric ceramic bars or plates in the range from 
50 kHz to beyond 2 MHz. In the frequency range above 10 kHz, lumped elements 
become very small and in this range of small wavelengths the wave nature of the 
transducer becomes more influential. Also, the area ratio between the piston head 
and the drive stack must be smaller because of more pronounced effects of head 
flexure with extensive overhang. In this section, we consider sandwich and plate 
designs as well as composite material designs for transducers operating in the 
frequency range above 10 kHz. 


3.4.1. Sandwich Transducers 

The sandwich transmission line transducer was first introduced by Langevin [35] 
as a layered symmetrical structure of metal, quartz, and metal (see Fig. 1.4) that 
lowered the resonance frequency of a thin quartz thickness mode plate and pro¬ 
vided a practical underwater sonar projector. A number of other sandwich trans¬ 
ducer designs using piezoelectric ceramics have been given by Liddiard [36]. The 
front section of the sandwich is approximately matched to the medium by use 
of a matching material with intermediate impedance, such as aluminum, magne¬ 
sium, or glass-reinforced plastic (GRP), (e.g., G10), rather than through a change 
in area, as in the case of the Tonpilz transducer. The material of the rear section of 
the sandwich, often steel or tungsten, is used to block or reduce the motion of the 
rear surface. The blocking and matching is usually accomplished through quarter- 
wavelength layers. These procedures lead to a transducer with both a lower res¬ 
onance frequency and lower Q m than the piezoelectric ceramic drive plate alone. 
The modeling methods presented in Chapters 7 and 8 can be readily applied to the 
transmission line transducer. 

The quarter-wavelength resonator section is an important concept for the trans¬ 
mission line transducer. In Section 7.21 we will show that the impedance, Zq, at 
one end of a transmission line, of length L and bar impedance Zb = pcAo, with 
load impedance Zl at the other end may be written as 

Z 0 = Zb [Zl + jZ b tan kL]/[Z b +jZ L tankL], (3.42) 

where k = 2 tc/A is the wave number in the bar (see Fig. 3.27). 

If now the bar is one-quarter wavelength long, kL = n/2, Eq. (3.42) becomes 
Zo = Z b 2 /Z L which shows that Zb acts as a transformer that converts the load 
admittance, Yl = 1/Zl, to Zq. Thus, a small load impedance becomes a large input 
impedance and a large load impedance becomes a small input impedance. It also 
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Z L 


FIGURE 3.27. Bar of length L with load impedance Zp and input inpedance Z Q 
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shows that if we wish to match a transducer of impedance Zq to a particular load 
impedance, Zl, the impedance of the quarter wavelength matching layer must be 

Z b = (ZoZl) 1 / 2 , (3.43) 

the geometric mean of the load and transducer impedance. Consider the case of 
matching the plane wave mechanical impedance of PZT, which is approximately 
22.4x 10 6 kg/m 2 s, to the plane wave water load, which is 1.5 x 10 6 kg/m 2 s. If the 
matching quarter-wavelength layer is of the same area as the transducer, we need 
a material with pc = 5.8x 10 6 kg/m 2 s, which is approximated by glass reinforced 
plastic (GRP) with pc = 4.9x 10 6 kg/m 2 s (see Appendix A.2). Under ideal match¬ 
ing conditions there is no reflection and all the input power is passed on to the 
load. However, this only happens precisely at the frequencies where the section is 
a quarter wavelength and odd multiples thereof. At this frequency there is greater 
loading reducing the otherwise higher Q resonance of the device. With sufficient 
loading the main resonance is reduced leading to a double-humped response curve 
illustrated in Fig. 3.28. 

The bar in Fig. 3.27 may also be represented by the transmission line T network 
of Fig. 3.29 where Zi = jZbtan(kL/2) and Zo = —jZ b /sin(kL), as will be devel¬ 
oped in Chapter 7. With the velocity at the input uq and at the load ul, the circuit 



FIGURE 3.28. Transmission line transducer response without (-) and with (-) 

matching layer. 



FIGURE 3.29. Transmission line T network representation. 
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equations give Z 2 (uo - ul) = (Zi + Zl)ul and use of tan kL/2 = (1 - cos kL)/sin 
kL leads to the velocity ratio 

ul/uo = 1 / [cos kL + j (Z L /Z b ) sin kL]. (3.44) 

For L = A/2, l<L = n and ul/uo = — 1; however, for L = A/4, kL = Till and 
ul/uo = -jZ h /Z| giving a 90° phase shift, but more importantly, an output velocity 
increase by the ratio Z^/Zl- For matched conditions the magnification ratio Z^/Zl 
= (Zo/Zl) 1 / 2 = (22.4x10 6 /1.5x 10 6 ) 1 / 2 , for a velocity increase of approximately 
3.9 times as a result of the quarter-wavelength section between PZT of impedance 
Zo =22.4 x 10 6 kg/m 2 s and the water load of impedance Zl = 1.5 x 10 6 kg/m 2 s. 

The use of an additional quarter-wavelength section on the tail end can provide 
a nearly rigid boundary condition on the rear of the drive section forcing greater 
motion on the front. Then with a free condition behind the tail section, Zl = 0, Eq. 
(3.44) gives uo = ulcos kL and at quarter-wave resonance, kL = Jt/2, yields the 
rigid condition uo = 0. From Eq. (7.42) the impedance for Zl = 0 is Zo = jZb tan 
kL yielding an infinite impedance at kL = Till and an impedance proportional to Zb 
at frequencies above and below quarter wave resonance. Consequently materials 
of high impedance such as steel or tungsten are used for the tail section. A sketch 
of a transmission line transducer sandwich design with equal area is illustrated in 
Fig. 3.30. One design option is to make the length of the tail and drive sections 
each one-quarter wavelength long, creating a half- wavelength resonator with an 
additional quarter-wavelength head section as a matching layer. A typical response 
curve with and without the matching layer is illustrated in Fig. 3.28. 

A specific three-layer model for the transducer shown in Fig. 3.31a may be de¬ 
veloped by the methods presented in Chapters 7 and 8, such as cascading three 
“T” networks or matching three solutions of the wave equation at the interfaces 
and setting the impedance or stress at the ends to zero to obtain the in-air resonance 
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FIGURE 3.30. Sandwich transmission line transducer. 
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FIGURE 3.31a. Three part transmission line transducer. 
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condition. With Z, = pjCjSi^, k; = tu/c;, and S; the area of the i th section, reso¬ 
nance occurs when the total reactive impedance is zero, that is: 

(Zi/Z 2 )tankiLi + [1 — (ZiZ 2 /Z 3 2 )tankiLi tank 3 L 3 ] tank 2 L 2 

+ (Z 3 /Z 2 )tank 3 L 3 = 0. (3.45) 

With L 2 = Lp + Lap where Lp and L R are the distances to the node from front 
section 1 and rear section 3 respectively, the location of the node may be found 
from 

tankjLi tank 2 Lp = S 2 P 2 C 2 /S 1 pjCi or tank 3 L 3 tank 3 LR = S 2 P 2 C 2 /S 3 p 3 c 3 . 

(3.46) 

Equation (3.46) may also be obtained from the methods used to obtain Eq. (3.45), 
but using only two sections with a rigid condition at one end and a free condition 
at the other end. 

Knowledge of the nodal position is important as it is the plane of no motion and, 
therefore, a good place to mount a transducer (see, for example. Fig. 1.9). How¬ 
ever, since this location varies with additional radiation mass loading, a rubber 
interface between the nodal area and the housing is usually necessary. The plane 
of the node is also the location of the greatest stress and thus a poor location for a 
cement joint, unless a compressive stress rod is used. The mechanical Q m may be 
written as (see Section 7.12) 

Qm = r| ma tu r m(l + m/M)/R, 

where R is the radiation resistance and q ma is the mechanoacoustic efficiency. The 
effective head mass, m, and tail mass, M, may be determined from the kinetic 
energy (see Section 8.22) and further simplified at resonance by use of Eq. (3.46), 
resulting in 

m = (pjS 1 L 1 /2)[1 + Sinc2kiLi/Sinc2k2Lp)] + m ri and 
M = (p 3 S 3 L 3 /2)[l + Sinc2k 3 L 3 /Sinc2k 2 L R )], 

where m r is the radiation mass and the effective masses are referred to the 
velocities of the two ends. 

For the special case where there is no section 2, as illustrated in Fig. 3.31b, 
quarter-wavelength resonance occurs at k]Li = Till and k 3 L 3 = 7t/2 and with 
plane wave loading, p 0 co the specific acoustic impedance of the medium, and 

r| ma = we get 

Qm = (Jt/4)(p 1 ci/p 0 c 0 )(l + Sip 1 ci/S 3 p 3 c 3 ). (3.47) 

Using Eq. (3.47) with S 1 = S 3 , we may construct Table 3.2 for various com¬ 
mon material combinations (see Appendix A.2) for this two-part transmission line 
transducer. 

Table 3.2 shows the comparatively high mechanical Q m for an all-PZT 
transducer and how it may be lowered, to some extent, using a high-impedance 
quarter-wavelength backing tail and, to a greater extent, using a quarter-wavelength 
matching head. 
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FIGURE 3.31b. Two part transmission line transducer. 


Table 3.2. Transmission Line Transducer Combinations 


Tail 

(p 3 c 3 x 10 6 ) 

Head 

(Pi ci x 10 6 ) 

Qm 

PZT 

22.4 

PZT 

22.4 

23.5 

Steel 

40.4 

PZT 

22.4 

18.2 

Tungsten 

83.5 

PZT 

22.4 

14.9 

PZT 

22.4 

Aluminum 

13.9 

11.8 

PZT 

22.4 

Magnesium 

8.9 

6.5 

PZT 

22.4 

GRP (G-10) 

4.9 

3.1 


3.4.2. Wideband Transmission Line Transducers 

Normally electroacoustic underwater transducers are operated in the vicinity of 
the fundamental resonance frequency where maximum output is obtained. Wide¬ 
band performance can be obtained above resonance to some extent but, it is often 
limited by the next overtone resonance. Because of phase differences, the pres¬ 
ence of the overtone resonance generally creates a cancellation at some frequency 
between the two resonant frequencies, typically resulting in a significant notch in 
the response that limits the bandwidth. 

The problem is also often caused by unwanted lateral modes of vibration of 
the driving stack or flexural modes of vibration of the piston radiator. With these 
modes under control, however, there is still a major wideband impediment caused 
by the overtones of the fundamental that cannot be eliminated. The 180 degree 
phase difference between the mass controlled region of the fundamental and the 
stiffness-controlled region of the first overtone causes cancellation and a notch in 
the response. The notch may be eliminated through the introduction of an addi¬ 
tional phase-shifted resonance between these modes [37]. 

A specific method for eliminating the notch is explained by reference to 
Figs. 3.32a,b,c,d and Figs. 3.33a,b which illustrate the calculated resulting acoustic 
pressure amplitude. 

Figure 3.32a shows a piezoelectric longitudinal bar resonator operating in the 
33-mode and composed of four separate piezoelectric elements wired in parallel 
with polarization directions, as shown by the arrows, for additive motion in the 
longitudinal direction. The dashed lines illustrate the symmetrical displacement of 
the bar for a voltage +V. The fundamental resonance occurs when the bar is one- 
half wavelength long, and the second harmonic when the bar is one wavelength 
long, but the second harmonic cannot be excited by the voltage arrangement of 
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FIGURE 3.32. Physical models illustrating the operation of the transducer [37], 
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FIGURE 3.33. Even (a), odd (b) and combined (c) mode excitations [37]. 


Fig. 3.32a. Because of the electrical symmetry, only the fundamental resonance 
and all the odd harmonics are excited. If fi is the fundamental resonance, then the 

odd harmonic frequencies are f 2 n +1 = (2n + 1 )f i for n = 1, 2, 3,_The amplitude 

response of the acoustic pressure to the right of the bar is shown in Fig. 3.33a by 
the curve labeled (a) with a fundamental resonance at 22.5 kHz, a third harmonic 
at 67.5 kHz and a null at 45 kHz. The null occurs at the frequency of the second 
harmonic that cannot be excited by this electrode arrangement. The calculated 
null at this frequency is deep because the vibration of the mass-controlled region 
of the fundamental is exactly 180 degrees out of phase with the vibration of the 
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stiffness-controlled region of the third harmonic. The existence of the unexcited 
even modes provides a means for constructively adding another resonant response 
at these nulls. 

The even harmonics (but not the odd) are excited by the arrangement of 
Fig. 3.32b where the polarity of the voltage, V, on the right-hand pair of elements 
is reversed relative to that applied to the left pair. This causes a contraction on the 
right element pair while the left element pair expands as illustrated by the dashed 
lines. The excited even harmonic resonances are given by f 2 n = 2nfi for n = 1, 2, 
3, ... The second harmonic acoustic pressure amplitude response is plotted as 
curve (b) in Fig. 3.33a with resonance at approximately 45 kHz which is just the 
location of the null for the wiring arrangement of Fig. 3.32a. The second harmonic 
motion on the right side of the bar is 180 degrees out of phase with the funda¬ 
mental motion as may be seen by comparing the displacements of Fig. 3.32a and 
Fig. 3.32b. The additional phase shift shown in Figs. 3.32a and 3.32b yields the 
in-phase condition at mid band and allows the constructive addition of the second 
harmonic of Fig. 3.32b to the fundamental of Fig. 3.32a when the two systems are 
added. 

The sum of the voltage conditions of Figs. 3.32a and 3.32b leads to the con¬ 
dition illustrated in Fig. 3.32c showing 2V volts on the left piezoelectric pair and 
0 volts on the right piezoelectric pair. Since the V = 0 voltage drive section is no 
longer active in generating a displacement it may be replaced by an inactive piezo¬ 
electric section as shown in Fig. 3.32d. The wideband acoustic pressure amplitude 
response for the cases of Fig. 3.32c or 3.32d are given in Fig. 3.33b showing the 
addition of the second harmonic resonance at 45 kHz filling in the original null. 
The harmonic frequencies for this case are f n = nfi for n = 1, 2, 3, . . . The first 
null now appears in the vicinity of 90 kHz at twice the frequency of the 45 kHz 
null for the original case of Fig. 3.33a and thus doubling the bandwidth. This null 
occurs when the piezoelectric pair on the left side is one wavelength long. The 
transducer now utilizes the fundamental and the second and third harmonic of the 
composite bar. The bandwidth can be further increased by reducing the length of 
the active piezoelectric section relative to the total length and allowing the excita¬ 
tion of higher harmonic modes such as the fourth, fifth, and sixth modes. 

The mechanical Q m at each of the multiple resonance frequencies can be quite 
different for some wideband transducer designs. In these cases feedback may be 
used to control the response. A sketch of a wideband transmission line transducer 
[37] with resonance frequencies 12, 25, and 38 kHz and with feedback is shown 
in Fig. 3.34a. The piezoelectric stack is one wavelength long at approximately 42 
kHz limiting the bandwidth to 40 kHz in this design. Calculated transmission line 
circuit analysis results without and with feedback are shown in Figs. 3.34b. 

As seen, the multiple resonant frequencies have no nulls between them and the 
feedback yields a smoothed response over a band of two octaves. Feedback causes 
the voltage to maintain a constant velocity of the piezoelectric element in the vicin¬ 
ity of the junction between the transmission line and the piezoelectric stack. The 
implementation of a feedback system with an integrator, wideband transducer, and 
sensor is also illustrated in Fig. 3.34a. Either integration or differentiation is nec¬ 
essary to provide the required 90° phase shift and lossless damping at the major 
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FIGURE 3.34a. Multiply resonant transducer with feedback. 



Frequency (Hz) 


FIGURE 3.34b. Calculated transmitting voltage response without (a) and with (b) feedback 
[50], 


resonance frequency. High frequency oscillations are minimized through the use 
of integration rather than differentiation and the strategic location of the sensor 
along the length of the piezoelectric ceramic stack. 

Rodrigo [38a] described a doubly-resonant system with an additional spring- 
mass between a Tonpilz transducer and the medium, as shown in Fig. 3.35a, 
achieving a bandwidth on the order of one octave. Fig. 3.35b shows a lumped 
equivalent circuit of the sketch of Fig. 3.35a. 

At the parallel resonance of m' and C' a high impedance load is presented to 
the Tonpilz section which, if resonant at the Tonpilz resonance, creates a double¬ 
humped response curve as in Fig. 3.28. This loading effect is similar to the loading 
effect of free-flooded rings and quarter-wave matching layers and also similar to 
the Helmholtz loading used in audio band-pass woofers [38b] and the air bub¬ 
ble loaded transducer of Sims [38c]. These doubly-resonant transducers may be 
operated with the resonance frequencies set at the same frequency or at different 
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FIGURE 3.35a. Rodrigo broadband design [38a], 
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Basic Tonpilz 

FIGURE 3.35b. Equivalent circuit for Rodrigo design. 




m 2 



FIGURE 3.35c. Approximate circuit representation of Fig. 3.35b. 


frequencies. The equivalent circuit of Fig. 3.35b may be reduced to the simpler cir¬ 
cuit of Fig. 3.35c through use of the second Norton transform of Appendix A. 10 
along with the typical condition where the total resistance is considerably less than 
the mass reactance, specifically when R r + Rj cu[(M + m + nf + m r )(m' + 
m r )] 1,/2 . As may be seen, a large tail mass, M, can promote this condition. In this 
representation we have introduced the mechanical loss resistance, Rp and let Z r = 
R, + jcum r where R r is the radiation resistance and m r is the radiation mass. In the 
resulting simplified circuit of Fig. 3.35c 
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mi = m/(l + m/M), m 2 = (m' + m r )/[l + (m + m' + m r )/M][l + m/M], 
C 2 = C'(l + m/M) 2 , and R 2 = (R r + R0/[1 + (m + m' + m r )/M] 2 . 

This circuit removes the tail mass, M, as a separate component of the original 
circuit and accordingly allows a simpler representation of doubly resonant trans¬ 
ducers and a simpler algebraic solution of the two resonance frequencies. 

An improved alternative wideband method using multiple resonant sections be¬ 
tween the driver and the medium has also been given by Butler [39] resulting in 
a broadband transducer with three resonance frequencies and a bandwidth of two 
octaves. A sketch of this transducer is shown in Fig. 3.36 showing two additional 
passive resonator sections 1-2 and 3-4 in front of the main active resonator 5-6-7 
where 6 is the piezoelectric driver section, 7 is the tail mass, and 5 is a front mass. 


Rear 


Front 



Radiation 

Load 


FIGURE 3.36. Triply resonant transducer. 


At the lowest resonant frequency, f i, sections 1 through 4 act as a single mass 
which combines with 5 and resonates with sections 6 and 7. At the next resonance 
frequency, f 2 , sections 1 through 3 act as a mass and resonate with sections 4 
and 5, being decoupled by compliant section6 from section7. Finally, at the third 
resonant frequency, f 2 , sections 1 through 3 act as a resonator on being decoupled 
from the remaining part of the transducer through the compliance of section 4. 

In some applications, such as finite amplitude nonlinear parametric systems (see 
Section 5.7), widely separated dual-band transducer systems are desired rather 
than one wideband transducer. Here the upper band is used for nonlinear gen¬ 
eration of the difference frequency and the lower band is used for receiving the 
difference frequency. Lindberg [40] has described a two band transducer system 
with an array of the high band transducers attached at their nodes to the piston 
of the lower band transducer. In this arrangement each of the smaller transducers 
moves as part of the piston head in the low frequency band and decouples from the 
larger piston in the higher frequency band thereby allowing independent operation 
of the two transducer systems. 


3.4.3. Large Plate Transducers 

Large diameter plates of piezoelectric ceramics with electrodes on the two major 
surfaces are often used to obtain high intensity narrow beams in one comparatively 
simple design usually without other components. These designs are limited to a 
plate thickness of approximately 0.5 inches and diameters of about seven inches. 
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unless multiple plates are cemented together in a mosaic to create a larger diam¬ 
eter. The plates are usually back-isolated by a pressure release material such as 
corprene or, for deeper depth operation, paper (see Appendix A.2), supported by 
a steel back plate. The piezoelectric ceramic plates, often in the form of a disc are 
operated in the thickness mode and because of lateral clamping due to the large 
dimensions of the plate, the plate thickness resonance is higher than a longitudinal 
bar resonance by approximately 20%. The 0.5 inch maximum thickness limits the 
lowest half-wavelength resonance frequency to about 150 kHz for typical piezo¬ 
electric ceramic materials. The equivalent circuit for the thickness mode of a plate 
transducer is shown in Fig 7.32 and discussed in Section 7.234. The in-air half¬ 
wavelength anti-resonance frequency (electrical open circuit) occurs at f a = c/2L 
where c = (c^/p) 1 / 2 and L is the thickness, while the electrical short circuit reso¬ 
nance occurs when Z a /2 + Zb—ZoN 2 = 0 (see Fig.7.32a). This condition along with 
the square of the thickness coupling coefficient k t 2 = h 2 3 £ 33 /c^ 3 and the trigono¬ 
metric relation, sin 2x = 2sin x cos x, with x = cu r L/2c leads to the equation 

k t 2 = (cu r L/2c) cot (a) r L/2c) or k t 2 = (7tf r /2f a ) cot (jtf r /2f a ). 

For k t = 0.50, tu r L/2c = 1.393 and the in-air short circuit resonance frequency f, = 
0.887c/2L. The second form of the equation for l< 2 may be used to obtain k t from 
measured values of f r and f a . Under water-loaded conditions the size of the plate 
or disc is often much greater than the wavelength of sound in water, in which case 
the mechanical radiation impedance is resistive and equal to Aop 0 co. 

Depth sounders with two-inch diameter discs operating at around 200 kHz are 
commonplace. These units often have a hole in the center to shift a radial reso¬ 
nance outside the band of interest [41a]. Larger diameter units with very narrow 
beams, on the order of 1 degree, have been used for greater depths. These 200 
kHz large diameter transducer designs have also been used for finite amplitude 
generation of difference frequencies by simultaneously transmitting two frequen¬ 
cies, for example 195 and 205 kHz, yielding an exceptionally narrow beam at the 
difference frequency of 10 kHz (see Section 5.7). 

Implementation of the thickness mode of disc transducers is complicated by the 
fundamental radial mode and its lower-order overtones that can interfere with the 
thickness mode. An equivalent circuit model for the radial mode can be developed 
from the impedance expression given by Nelson and Royster [41b], After a little 
algebraic manipulation the expression for the electrical input admittance for a thin 
disc of radius a and thickness L may be written as 

Y 0 =jcuCo + N 2 /(Z r + zE), 


where 


C 0 = C f (l —k 2 ), C f = Jta 2 e 33 /L, N = 2Jtad^ 1 /s® (1 - ), k 2 = 2d 31 /£ j 3 (1 - cr E ), 

and where Z r is the radial load impedance on the edges of the disc of area 2jtaL. 
The short circuit mechanical impedance of the disc is 
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Z E = -j2jtaLpc[J 0 (ka)/Ji(ka) - (1 - cr E )/ka], 

where Jo and Ji are the Bessel functions of the first kind of order 0 and 1, ka = 
tua/c, the sound speed c = [l/s^ p{ 1 — (cr E ) 2 }] 1 / 2 , Poisson’s ratio cr E = — Sp/s®, 
and p is the density of the disk. The equivalent circuit for a ring, shown in Fig. 3.4, 
may be used to represent a radial disc mode, if the ring mechanical impedance, 
jcuM+l/jtuC E , is replaced by the disc radial mechanical impedance, Z E m . 

At very low frequencies Z E m 2jtL/jcus E | (1 - cr E ), where 27tL/s E 1 (l - cr E ) is 
the short circuit stiffness. At mechanical resonance, Z E = 0 and with free edges 
(Z r = 0), the radial resonance frequencies of the disc are given by the roots of the 
equation 

Jo(ka)/Ji(ka) = (1 — (J E )/ka. 

The lowest root [6] for cr E = 0.31 is ka = 2.05 leading to the fundamental short cir¬ 
cuit resonance frequency f r = 2.05c/27ta = 0.65c/D where the diameter D = 2a. The 
higher-order radial modes have little effect on the thickness mode performance for 
D » L. 

Another problem area results from surface waves such as shear or Lamb waves 
generated at the edges of the disc. These waves travel at a slow speed comparable 
to the speed of sound in water and launch a wave at the coincident angle given by 
sin a = co/c s where Co is the speed in the medium and c s is the speed of the surface 
waves. The result can be an apparent lobe in the beam pattern centered at an angle, 
a, that does not change significantly with the diameter or thickness of the plate. 
The effect is more pronounced for rectangular plates with straight edges than for 
circular plates. The surface wave lobe can be reduced by a quarter-wavelength 
margin between the edge of the plate and the electrode. 

Lateral resonances and surface wave effects may also be mitigated by dicing 
the transducer into smaller elements. The dicing is usually done with very fine 
wire saws and cross cut at 90°, yielding an array of separate small square bar or 
post-like structures. The cutting tool is adjusted to leave a thin interconnecting 
ceramic structure on the back side to hold the structure together with the array of 
small square radiators on the front side. This also leaves one electrode on the back 
surface as a common connection but necessitates a separate connection to each 
square radiator on the front. 


3.4.4. Composite Transducers 

Composite piezoelectric transducers (“piezocomposite”) consist of piezoelectric 
ceramics such as PZT embedded in an inert polymer matrix such as polyurethane, 
silicone or other types of rubber, polyethylene, or an epoxy. The composite des¬ 
ignation follows that of Newnham [42] which describes the connectivity of the 
piezoelectric material and the connectivity of the polymer material illustrated in 
Fig. 3.37a. Thus, 1-3 connectivity refers to the piezoelectric ceramic connected 
only along a single (1) direction while the polymer is connected along three (3) 
directions. In the case of 0-3 connectivity, small piezoelectric ceramic particles are 
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1-3 Composite 

FIGURE 3.37a. Three piezocomposite configurations in current use for transducers. 


suspended in a polymer and are not connected (0) to each other while the polymer 
material is connected in three directions (3). In the case of 2-2 connectivity, both 
the piezoelectric ceramic and the polymer are connected in two directions (2) (as 
alternating rows of ceramic bars and polymer material). The 2-2 composites have 
been used in medical ultrasound arrays and can be manufactured by dicing piezo¬ 
electric material and filling the cuts with polymer. Although 0-3 composites are 
difficult to polarize, they have the advantage of high flexibility. Because of their 
low coupling coefficient, 0-3 composites are more suitable as hydrophones than 
as projectors. We will concentrate on the more commonly used 1-3 connectivity 
which has found use in projectors. 

The 1-3 composites consist of arrays of piezoelectric rods arranged in a polymer 
matrix as illustrated in Fig. 3.37a,b. The piezoelectric rods are not connected by 
piezoelectric ceramic material along the x and y direction while the polymer ma¬ 
terial is connected along the x and y directions as well as the z direction. These 1-3 
composites can function as transmitters and as receivers and can be proportioned 
for high performance operation up to approximately 1,000 psi. The composites 
can be tailored for high coupling coefficient and broad-band performance. The 
performance of the composite depends on the volume fraction of the rods, the 
specific material and aspect ratio of the piezoelectric rods, the composition of the 
polymer, the electrode or cover plate stiffness, the spatial array period compared to 
the wavelength in the composite, and the overall size compared to the wavelength 
in the surrounding medium. Because of advances in injection molding technology 
[43a], 1-3 composites can be manufactured in high volume at a cost comparable 
to the cost of a corresponding solid sheet of piezoelectric material. The most com¬ 
mon configurations are the regular arrays of round and square piezoelectric rods 
ranging in size from 20(J.m to 5 mm in width. 

A comparison between a 1-3 composite with 15% PZT-5H and 85% polymer 
matrix, and solid piezoelectric ceramic PZT-5H is shown in Table 3.3 [43b], 

Note that the thickness mode coupling coefficient is greater in the composite 
than in the PZT-5H plate and that the mechanical impedance is much lower. 
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Table 3.3. Comparison of 1-3 Composite and PZT-5H 


Property 

Units 

1-3 Composite 

PZT-5H 

Relative Dielectric Constant 


460 

3200 

Dissipation Factor 


0.02 

0.02 

Coupling Coefficient kt 


0.63 

0.51 

Mechanical Q 


20 

65 

d 33 

(pC/N) 

550 

650 

Impedance 

(Mrayls) 

6 

30 

Density 

(kg/m 3 ) 

1800 

7500 


A simple but effective thickness mode model (see Fig. 3.37b) for piezocompos¬ 
ites has been developed by Smith and Auld [44] which allows the calculation of 
the essential parameters of the composite piezoelectric as a function of the vol¬ 
ume fraction, v, of the piezoelectric ceramic material. A tensor model has also 
been given by Avellaneda and Swart [45]. 
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FIGURE 3.37b. Model for 1-3 composite. 


The Smith-Auld model uses the piezoelectric constitutive equation set in the 
3 direction with stress and electric displacement as functions of strain and electric 
field: 

T 3 = C E 33 S 3 - e 33 E 3 , 

D 3 = e 33 S 3 + e| 3 E 3 . 
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After applying boundary conditions and making assumptions and approxima¬ 
tions (given below) the model gives piezocomposite effective values for the short 
circuit elastic modulus c E , the clamped dielectric constant e s and the piezoelec¬ 
tric “e” constant. The thickness (3) mode operation of large diameter plates of¬ 
ten assumes clamped conditions along the lateral (1) and (2) directions (see Sec¬ 
tion 3.43). Usually the disc or plate is large compared to the wavelength, and each 
piezoelectric ceramic element of the composite and its adjacent polymer responds 
as though it were within a cell with rigid boundaries (see Fig. 3.37b). This is so 
since each cell acts on adjacent cells with equal force (except for the smaller num¬ 
ber of cells on the periphery which are free to move and do not satisfy the clamped 
assumption). Thus in this model, it is assumed that the effective strains Si and S 2 
at the cell surfaces are zero, and therefore are zero throughout the cell, giving 

Si = vSj + (1 - v)Sj = 0 so that S\ = -S\v/(1 - v), 

where the superscripts c and p refer to piezoelectric ceramic and polymer respec¬ 
tively, and the same relationship holds for S 2 . The effective density is given by 

p = vp c + (l-v)p p , 

where bold signifies effective composite value. 

Additional assumptions are: The lateral stresses in the 1 and 2 directions are the 
same in the polymer and the piezoelectric ceramic. The strain and electric field are 
independent of the 1 and 2 directions throughout the structure. The electric field 
components Ei and E 2 are zero because the electrode surfaces are equipotentials. 
The electric field E 3 is the same in the ceramic and polymer. The ceramic and 
polymer move together along the 3 direction so that S 3 is the same for both. This 
model leads to a set of effective values which may be written as 

4 = v t c 33 - 2(4 - C 12 ) 2 /c] + (1 - V)cn, 
e 33 = v [e 33 — 2 e 3 i(c E 3 — ci 2 )/c], 

£33 = V [ef 3 + 2(e 31 ) 2 /c] + (1 - v)en, 
c = 4 + 4 + v ( c n + c i 2 >/(i - v). 

The cnand C 12 elastic modulus and £n dielectric constant without superscripts 
refer to the polymer matrix. 

The results may be used in an additional set of constitutive equations in which 
D and S are the independent variables. This set is most useful in representing the 
resonant operation of a thickness mode composite transducer with large lateral 
dimensions. The 33-mode version of this set may be written as 

T 3 = c°S 3 - I 133 D 3 , 

E 3 = -I 133 S 3 + (1/4)03, 

h33 = e33/ 4 , 

where 

4 = 4 + ( e 33) 2 /4- 
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This set applies to the equivalent circuit of Fig. 7.32 and Eq. (7.55) where the 
effective thickness coupling coefficient, k t , sound speed, o t , and impedance, Z t , 
may be written as 

k t = h 33 (ef 3 /cg,) I/2 ,ut = (c 33 /p) 1 / 2 ,Z t = (cg,p) 1 / 2 A 0 , 


with 


Zo = 1 /jcuCo, Co = Aoe^/t, Z a = jZ t tan cut/2v t and Zb = — jZ t / sin cut/t)t. 

In the equivalent circuit Ao is the cross-sectional area of the composite transducer. 
With t the thickness, the half-wavelength fundamental thickness mode resonance 
occurs when t = A/2. Since the sound speed Ut = fA, the fundamental resonance 
frequency fi = u t /2t. This is often expressed as the thickness mode frequency 
constant fjt = iV2. The excited harmonic resonance frequencies are odd integer 
multiples of fi. 

Smith and Auld [46] have numerically evaluated the model for various compo¬ 
sitions as a function of the volume fraction of the ceramic, v. As may be expected, 
the effective density, p, and effective relative dielectric constant e 33 /eo vary lin¬ 
early with v. However, the effective elastic constant c 33 , piezoelectric constant 
e 33 , and specific acoustic impedance, Zt /Ao, depart from linearity for volume 
fractions of PZT greater than 75% as a result of the greater lateral clamping of 
the individual PZT rods by adjacent PZT rods. At very low PZT volume fraction 
the effective thickness mode sound speed, Ut, approaches the sound speed in the 
polymer matrix material while at high PZT volume fractions the speed approaches 
that of the PZT material. 

The most interesting change occurs in the effective thickness coupling coef¬ 
ficient, kt. There is a reduced effective coupling coefficient at low PZT volume 
fractions, less than 5%, where the composite acts more like a piezoelectric poly¬ 
mer. At high volume fractions, greater than 99%, the effective coupling, kt, ap¬ 
proaches k t , as might be expected as, here, the composite acts as a solid disk (see 
Section 8.431). On the other hand, for volume fractions in the range from 15% 
to 95%, the effective coupling coefficient of the 1-3 composite, kt, significantly 
exceeds k t and, because of reduced lateral clamping, approaches the value of k 33 
with a maximum value at a volume fraction of approximately 75%. For hydro¬ 
static mode hydrophone operation, with free rather than clamped lateral boundary 
conditions, the optimum volume fraction for maximum coupling is approximately 
10% (see Section 4.32). 


3.5. Flextensional Transducers 

Flextensional transducers (see Fig. 1.17) are generally used as low to medium 
frequency high-power projectors radiating sound by the flexure of a metal or GRP 
shell excited by a drive stack operated in an extensional mode. The most common 
design is a Class IV type (see Fig. 1.18) which is an oval or elliptical shell driven 
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by a piezoelectric ceramic stack along the major axis of the shell with amplified 
motion along the direction of the minor axis. Since the inactive shell makes up a 
significant portion of the transducer stiffness, it causes a significant reduction in 
the coupling coefficient, resulting in an effective value of k e ~ k33/2 for a 33-mode 
driven system. 

The first flextensional transducer has been attributed [47] to Hayes [48] (see Fig. 
1.25); however, it was the later work and patent of Toulis [49] that led to the Class 
IV design, which was modeled by Brigham [50] and later encoded for computer 
design and analysis by Butler [51]. Other early flextensional designs by Merchant 
[52] and Abbott [53], as well as the modeling by Royster [54], laid the founda¬ 
tion for more recent designs by Jones and McMahon [55] and Nelson and Royster 
[41b]. Dogan and Newnham [61] developed a very compact design, and Butler 
[56a, 56b, 63, 64a] extended the flextensional concept in various ways. Since flex¬ 
tensional transducers make use of flexural modes of an elastic shell, the analysis 
and modeling required to determine equivalent circuit parameters is considerably 
more complicated than the longitudinal mode cases discussed earlier, and it is usu¬ 
ally necessary to make simplifying approximations. The results of such modeling 
will be used in this section, and the details will be found in the papers referred to 
above. Approximate models are essential for preliminary design, but final design 
should be based on finite element numerical methods (see Section 7.4). 

The original types of flextensional transducers have been given a Class desig¬ 
nation, illustrated in Fig. 1.17, that follows the historical order and distinguishes 
the models by the type of shell and drive system. In this section the flextensional 
designs which we believe are of most technical significance or are most commonly 
used will be discussed. 


3.5.1. The Class IV and VII Flextensional Transducers 

The Class IV flextensional transducer [49] is illustrated in Figs. 1.18 and 3.38. 

The oval shell is typically high strength aluminum (steel and GRP have also 
been used) which is fitted with mechanically isolated end caps and booted with 
rubber. The drive stack is usually Type I (PZT-4) or Type III (PZT-8) piezoelectric 


Nodes (4) 



FIGURE 3.38. Class IV flextensional transducer [49] 
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ceramic, although electrostrictive PMN and laminated magnetostrictive Terfenol- 
D have been used for greater output power. In operation the driver oscillates along 
the x direction causing a small oscillating motion at the shell ends and symmet¬ 
rical amplified motion of the shell in the y direction. The peak amplified motion 
is given approximately by the ratio of the semi-major to semi-minor axes, b/a. As 
the stack expands, the ends move outward causing a major portion of the shell to 
move inward resulting in four nodes approximately located by the dashed lines in 
Fig. 3.38. Since the motion in the y direction is much larger, and has much greater 
area, than the motion in the x direction, the out-of-phase radiation from the ends is 
negligible. The drive stack excites the shell in its fundamental quadrupole bending 
mode of vibration which is modified by the boundary conditions at the shell ends 
imposed by the drive stack. In addition to this mode, the higher frequency octo- 
pole bending mode and fundamental extensional shell mode may also be excited. 
The octopole mode produces a sharp poorly-loaded (because of multiple phase re¬ 
versals) resonance while the shell extensional mode produces a well-loaded strong 
resonance. 

The simplified fundamental quadrupole mode equivalent circuit, shown in 
Fig. 3.39, is useful as an aid in understanding the essential features of the 
transducer. 

Here we have taken advantage of the symmetry in both the x and y directions, 
to reduce the number of circuit elements and output ports. The piezoelectric driver 
moves with velocity u c i at its ends and the shell moves with average velocity u s 
which is loaded by the radiation impedance and radiates the acoustic pressure. 
The velocity at the shell mid point is magnified by the ratio b/a. The mass M s 
is the dynamic mass of the shell and C s is the effective compliance of the shell. 
The quantities M and C E represent the mass and short circuit compliance of the 
piezoelectric drive stack of clamped capacity, Co, and electromechanical turns 
ratio, N. 

A more detailed equivalent circuit which includes the quadrupole and octopole 
bending modes and extensional omni mode has been given by Brigham [50] and 
is illustrated in Fig. 3.40a. Here the driver is represented by a transmission line of 
impedance 

z i = —jPi c iAi cot(a>Li/2ci), 



FIGURE 3.39. Simplified flextensional equivalent circuit. 
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FIGURE 3.40a. Brigham’s flextensional equivalent circuit. 


o- 


o- 




1 :N F:1 

FIGURE 3.40b. Quadrupole mode equivalent circuit. 


where pj is the density, c | is the longitudinal short circuit sound speed, A ] is the 
cross-sectional area, and L| is the full length of the drive stack. Element C 3 is the 
compliance of metal end pieces or electrical insulating pieces between the stack 
and the shell, Z 2 , Z 4 , and Zo are the impedances of the quadrupole, octopole and 
omni extensional modes while T 2 , T 4 , and To are the magnification transformer 
ratios for the respective modes. This model assumes symmetry and does not in¬ 
clude odd modes. However, in the presence of a baffle or in an array with other 
transducers the pressure distribution on the two major surfaces will usually not be 
the same-which may excite odd modes of vibration. This flextensional transducer 
model, as well as a model for an interactive array of such transducers, has been 
encoded [51] for computer analysis. 

Although the omni-extensional shell mode does affect the quadrupole mode, a 
simplified version of the Brigham model is obtained if only the quadrupole mode 
is retained with some other simplifying assumptions. This approximate represen¬ 
tation is shown in Fig. 3.40b. The impedances are divided by 2 to account for the 
horizontal plane of symmetry yielding a one-port model. The stack mechanical 
impedance, Z\, arises from the left-right symmetry of Fig. 3.38, avoiding the T 
network representation we will see in Section 7.2.3.1. The quadrupole impedance 
is, with Fo the length of the shell and So = (tt/ 2 )(a 2 + b 2 ) 1 / 2 /^/ 2 , 

Z 2 = —j(K 2 /cu)(l - w 2 /<vj), 

where 

K 2 «Y t 3 L 0 /[5.14S 0 a 2 (a/b ) 1/2 (t /e) 3/2 ] and 
cu 2 « 7 t 2 tc[ 2.5 - 0.25 cos( 7 ta/b)]/ 8 S^V 3 . 
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The parameters e and Lo are defined in Fig. 3.38, and the transformation factor, F, 
of Fig. 3.40b is given by 

F 2 « [(1 + a/b) 4 - 15(a/b) 2 ]/[30(a/b) 3 (l + a/4b)]. 

In the circuit of Fig. 3.40b, Co is the clamped capacitance for one element of 
the drive stack, the electromechanical turns ratio may be written as N = g 33 CoY® 3 , 
and Z r is the radiation impedance. A simple computer model based on these ap¬ 
proximate equations and similar equations for the octopole and omni extensional 
shell mode have been encoded [51] and may be used as a flextensional design tool 
for initial analysis of individual transducers and arrays (before a more extensive 
finite element model is constructed). 

Since the transducer operates in the vicinity of the quadrupole mode, with neg¬ 
ligible motion from its ends, the radiation is approximately omnidirectional and 
the radiation load may be approximated by an equivalent sphere. The beam pat¬ 
tern does, however, show a reduced output in the y direction (see Fig. 3.38) which 
is a result of the time delay between waves arriving from the two sides. The as¬ 
sembly of the transducer requires precision machining of the interface shanks and 
the flats on the inner ends of the shell. The stack is usually made oversize, so that 
during assembly, with the shell compressed on the major surfaces, the stack can 
be inserted and receive a compressive bias when the compression of the shell is 
relieved. Significant over pre-compression is necessary as the compression on the 
stack is reduced as the hydrostatic pressure is increased. 

As mentioned earlier, only even modes are normally excited because of the 
symmetry of the design. However, there is a significant odd mode, in the vicinity 
of the quadrupole mode, that may be excited by unequal pressure on the two major 
surfaces or by asymmetrical excitation of the drive stack (see Fig. 1.18). The odd 
mode is essentially a rigid body motion of the shell as a reaction to the fundamen¬ 
tal bending mode of the drive stack. Butler [56a,b] has shown that, by driving the 
stack of a Class IV flextensional transducer into a bending mode (see Section 3.6), 
this odd dipole mode can be excited, and, when combined with the quadrupole 
mode yields a directional flextensional transducer as illustrated in Fig. 3.41. Here 
the +/+ motion of the quadrupole (nearly omni) mode is combined with the +/— 
motion of the dipole mode to create reduced motion of the shell and far-field pres¬ 
sure on one side [56a], giving directional far-field pressure [56b] as illustrated in 
Fig. 3.42. This method of obtaining a directional far-field pattern is basically the 
same as that for the multimode transducer described in Section 3.2.6. 

The Class VII, “dog bone”, [52] is illustrated in Fig. 3.43 and is seen to be the 
same as the Class IV except that the shell is inverted. In this case the entire shell 
moves outward as the piezoelectric stack moves outward, and both are in-phase 
below resonance. Hydrostatic pressure on the major surfaces causes further com¬ 
pression of the piezoelectric stack rather than a release of the initial compression, 
as in the Class IV transducer. Although this Class VII design provides opportunity 
for operation at a greater depth, the portion of the shell of height h causes a greater 
compliance than in the Class IV design which results in additional bending and a 
lower effective coupling coefficient. 
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FIGURE 3.41. Schematic illustration of a flextensional transducer showing the sequence 
of events leading to directionality. The neutral state is represented by the dashed lines. 
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FIGURE 3.42. Measured single element 900 Flz radiation patterns operating in the (a) 
quadrupole mode, (b) dipole mode, (c) directional mode, and (d) directional mode drive 
leads reversed (10 dB/division) [56b]. 


3.5.2. The Class I Barrel Stave Flextensional 

The Class I convex flextensional transducer, shown in cross section in Fig. 3.44, 
was one of the first flextensional transducers to be fully modeled [54], 

The shell has slots along the axial, z, direction to reduce the axial stiffness 
that would be imposed by lateral Poisson’s coupling. The design is axi-symmetric 
about the z-axis, except for the slots. The concave version, shown in the same 
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FIGURE 3.43. Class VII “dog bone” flextensional transducer. 
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FIGURE 3.44. The Class I convex and concave barrel stave flextensional transducer. 




FIGURE 3.45. The Class V disc driven (a) and ring driven (b) flextensional transducer. 


figure, also has slots and may be fabricated by separate metal staves and in this 
case is called the “barrel stave” flextensional transducer [55]. As in the case of 
the dog bone flextensional, compression rather than tension is experienced by the 
drive stack under hydrostatic pressure. The cylindrical shape makes this trans¬ 
ducer an attractive choice for underwater towed lines and sonobuoy applications. 
A model for the barrel stave transducer has been given by Moffett et al. [57], 
and the influence of the magnetic circuit on the effective coupling coefficient of 
a magnetostrictive Terfenol-D driven barrel stave transducer has been given by 
Butler et al. [26]. The transducer is generally rubber booted to prevent water di¬ 
gression; however, this can lead to problems under pressure when the rubber is 
forced into the slots causing reduced output. A boot-free design, with axial pleats 
in an otherwise continuous metal shell to reduce circumferential stiffening, has 
been developed by Purcell [58], 


3.5.3. The Class V and VI Flextensional Transducers 

The Class V planar piezoelectric disc driven and ring driven convex-shell flexten¬ 
sional transducers are shown in cross section in Fig. 3.45 while the concave [53] 
Class VI ring driven shell design is shown in cross section in Fig. 3.46. 
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FIGURE 3.46. The Class VI ring driven convex flextensional transducer. 



The disc driven version has perfect axial symmetry about the z axis while the 
ring driven designs are only approximately axially symmetric because of slots in 
the shell and metal sections in the piezoelectric 33-mode drive ring for shell attach¬ 
ment. A 600 Hz Class V ring shell, based on a patent by McMahon and Armstrong 
[59a], has been fabricated and successfully tested [59b]. This transducer was used 
in a comparison with a theoretical model by Butler [59c]. The convex Class V 
ring shell design requires an interior compressed air bladder for deep operation as 
the convex shell produces circumferential tension in the piezoelectric ring under 
ambient pressure. The concave Class VI ring shell produces circumferential com¬ 
pression on the ring and can generally operate without an air bladder at greater 
depths than the Class V ring shell. 

The disc driven Class V has a stiffer drive structure and can withstand greater 
stress than the ring shell designs. A model for this design was first given by Nel¬ 
son and Royster [41b] and has since been incorporated into the computer model 
FIRST by Butler [59c], based on the original piezoelectric disc model by Mason 
[60], Newnham and Dogan [61] have developed a miniature Class V flextensional 
transducer called the “Cymbal” because of the shape of the shell shown in cross 
section in Fig. 3.47. Note that the shell is attached to the disc surface rather than 
the disc end, as in the case of Fig. 3.45. This allows a simple fabrication proce¬ 
dure for small transducers. These small transducers can achieve a low resonance 
frequency and have been used as both hydrophones and projectors. 


3.5.4. The Astroid and X-spring Flextensional Transducers 

An internally- and externally-driven Astroid fhypocycloid of four cusps [62]) 
transducer [63] is illustrated in Fig. 3.48. The internal drive case is illustrated with 
four piezoelectric stacks with a steel center piece and metallic shell, while the ex¬ 
ternal drive case is illustrated with four magnetostrictive rods forming a square. 
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FIGURE 3.48. Internally and externally driven Astroid flextensional transducer [63]. 



FIGURE 3.49. X-spring version of the Astroid flextensional transducer. 


As the rods and stacks expand, the four shells bend outward producing amplified 
motion as in the case of a Class IV flextensional. This is added, in phase, to the 
extensional motion of the drivers yielding an even greater motion of the shell. The 
Astroid may be modeled as a pair of Class IV flextensional transducers with sec¬ 
tions I and III acting as one transducer and sections II and IV acting as the other, 
both driven by stacks with length times the length of one of the stacks shown 
in Fig. 3.48. 

An X-spring (“transducer-spring”) [64a] version of the Astroid is illustrated in 
Fig. 3.49 showing four pistons attached to the point of greatest motion of the shell 
lever arm amplifier. Two other X-spring versions of Class IV and Class VI (ring 
shell) flextensional transducers are shown in Fig. 3.50a,b. The magnified motion 
in the direction of a may be understood by noting that the lever arm of length, H, 
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FIGURE 3.50. X-spring version of the Class IV (a) and Class VI (b) flextensional trans¬ 
ducer [64a]. 


in Fig. 3.50a is given by H 2 = a 2 + b 2 where b is the half length of the piezoelec¬ 
tric driver. The derivative yields 2HdH = 2ada + 2bdb where da is the change in 
length of a, and db is the change in length of the piezoelectric stack. Under ideal 
conditions the lever arm pivots at its intersections and is stiff enough so that dH is 
negligible yielding the magnification factor 

M f = da/db = -b/a. 

The negative sign shows that an extension of b causes a contraction of a for 
the convex case of Fig. 3.50a. The concave case of Fig. 3.50b displays an in-phase 
positive sign. The magnification factor causes the piston displacement to be Mf 
times greater than the stack displacement or equivalently, the stack velocity is 1/Mf 
times the piston velocity. In addition to the displacement transfer, the forces on the 
piston are transferred to the driver stack through the lever arm and are magnified 
by the lever arm action, resulting in a force Mf times greater on the drive stack. 
Since the stack velocity is 1/Mf times the piston velocity, this increase in force 
and reduction in velocity results in an effective radiation load magnification of 
Mj? on the drive stack, yielding a better match to the medium and a lower Q m . 
In practice, values of Mf = 3 are readily obtained yielding a ninefold increase in 
the effective loading on the active driver. However, since the lever arm exhibits 
bending as well as extensional compliance there is a reduction in the effective 
coupling coefficient. 

The equivalent circuit of Fig. 3.39 serves as a model for the X-spring transducer 
where M s is the mass of the piston (plus the dynamic mass of the lever arms), 
C s is the compliance of the lever arm, and the magnification transformer ratio is 
b/a. The X-spring is capable of greater output than a conventional flextensional 
because the piston is mounted at the point of maximum motion. A single piston 
version of the X-spring [64b] is illustrated in Fig. 3.51 where the piezoelectric 
ring drives concave and convex shells, connected by a stiff rod yielding amplified 
motion at the point of contact of the piston. 
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FIGURE 3.51. Single piston X-spring transducer. 
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Figure 3.52. Extensional (a) and inextensional (b) modes of vibration. 
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As the ring moves outward in the radial, r, direction the piston of mass, M s , 
moves upward in the z direction relative to the -z motion of the ring of mass M. 
Thus the ring moves not only in the radial direction but also in the axial direction 
and, therefore, also serves as a reaction mass. This transducer can be modeled 
with the circuit of Fig. 3.39 with the addition of the ring mass in parallel with the 
compliance C s of the lever arms where u s is the velocity of the piston in the axial 
direction and u^ is the velocity of the piezoelectric ring in the radial direction. The 
X-spring may also be used as an actuator [64a], 


3.6. Flexural Transducers 

Except for Section 3.5.1 where we discussed the directional flextensional trans¬ 
ducer, we have considered only piezoelectric or magnetostrictive drive systems 
where the motion is extensional as shown in Fig. 3.52a. In this section we will dis¬ 
cuss flexural transducers which operate in inextensional bending modes where the 
neutral plane length does not change as the driver bends as shown in Fig. 3.52b. 

As the bar bends, the part above the neutral plane expands while the part be¬ 
low the neutral plane contracts leading to no net extension. Structures are gener¬ 
ally more compliant in bending than in tension which leads to lower resonance 
frequencies for a given size. The fundamental longitudinal extensional-resonance 
frequency, f r , and the bending inextensional-resonance frequency, f, for the free- 
free bars of Fig. 3.52 are 

f r = c/2L and f ~ tc/L 2 leading to fj ~ 2f r t/L, 
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where c is the bar sound speed and t is the thickness. Both resonance frequencies 
are approximately the same for a thick bar with t = L/2, but for a thin bar with t = 
L/20, I , ~ f r /10, and the flexural resonance frequency is a decade below the length 
mode extensional resonance frequency. Thus bender mode transducers are well 
suited to those low frequency applications where large transducers would be im¬ 
practical. The excitation of bending modes requires a reversal in the drive system 
making one portion experience extension while the other experiences contraction 
about the neutral plane. In this section we will discuss bender bar and disc trans¬ 
ducers as well as the slotted cylinder (bender) transducer and a bender-mode-drive 
X-spring transducer. 

As mentioned at the beginning of Section 3.5, the analysis and modeling of 
transducers based on flexural modes is more complicated than those based on 
longitudinal modes. Although the bender bar and bender disc transducers have 
relatively simple geometries, which makes analytical modeling more feasible, the 
details must be found in the references, but the results will be used in the following 
discussion. 


3.6.1. Bender Bar Transducer 

Figure 3.52b illustrates a bar vibrating in its fundamental mode for free-free 
boundary conditions with fundamental resonance frequency f i = 1.028 tc/L 2 and 
overtones fi = 2.756fi and L = 5.404fi. It turns out that the same resonance fre¬ 
quencies are obtained if the bar is rigidly clamped at its ends [65]. On the other 
hand, if the bar is simply supported at its ends, the fundamental resonance fre¬ 
quency is considerably lower, by roughly a factor of two, and is given by f i =0.453 
tc/L 2 with overtones at f 2 = 4fj and f 3 = 9f i. The first few modes of vibration [66] 
are illustrated in Fig. 3.53. 

The clamped resonance frequency is higher because the zero slope bound¬ 
ary condition at the rigid clamps effectively shortens the active vibration length. 
Because of the reduced active length, the effective coupling coefficient is less for 
the clamped case than it is for the simply supported case, which usually makes 
the latter more suitable for transducer applications. For the same resonance fre¬ 
quency a simply supported bender bar can be made approximately twice as thick 
as a clamped bender bar allowing greater strength under hydrostatic pressure and 
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FIGURE 3.53. Free, clamped and simply supported flexural modes of vibration. 
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FIGURE 3.54. Parallel (a) and series (b) wired bilaminar piezoelectric bars. 


greater power capability. Woollett [67] has analyzed the bender bar transducer and 
has developed a number of useful models. In many cases the fundamental mode 
equivalent circuit representations may be reduced to the simple Van Dyke form. 

Two common configurations for 31-mode excitation of the bender bar are illus¬ 
trated in Fig. 3.54a,b, which shows the simple supports at the optimum position, 
(i.e., at the nodal plane). In case (a) two identical and like-oriented piezoelectric 
31-mode bars are cemented together with an electrode contact between them and 
wired in parallel while in case (b) the polarization directions are reversed and the 
two are wired in series. In both cases a positive connection is made to the tip of 
the polarization direction arrow in the top piece and a negative connection is made 
to the tip of the arrow in the bottom piece. As the top piece expands laterally the 
bottom piece contracts laterally, causing upward bending with a bending reversal 
on the next half cycle. The normal velocity distribution for the simple support case 
of Fig. 3.53, with x measured in the lateral direction from the midpoint between 
the two supports, is 

u(x) = u(0) cos Jtx/L, 

leading to an rms average velocity of 0.707 u(0), where u(0) is the peak velocity 
at the midpoint of the bar at x = 0. 

A major drawback with the bender mechanism is the variation of stress through 
the thickness, with zero stress at the neutral plane, which lowers the coupling co¬ 
efficient since all the material does not operate at its peak potential. This can be 
mitigated to some extent by replacing part of the ceramic with inactive material 
such as aluminum or brass as shown in Fig. 3.55a. The central portion of the piezo¬ 
electric bender where the stress is small is replaced with inactive material, which 
causes an increase in the effective coupling coefficient by placing piezoelectric 
material where the stress is high. In Fig. 3.55b the lower piezoelectric piece is re¬ 
placed with inactive material to give greater ability to withstand hydrostatic stress, 
although it reduces the effective coupling coefficient. 

In this design only the metal layer, with greater tensile strength than ceramic, 
goes into tension for static pressure on the piezoelectric layer. Although we have il¬ 
lustrated the mechanism using the 31 mode, the 33 mode is more suitable for high 
power operation. A dual 33-mode bender transducer is illustrated in Fig. 3.56a, 
which expands and contracts in the directions of the arrows. Arrays of these trans¬ 
ducers are capable of producing high power at low frequencies. 

Woollett [67] has developed an equivalent circuit model for the simply sup¬ 
ported 33-mode segmented bender bar, illustrated in Fig. 3.56b with 4 segments. 
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FIGURE 3.55. Bilaminar and trilaminar benders. 



FIGURE 3.56a. A dual trilaminar bender 33-mode piezoelectric bar transducer. 



FIGURE 3.56b. The 33-mode bender with length L. thickness t, width b and n segments. 
Arrows show direction of polarization. 


The top and bottom of each segment is reverse polarized to excite the bending 
motion. The transducer is ideally mounted with simple supports at the mid plane. 
We may use the equivalent circuit of Fig. 3.4 if we let the circuit velocity, u r , be 
Woollett’s rms reference velocity which is equal to 0.707u p where u p is the peak 
velocity. With this reference velocity, the dynamic mass is equal to the static mass. 
The circuit components are 

C 0 = n 2 btef 3 /L, C E = 12sf 3 L 3 /jt 4 bt 3 , M = ptbL, N = (7t/V2)d 33 nbt 2 /s! 3 L 2 , 
and the dynamic effective coupling coefficient, k e , is given by 
k 2 /(l-k e 2 ) = (6/7t 2 )k 2 3 /(l-k 2 3 ). 
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The circuit of Fig. 3.4 may also be used over an extended frequency range if we 
replace the lumped mechanical impedance Z E = j[cum - l/cuC E ] by 

Z E = —j(27tbt 3 /3L 2 Cf)/[tan(cuL/2c f ) + tanh(a>L/2c f )], 

where the flexural wave velocity Cf = (cu 2 t 2 / 12 ps| 3 ) 1 ' /4 . 

The maximum mechanical stress, T m , in the bar for a hydrostatic pressure P is 

T m = (3/4)(L/t) 2 P, 

which can limit the maximum operating depth of the transducer, especially if the 
ratio L/t is large. Achieving a simple support mounting is also an important part of 
the design, and a number of hinge mounts have been considered for this purpose 
[67], Another type of flexural bar mounting uses a bar free on both ends (see 
Fig. 3.52b), but with the end portions shielded to prevent out-of-phase radiation 
[67a], 

Although we have concentrated on piezoelectric ceramic material as the active 
bender material, magnetostrictive material may also be used, but with consider¬ 
able difficulty, because of the mechanical loading of the driving coil (which in¬ 
hibits the bending motion) and the need to reverse the direction of the magnetic 
bias field. This last problem could be solved by use of two different materials, one 
with positive magnetostriction, the other with negative magnetostriction, but oth¬ 
erwise similar properties [67]. The rare earth magnetostrictive material composed 
of Samarium, Dysprosium, and Iron has negative magnetostriction [67b] and, used 
with Terfenol-D, (Terbium, Dysprosium, Iron, Tb 27 Dy 73 Fei 9 ), might be a can¬ 
didate for a magnetostrictive bender bar transducer. The biasing problem in ben¬ 
ders could also be solved if a magnetostrictive material with significant remanent 
bias was available. The need for bias in other types of magnetic field transducers 
could also be eliminated by use of materials with negative magnetostriction (see 
the end of Section 3.3.1). 

3.6.2. Bender Disc Transducer 

The bender disc flexural transducer is excited through the planar radial mode of 
a disc, which has a basic coupling coefficient, k p , a value between IC 31 and k 33 . 
The fundamental resonance frequency for a clamped edge disc [ 66 ] of diameter, 
D, and thickness, t, is f r = [1.868c/(l - cr 2 ) l/ 2 |t/D 2 ss 2ct/D 2 (for Poisson’s ratio 
o' 0.33). The simply supported edge fundamental resonance frequency is f r 
= [0.932c/(l - cr 2 ) 1 / 2 ]t/D 2 p» ct/D 2 , which is again seen to be half that of the 
clamped edge case. The disc has a fundamental resonance that is approximately 
twice as high as a bar of length equal to the disc diameter. Under water loading 
the radiation mass causes a reduction in the resonance frequency which may be 
estimated from the formula [ 68 ] 


fw^fr/[l+0.75(a/t)(p 0 /p)] 1 / 2 , 
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where a and t are the radius and thickness of the disc and p and p 0 are the density 
of the disc and water medium respectively. It can be seen that the resonance fre¬ 
quency of a thin low-density disc can be significantly reduced by water mass load¬ 
ing. A simplified equivalent circuit may be obtained from the mechanical compli¬ 
ance of the disc and the dynamic mass of a simply-supported disc which may be 
written as 

= (2s^/37t)(l - cr)a 2 /t 3 and M = 27ta 2 tp/3. 

The resulting resonance, based on these lumped parameters, is f r = (l/27t) 
(C^p)- 1 / 2 = [0.955c/(l - cr 2 ) 1 / 2 ]t/D 2 and is within 2.5% of the in-air resonance 
value given above. The clamped capacity Co = Cf (1 - k 2 ) and the electromechan¬ 
ical turns ratio, N = k e (Cf/Cj^), may be determined from the calculated free capac¬ 
ity and the effective coupling coefficient, k e . Woollett [68] has shown that k e ~ 
.75kp for a bilaminar disc. 

Although the disc does not provide a resonance frequency as low as a bar would, 
it is a more commonly used transducer because of its high planar coupling coeffi¬ 
cient compared to a 31-mode bar and also because of its simplicity compared to a 
33-mode bar. The flexural disc transducer is limited to about seven-inch diameter, 
the largest piezoelectric disc that can be fabricated. Woollett [68] has analyzed the 
bender disc transducer and has developed a detailed model and equivalent circuit. 
He has also shown that a trilaminar disc transducer has maximum coupling when 
the outer piezoelectric discs and the inactive brass layer have equal thickness, in 
which case the coupling coefficient is about 9% greater than an all piezoelectric 
ceramic bender disc. A simply supported trilaminar design and dual bilaminar de¬ 
sign are illustrated in Fig. 3.57a,b. 

The inner support ring of the dual bilaminar is designed to be stiff in the axial 
direction and compliant in the radial direction to approximate a simple support 
condition [68]. Various methods have been considered for approximating an ideal 
simple support condition around the edge of the disc, and in some designs the 
measured resonance frequency occurs between the theoretical rigid and simple 
support resonance frequencies. 

Woollett has also developed a number of useful design formulas for estimating 
the performance of the double bilaminar bender disc design of Fig. 3.57b with 
four PZT-4 (Type I) discs of radius a and a two-disc thickness of t. In this simply- 
supported case the in-air resonance, f r , and anti-resonance, f a , frequencies are 

f r = 705t/a 2 and f a = 771t/a 2 , 





a 





FIGURE 3.57. Trilaminar (a) and dual bilaminar (b) bender disc designs. 
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FIGURE 3.58. High pressure dual bender design with inactive metal inner discs. 


with an effective coupling coefficient of k e = 0.41. The ratio of the resonant fre¬ 
quency in air and in water, f rw .and the mechanical Q m are 

fr/frw = (1 + O.lOa/t) 1 / 2 , Q m = 7.0(f r /f rw ) 3 q ma , 

where q ma is the mechanoacoustic efficiency. He also shows that the electro¬ 
mechanical turns ratio is N = 106a and the hydrophone sensitivity below reso¬ 
nance is M = 0.01a 2 /h (Vm 2 /N). The above results are for a diameter, D, small 
compared to the wavelength of sound in the medium and for a thickness, t, con¬ 
siderably less than the radius, a. This case is usually met in practice since, typi¬ 
cally, t ss a/10 yielding a low resonance frequency for a small size. In this case the 
in-air frequency constant f r D =0.141 kH z m which is approximately one-tenth the 
frequency constant of an extensional 33-mode bar (see Appendix A.6). 

A major drawback to benders is the low tensile stress limit in the piezoelectric 
material under hydrostatic pressure. The induced radial stress, T s and T c , for sim¬ 
ple support and clamped edge conditions respectively, in a disc of radius a and 
thickness t, for a hydrostatic pressure P are approximately 

T s sa 1.25(a/t) 2 P and T c ^ (a/t) 2 P. 

These formulas set the limit on the thickness to radius ratio, t/a, and con¬ 
sequently limit the whole transducer design, particularly if a 2,000 psi tensile 
strength limit of piezoelectric ceramic is considered. The high pressure design 
illustrated in Fig. 3.58 replaces the inner piezoelectric ceramic layers with a metal 
disc substrate which can withstand 25 times the tensile strength of piezoelectric 
ceramic. 

However, because of the inactive substrate the effective coupling coefficient 
is reduced by approximately 30%. An alternative bender disc transducer design 
avoids the piezoelectric tensile limit problem by driving metal bender discs by 
piezoelectric ceramic stacks located in the vicinity of the simply support periph¬ 
eral region of the discs [68a]. 


3.6.3. The Slotted Cylinder Transducer 

The slotted cylinder transducer, illustrated in Fig. 3.59, is excited into its bending 
mode through the action of the inner piezoelectric cylinder on the outer metal 
substrate. 
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FIGURE 3.59. A 31-mode bending slotted cylinder. 


It is an original invention of W.T. Harris [69] that had been dormant until 
H. Kompanak [70] made improvements and began using these transducers in oil 
well applications. They have now found other applications in underwater sound 
because of their compact shape and low frequency performance. In one possible 
fabrication method, a slotted metal aluminum tube, with gap width g, is slipped 
over and compression cemented to a 31-mode piezoelectric cylinder, which is then 
slotted as illustrated in Fig. 3.59. The gap is usually small and the unit is typically 
capped (with isolation) on its ends, air filled and rubber booted for underwater op¬ 
eration. Metal is used on the outside to make the piezoelectric ceramic experience 
compression, rather than tension, under hydrostatic pressure. 

The transducer operates in a bending mode in a manner analogous to piezoelec¬ 
tric excitation of a tuning fork (see Fig. 3.60a,b). 

As the piezoelectric material shrinks, the tines of the tuning fork and the sides of 
the cylinder shrink, causing an inward bending motion followed by outward mo¬ 
tion as the piezoelectric material expands. The vibration is similar to cantilevers 
clamped on one end and free on the other end. The fundamental resonance fre¬ 
quency of the tuning fork cantilever model for thickness t, length L, and bar speed 
c is fi = 0.1615ct/L 2 with overtones f 2 = 6.267 fi and F( = 17.55 fj. If we now 
relate this to the slotted cylinder of Fig. 3.59 and assume the distance between the 
nodes is small and approximately equal to the gap size we get the slotted cylinder 
fundamental resonance frequency 

fi « 0.0655(1 +4g/7tD)ct/D 2 0.0655ct/D 2 . 

If we compare this with the fundamental extensional ring mode resonance 
f e = c/7tl3, we get, for the same diameters, f; = 0.206f e (t/D). Thus, for t = D/10, 
the fundamental resonance frequency of the slotted cylinder is f; ~ f e /50, much 
lower than the resonance frequency of a complete ring of the same diameter. 
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FIGURE 3.60. Piezoelectric tuning fork (a) and fundamental mode of vibration (b). 


An equivalent circuit model [71] has been developed based on the kinetic and 
potential energies of a slotted cylinder of length L, effective density p, effective 
Young’s modulus Y, with the following expressions for the dynamic mass, M, and 
stiffness, K E : 


M = 5.40pLtD and K E = 0.99YL(t/D) 3 . 

This model gives the resonance frequency f r = 0.0682ct/D 2 , only slightly dif¬ 
ferent from the tuning fork model. This one layer model may be decomposed into 
a bilaminar model, by a method given by Roark and Young [72], which accounts 
for separate layers of the piezoelectric ceramic and metal. The effective coupling 
coefficient, k e , may be determined by the modulus substitution method [73] or the 
FEA methods of Section7.43 and used to determine the electromechanical turns 
ratio N = k e (CfK E ) (see Section 1.4.1) with Cf the measured free capacity. The 
clamped capacity is then Co = Cf (1 - k 2 ) to complete the lumped representation. 

The radial motion of the cylinder is approximately a cosine distribution which 
reduces the effective source strength and the radiation loading. This can be approx¬ 
imately taken into account by use of an equivalent sphere model for the radiation 
impedance with factors a, p multiplying the resistive and reactive terms respec¬ 
tively. The radiation mass loading can cause a significant reduction in the reso¬ 
nance frequency if the cylinder wall t < < D. The radius of an equivalent sphere 
with the same area as the cylinder is (LD) 1,/2 /2 leading to the water mass loading 
M w ~ P(7t/2)p 0 (LD) 3 / 2 with the resulting in-water resonance frequency 

f w = f r /(l + Mw/M) 1 / 2 « f r /[l + 0.29p(p 0 /p)(LD) 1 / 2 /t] 1 / 2 . 

Using the same equivalent sphere, the in-water radiation resistance, R w , gives 
the mechanical Q m 

Q m = 2;tf w M(l + M w /M)/R w « 16(pc 0 D/ap 0 cL)[l +0.29p(p 0 /p)(LD) 1 / 2 /t], 
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According to these two expressions, the resonance frequency and mechanical 
Q m are most effected by the water loading if the shell wall thickness and density 
are small. Notice also that the Q m is reduced as the length, L, is increased and the 
density of the shell is decreased. Because of the velocity distribution, the effective 
radiating area is only about half the actual area and reasonable agreement is ob¬ 
tained for a ~ p ~ 1/2. A Fourier transform model for a finite cylinder with rigid 
extensions and with a cosine velocity distribution [3] is a more accurate model for 
the radiation load. As with any transducer design that includes bending and other 
complications, a finite element model should be implemented before fabrication 
is undertaken. 

The original slotted cylinder design has been modified for 33-mode operation 
and greater output. A 33-mode version of the tapered slotted cylinder [70] is illus¬ 
trated in Fig. 3.61 and can be seen to be framed from the geometry of a smaller 
circle inside and tangent to a larger circle. 

With the 33-mode drive the mechanical stress is increased with peak values nor¬ 
mally in the region opposite the gap in the vicinity of the nodes. The tapered de¬ 
sign minimizes the stress by having the greatest thickness in this region. Because 
of the tapering, the dynamic mass of the tines is reduced in the region near the 
gap which raises the fundamental resonance frequency for the same outer diam¬ 
eter. This raises the radiation resistance near resonance and increases the output 
and mechanoacoustic efficiency, albeit at a greater size for a given resonance. This 
tapered slotted cylinder transducer design has been modeled and programmed for 
computation under the name TSCAT (Tapered Slotted Cylinder Acoustic Trans¬ 
ducer) [74]. 



FIGURE 3.61. A 33-mode tapered slotted cylinder. 


3.6.4. The Bender Mode X-spring Transducer 

The bender mode X-spring transducer [64b] combines a number of the principles 
we have discussed in Section 3.6. It is based on the X-spring [64a] discussed in 
Section 3.5.4 but with a drive stack operating in its bending mode as diagrammed 
in Fig. 3.62 and illustrated in Fig. 1.21. 
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Material Bender 

FIGURE 3.62. Bender mode X-spring transducer showing bending action and the piston 
motion in the z direction [64b], 


This transducer combines the drive action of a bender bar and the magnification 
of an X-spring flextensional transducer. As the piezoelectric trilaminar section 
bends upwards the levers are extended outward causing the connected piston mass 
to move in the -z direction with a magnification ratio b/a. As in the case of the 
ring-riven single X-spring piston, illustrated in Fig. 3.51, the piezoelectric bender 
acts as an inertial reaction mass moving in the +z direction. The resultant motion 
of the piston in the z direction is reduced by the inertial motion; however, this re¬ 
duction is minimal if the mass of the driver is considerably greater than the mass of 
the piston. This transducer can operate at frequencies much lower than other flex¬ 
tensional or X-spring transducers because of the higher compliance of the bender 
bar drive. It may also be driven by a bender disc instead of a bender bar. 

Although we have described a number of electroacoustic projector designs, 
there are some which we have not discussed such as the historic moving coil 
Fessenden Oscillator [75] shown in Fig. 1.3, and several variable reluctance trans¬ 
ducer designs by Massa [76], such as the one in the array of Fig. 1.13. Also, we 
have not covered other powerful sources of low-frequency acoustic energy that 
do not fit into the six electroacoustic types described in this book such as the hy¬ 
droacoustic source by Bouyoucus [77], spark sources [78, 79, 80] and Edgerton’s 
“Boomer” [81]. 
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4 

Transducers as Hydrophones 


All the applications of underwater projectors described at the beginning of Chap¬ 
ter 3 also require the use of hydrophones. In most active sonar systems the same 
transducers serve as both projectors and hydrophones, but there are good reasons 
in some cases to use separate hydrophones for reception, (e.g., hydrophones in 
towed line arrays can be well removed from the ship’s self-noise). In addition pas¬ 
sive search and surveillance sonar, as well as passive ranging sonar, use only hy¬ 
drophones. Passive sonobuoys and various noise monitoring functions also require 
only hydrophones. 

Hydrophones detect the pressure variations of acoustic signals and noise in the 
water and produce an output voltage proportional to the pressure. In addition they 
generate a noise voltage due to thermal agitation in any internal resistances. Thus 
the performance criteria for hydrophones are quite different from those for projec¬ 
tors. While projectors are usually operated in the vicinity of resonance, with power 
output as the major concern, hydrophones are usually operated over a wide band 
below resonance, and the open circuit output voltage and signal-to-noise ratio are 
of most concern. The smallest signal detectable by a hydrophone is equal to—or 
slightly less—than the ambient sea noise unless the internal hydrophone noise plus 
the preamplifier input noise exceeds the sea noise. The noise voltage generated by 
a hydrophone and its preamplifier noise may be compared with the sea noise by 
relating it to an equivalent noise pressure in the water using the hydrophone sen¬ 
sitivity. 

Hydrophones are usually smaller and simpler than projectors, but, since reci¬ 
procity holds in most cases, the transducer models developed in Chapter 7 and 
the projector designs discussed in Chapter 3 may also be used for hydrophones. 
The commonly used Tonpilz transducer design discussed in Chapters 3 and 7 is 
very effective as a high-power projector, but it is usually not the most suitable de¬ 
sign for a single hydrophone or for hydrophone arrays intended only for passive 
sonar. Tonpilz transducers do serve very well as both projectors and hydrophones 
in closely packed active arrays, although they may not be suitable if such arrays 
are used passively outside the active band where unwanted resonances may exist. 

All the transducer mechanisms described in Chapter 2 could be used as hy¬ 
drophones, but the advantages of piezoelectric ceramics are so great that they 
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dominate hydrophone applications and will accordingly be the main concern of 
this chapter. Piezoelectric ceramic can be formed in many shapes and sizes, any of 
which, when provided with suitable electrodes, electrical cables, and waterproof¬ 
ing becomes a hydrophone. For example, hollow piezoelectric ceramic cylinders 
are a very common type of hydrophone that can be made in several variations 
by applying different electrodes and enclosing the interior in different ways. An 
unusually large hydrophone is shown in Fig. 1.8. 

In this chapter we will consider hydrophones that are sensitive to the pres¬ 
sure and the pressure gradient (or velocity) as well as those sensitive to higher- 
order modes of vibration of the hydrophone structure that might be excited by the 
acoustic signal. Pressure sensitive hydrophones are the most common; they are 
normally operated below resonance where their response is frequency indepen¬ 
dent and omnidirectional. Velocity sensitive hydrophones have a figure eight beam 
pattern with a 6 dB-per-octave rise in response with increasing frequency. Designs 
and special considerations for scalar (pressure) and vector (pressure gradient and 
particle velocity) sensors as well as intensity probes and small multi-element de¬ 
signs will be given. The relationship of hydrophone internal thermal noise to other 
hydrophone parameters will be discussed in detail. A brief introduction to hy¬ 
drophone equivalent circuits, as well as definitions of important parameters, was 
given in Section 2.87. Arrays of hydrophones will be discussed in Chapter 6, in¬ 
cluding methods for reducing ambient noise and the structural and flow noise that 
occur when an array is mounted on a moving, vibrating ship. We begin with funda¬ 
mental principles of hydrophone operation before describing various hydrophone 
designs. 


4.1. Principles of Operation 

The free-held voltage sensitivity of a hydrophone is defined as the ratio of the 
open circuit voltage amplitude to the free-field pressure amplitude of an incident 
plane sound wave, and is usually symbolized by M, for microphone. (The sym¬ 
bol Mo has also been used for open circuit voltage sensitivity to differentiate this 
sensitivity from the short circuit sensitivity [1] represented by the symbol M s .) In 
general the sensitivity depends on the frequency, the direction of the incident plane 
wave, the properties of the active material, such as piezoeolectric ceramic, and the 
geometry of the hydrophone. For directional hydrophones the sensitivity is usu¬ 
ally defined for a plane wave arriving on the maximum response axis (MRA). The 
sensitivity will be derived for many different types of hydrophones starting with 
the simplest case of a rectangular piezoelectric ceramic plate as shown in Fig. 4.1. 

The acoustical part of the analysis in this first section will be kept simple by 
assuming that the frequency is low enough—and consequently the wavelength 
large enough—that the acoustic pressure amplitude is uniform over the entire hy¬ 
drophone. Under these conditions the sensitivity is sometimes called the pressure 
sensitivity. It is also assumed that the hydrophone is operated below its fundamen¬ 
tal resonance where the sensitivity is independent of frequency. In practice there 
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FIGURE 4.1. Piezoelectric ceramic with two electrodes perpendicular to the direction of 
polarization 3 axis. 


is a reduction in the output voltage at very low frequencies where the large but 
finite input impedance of the preamplifier becomes comparable to the impedance 
of the hydrophone. Piezoelectric ceramic is most often used for pressure sensi¬ 
tive hydrophones, in part, because of the flat response below resonance. A more 
complete discussion of hydrophone sensitivity, including directionality, diffrac¬ 
tion, and noise will be given in Sections 4.5, 4.6 and 4.7. 

4.1.1. Sensitivity 

Piezoelectric hydrophones are sensitive to pressure, but it is interesting to consider 
their sensitivity in terms of the acoustic particle displacements that accompany the 
small pressures they are designed to detect [1], For example, the spectrum pres¬ 
sure level of Sea State Zero (SSO) ambient noise is about 44 dB//(pPa) 2 /Hz at 
1 kHz (see Fig. 4.37) which is equivalent to a pressure of p & 160 jiPa. In a 
plane wave signal of the same pressure the particle displacement is x = p/pccu = 
1.7 x 10 _14 m = 0.00017 Angstroms. The displacement of the sensitive surface of 
a hydrophone caused by this plane wave signal is less than the displacement in the 
water, since piezoelectric materials are considerably stiffer than water. This dis¬ 
placement is the order of 10,000 times smaller than the crystal lattice dimensions 
of the piezoelectric material, which is in motion itself because of thermal lattice vi¬ 
brations. This small displacement is detectable because the particle displacement 
of the acoustic wave is coherent over the sensitive surface of the hydrophone, 
while the random thermal motion in the hydrophone material is incoherent. The 
thermal vibrations in the hydrophone material cause internal hydrophone noise, 
which will be discussed in Section 4.7. 

Since the objective of a hydrophone sensitivity calculation is determination of 
the voltage caused by stresses induced by the acoustic pressure, equations of state 
in the form shown in Eq. (2.4) giving electric field in terms of stress and electric 
displacement are the most direct. Consider the case where the plate has electrodes 
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on the surfaces shown in Fig. 4.1, which establish the polar axis parallel to the 
thickness along the 3 or z direction. Then the component of electric field sensed 
by the electrodes is E 3 , given by Eq. (2.4) as, 

E3 = —g3lT 1 — g 32 T 2 — g33T3 + P33D3. ( 4 . 1 a) 


The electric field intensity E 3 = - 0V/9z and the voltage 

t/2 

V = - J E 3 dz = —E 3 t, (4.1b) 

-t/2 

since E 3 is constant and t is the plate thickness. Under open circuit conditions, 
where D 3 = 0, Eqs. (4.1a,b) yield 

v = g 3 ltTj + g32tT2 + g 33 tT 3 , (4.2a) 

and the open circuit output voltage is proportional to the thickness between the 
electrodes, the g 3 j constants, and the stresses, Tj. 

If, as in Fig. 4.2a, the surfaces normal to the 1 and 2 directions are free to 
move but shielded from the incident acoustic pressure by a stiff structure and gap, 
or pressure release material, then Ti = T 2 = 0. Since only the surface normal to 
the 3 direction is exposed to the pressure, only T 3 is non-zero and equal to the 
pressure amplitude of an incident plane wave, p,. In this case Eq. (4.2a) gives the 
hydrophone 33-mode sensitivity 

M33 = V/pi = g 33 t, (4.2b) 

On the other hand, if only the surfaces normal to the 1 axis are exposed as in 
Fig. 4.2b, then T 2 = T 3 = 0 and the 31-mode receiving sensitivity is 

M 31 = V/p; = g 3 it, (4.2c) 

The 31-mode sensitivity is approximately one-half that of the 33 mode since in 
typical lead zirconate titanate (PZT) materials, g 3 i ~ - g 33 / 2 . If both the surfaces 
normal to the 1 and 2 axes are exposed to the acoustic pressure, while the surface 



FIGURE 4.2a. 1 and 2 directions shielded from p;. 
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FIGURE 4.2b. 2 and 3 directions shielded from p;. 





FIGURE 4.2c. 1, 2 and 3 directions exposed to pj. 


normal to the 3 axis is shielded, then M = g 3 it + g 32 t = 2g3it since g 3 ?= g 3 i for 
the PZT materials. In the final example, illustrated in Fig. 4.2c, all surfaces are 
exposed to the incident pressure, and this case, called the hydrostatic sensitivity, 
is given by 

M h = (g33 + 2g 3 i)t = g h t, (4.2d) 

where gh = g 33 + 2g3i is the hydrostatic g constant. For PZT-4, gh = 0.0249 + 
2(—0.0106) = 0.0037 V m/N which is an order of magnitude below g 33 (see 
Appendix A.5). However, other materials are available that are better suited for 
the hydrostatic mode such as lead metaniobate or lead titanate where gh = 
0.0320+ 2(—0.0017) = 0.0286 which is very close to g 33 . Although the resulting 
hydrostatic sensitivity is high for this material the dielectric constant is approx¬ 
imately one-fifth of that for PZT-4 thus yielding a higher impedance and lower 
figure of merit (see below). 

Numerical values of hydrophone sensitivity are referenced to 1 volt per |i Pa, 
and the formulas of Eqs. (4.2b,c,d) are accordingly multiplied by 10 -6 . The result¬ 
ing receiving voltage sensitivity, on a logarithmic scale, is RVS = 20 log |M| in 
dB// 1 volt / pPa. For example, a O.Olm-thick PZT-4 plate hydrophone operating in 
the 33 mode has RVS = -192 dB// V/pPa. (The free-held voltage sensitivity nota¬ 
tion, FFVS, is sometimes used instead of the receiving voltage sensitivity notation, 
RVS, for hydrophone response.) 


4.1.2. Figure of Merit 

The figure of merit of a hydrophone is usually considered to be M 2 /|Z] I where Zj, 
is the electrical input impedance of the hydrophone. The impedance is important 
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because the internal hydrophone noise is generated in the resistive part of the im¬ 
pedance. This figure of merit is related to the signal-to-noise ratio and is indepen¬ 
dent of passive schemes one might use to increase the sensitivity such as rewiring 
hydrophones from a parallel to a series configuration or use of a transformer. If a 
transformer of turns ratio N were used to raise the output voltage sensitivity, M, 
to NM, the impedance would be increased to N 2 Zh and both the numerator and 
the denominator of M 2 /Zh would be increased by N 2 yielding the same figure of 
merit. 

If, on the other hand, there are N hydrophones instead of one, the figure of 
merit is increased by the factor, N. For example, if N = 4 and the hydrophones 
are wired in a series-parallel configuration, with parallel pairs wired in series or 
series pairs wired in parallel, the impedance of the four hydrophones is still Zh, but 
because of the series pair the output voltage doubles and the sensitivity increases 
from M to 2M. The figure of merit is now (2M) 2 /Zh showing an improvement 
factor of 4, equal to the number of hydrophones. Thus, increasing the number 
of hydrophones or, equivalently, increasing the active volume of the hydrophone, 
yields an improved figure of merit. On the other hand, rewiring a given number of 
hydrophones yields no improvement in the figure of merit, as might be expected. 

At low frequencies, well below resonance, Zh = 1/jtuCf and M 2 /Zh = M 2 jcuCf. 
Since M is constant at low frequency we can define a frequency independent hy¬ 
drophone figure of merit as M 2 Cf. For the low-frequency piezoelectric ceramic 
hydrophone of Fig. 4.1, the free capacitance Cf = ej 3 LW/t and, with the shield¬ 
ing condition of Fig. 4.2a, the sensitivity is given by Eq. (4.2b) leading to 

M 2 Cf = (g33) 2 e T 33LWt = g 3 3d 3 3Vo, (4.3) 

where Vo is the volume of the ceramic and g 33 = d 33 /e T 33 . As seen, the greater the 
volume of piezoelectric ceramic material the greater the figure of merit. The better 
hydrophone materials have a high “gd” product, as in the case of single crystal 
material (see Appendix A.5). The “gd” product is often referred to as the figure 
of merit of the material, but it also depends on the mode in which the material is 
used. For example, PZT materials operating in the 33 mode have a gd product 5.5 
times greater than when operating in the 31 mode. An alternative figure of merit 
incorporates the noise generating loss factor, tan 8 , and uses Cf/tan 8 rather than 
Cf. In this case Eq. (4.3) becomes 

M 2 C f //tan 8 = g 3 3 d 3 3 Vo/tan 8 , (4.4) 

emphasizing the importance of a low dissipation factor. More will be said about 
the figure of merit and its relationship to noise in Section 4.7. 


4.1.3. Simplified Equivalent Circuit 

The introductory equivalent circuit of Section 2.87 and the more extensive circuits 
developed in Chapter 7 may be readily applied to the receiving case by consid¬ 
ering the total force on the transducer as F = Z r u + Fb where Z r is the radiation 
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impedance and u is the velocity. The clamped (or blocked) force, Fb, is the integral 
of the incident pressure over the active area of the hydrophone, since we can ignore 
the scattered wave from this assumed small hydrophone (see Section 4.6). For ex¬ 
ample, the one-degree-of-freedom lumped model of Fig. 7.12 may be represented 
by the circuit of Fig. 7.12a with the acoustic input force source, Fb, in series with 
the radiation impedance and the voltage source removed from the electrical ter¬ 
minals. At frequencies well below the resonance frequency where the impedance 
l/jcuC E dominates, the hydrophone circuit representation of Fig. 7.12a reduces to 
the circuit of Fig. 4.3, where V is the open circuit output voltage for the incident 
force Fb and Go = cuCftan 8. The electromechanical transformer may be removed 
from the circuit if the mechanical compliance, C E , is replaced by the electrical ca¬ 
pacitance N 2 C e and the mechanical force Fb is replaced by the electrical voltage 
F b /N. 

Then a Thevenin series circuit representation (see Appendix A.8) of the form 
shown in Fig. 4.4 may be developed where 

V t = k 2 F b /[N(l - j tan5)] and C f ' = C f (l - j tan5), (4.5) 

showing the simplicity of the circuit and the important effect of the electrical dis¬ 
sipation in the piezoelectric material. Since k 2 = N 2 C E /Cf the voltage source may 
also be written as V t = Fbk(C E /Cf) 1,/2 /(l — j tan 8) and, for the case illustrated in 
Figs. 4.1 and 4.2a, this can be reduced to V t = (Fb/LW)g 33 t/(l — j tan 8) which 
is equivalent to the earlier result in Eq. (4.2b) for tan 8 = 0. Normally tan 8 <£ 1 



FIGURE 4.4. Thevenin circuit representation of Fig. 4.3 where the free capacity Cj- is 
complex. 
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and may be ignored for sensitivity evaluation, but it must be included in the im¬ 
pedance when the equivalent series resistance is used for evaluating hydrophone 
noise (see Section 4.7). A hydrophone may also be modeled and analyzed as a pro¬ 
jector, and the TVR and impedance may then be used to obtain the RVS through 
the reciprocity formula (see Section 12.5) 

RVS = TVR + 20 log |Z| — 20 log f - 294 dB, (4.6) 

with results in dB//V/|iPa. Although the modeling of small hydrophones that op¬ 
erate below resonance can be quite simple, larger hydrophones that operate in the 
vicinity of resonance are usually more complicated, especially if one considers the 
scattering of the incident acoustic wave. In this case, modeling as a projector and 
use of reciprocity may be a simpler way to obtain the receiving voltage sensitivity, 
and this approach has often been used in finite element modeling. 


4.1.4. Other Sensitivity Considerations 

The boundary conditions on piezoelectric elements can strongly affect the sensi¬ 
tivity. The simple example of Section 4.1.1 assumed the piezoelectric plate to be 
small with equal pressure on all surfaces. For the case of the 33 mode with other 
surfaces shielded we obtained a sensitivity M = g 33 t for a pressure p, on both ex¬ 
posed surfaces. This is illustrated in Fig. 4.5a showing the physical condition and 
the corresponding lumped equivalent circuit with the mass of the plate, m, and 
force Fb = p, A with A the cross-sectional area of surface 1 or 3. 

At low frequencies, where cum <£ l/cuC E , the force at terminal 2 is Fb, and, 
because of symmetry, the circuit of Fig. 4.5a becomes equivalent to the circuit of 
Fig. 4.3. If the hydrophone is blocked or clamped at surface 1, terminal 1 is open 
circuit (i.e., ui =0) as illustrated in Fig. 4.5b and the mass, m/2, between terminals 
1 and 2 may be deleted. It is seen that at low frequencies the force at node 2 is still 
Fb and the sensitivity is still M = g 33 t as in the case of Fig. 4.5a. If, on the other 
hand, we now remove the block on surface 1 and allow a shielded pressure release 
condition on surface 1, as in Fig. 4.5c, the force Fb at terminal 1 vanishes and 
terminal 1 of the equivalent circuits of Figs. 4.5a or 4.5b become short circuited. 
The short circuit at terminal 1 places the associated mass, m/2, in parallel with the 
series combination of —m/6, C E and the secondary of the transformer resulting 



FIGURE 4.5a. Equal pressure hydrophone. 
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FIGURE 4.5b. Single pressure but blocked on side 1. 



FIGURE 4.5c. Single pressure but free on side 1. 



FIGURE 4.6. Hydrophone with cable of capacitance, C c . 

in the equivalent circuit of Fig. 4.5c. Even though the reactance of the shunt mass, 
m/2, is small at low frequencies, the two equal m/2 masses form a voltage divider 
circuit (see Appendix A.8) yielding a Thevenin equivalent force equal to Fb/2 
in series with a mass m/4 resulting in a low-frequency sensitivity M = g^t/2. 
This illustrates the need for a large inertial mass at terminal 1 to approximate the 
blocked condition of Fig. 4.5b and avoid a possible 6 dB loss in sensitivity from 
the pressure release condition illustrated in Fig. 4.5c. 

The sensitivity at the end of a connecting cable (see Appendix A. 16) depends 
on the capacitance of the cable relative to the capacitance of the hydrophone. The 
situation is illustrated in Fig. 4.6, with cable capacitance C c forming a voltage 
divider with the hydrophone free capacitance Cf, resulting in an output voltage, at 
the end of the cable, of 

V c = VCf/(Cf + C c ), (4.7a) 

where V is the output voltage from the hydrophone alone. 

If, for example, the cable capacitance, C c , were equal to the free capacitance, 
then V c /V = ] fi, causing a 6 dB reduction in effective sensitivity. However if the 
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hydrophone capacitance was increased by a factor of four, by parallel wiring four 
hydrophones, each the same as the original hydrophone, then the voltage would be 
the same but the capacitance Cf would be quadrupled, yielding a reduction factor 
of V c /V = 0.8. If the four hydrophones were wired in series, the voltage would 
be quadrupled and the capacitance would be decreased by a factor of four also 
leading to a reduction factor of 0.8. Thus the use of four hydrophones, instead of 
one, reduces the loss from 6 dB to 1.9 dB whether wired in series or parallel. 

The circuit of Fig. 4.6 may be replaced by its Thevenin equivalent where the 
voltage source is now the open circuit output voltage and the series impedance is 
the impedance with V = 0. This equivalent Thevenin circuit is shown in Fig. 4.7 
where V t = V c = V Cf/(Cf + C c ), the capacitance is C t = Cf + C c , and we have 
added a possible load resistance, R, which could represent the input impedance of 
a preamplifier. 

The resistor, R, and capacitive reactance, 1/jcuQ, act as a voltage divider and the 
voltage developed across the resistor is Vr = V t R/fR + 1/jcuQ). The magnitude 
may be written as 

|Vr/V,| = 1/[1 + (1/tuRC,) 2 ] 1 / 2 . (4.7b) 

We see that the effect of the resistive load on the output voltage is small if 
tuRCt 1. At the frequency where cuRCt = 1 the voltage level is down 3 dB, and 
f = l/27tRC t is called the low-frequency cut-off. A value of R can be chosen to 
roll-off the sensitivity below the band of interest, reducing the reception of exter¬ 
nal noise. It should be noted that the piezoelectric ceramic dissipative resistance 
R(> = 1/tuCf tan 8 alone does not cause a low-frequency cut-off as it has the same 
frequency dependence as the reactance 1/jcuCf. This can be seen by replacing R 
with Ro and, for no cable, Ct with Cf in Eq. (4.7b) yielding the small, but frequency 
independent, voltage reduction 

|V R /V t | = 1/[1 + (tan 8) 2 ] 1 / 2 . (4.7c) 

In this section we have discussed hydrophones operating at frequencies well 
below resonance. However, there are important applications where hydrophones 
are operated at resonance, such as active sonar systems where the transducer op¬ 
erates in the vicinity of resonance as both projector and hydrophone. In this case 
the full equivalent circuit, transmission line, or matrix model should be used as 


C, 



FIGURE 4.7. Hydrophone with preamplifier input resistance, R. 
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in the case of the projector (see Chapters 3 and 7). For electric field transduc¬ 
ers the projector resonance is at the short circuit mechanical resonance, f r , while 
the hydrophone resonance is at the open circuit anti-resonance, f a . These two res¬ 
onances differ considerably if the effective coupling coefficient, k e , is high since 
f r /f a = (1 —kg 2 ) 1 / 2 , which must be taken into account in the overall system design. 


4.2. Cylindrical and Spherical Hydrophones 

Circular cylindrical and spherical hydrophones are probably the most commonly 
used designs because of their high sensitivity, wide-band smooth response up 
to and possibly through resonance, generally low impedance, good hydrostatic 
pressure capability and simplicity. Cylindrical hydrophones need end caps to 
maintain air backing and encapsulation to prevent water leakage while spheri¬ 
cal hydrophones need only encapsulation. Projector equivalent circuits for ring or 
spherical transducers apply to hydrophones by use of the reciprocity relation in 
Eq. (4.6) or by inserting a force source in series with the radiation impedance. In 
general the value of the force is Ap, D a where p, is the incident free-field pres¬ 
sure (often referred to as per), D a is the diffraction constant and A is the effective 
capture, or aperture, area equal to the radiating area used in evaluating the radi¬ 
ation impedance or D a . The diffraction constant D a ~ 1 for pressure sensitive 
hydrophones that are small compared to the wavelength. 

The calculation of hydrophone sensitivity in Section 4.1.1 was simplified by as¬ 
suming that the frequency was low enough to make the pressure uniform over the 
entire active surface of the hydrophone and equal to the free-field pressure (pff) of 
the incident wave. A small hydrophone does not disturb the sound field, and thus, 
measures the pressure that would exist if it were not present. A large hydrophone, 
or a small hydrophone in a large mounting structure, will change the pressure 
field. For example, a large rigid wall will cause a doubling of the pressure at the 
wall since the wave is completely reflected, and the two pressures are in phase and 
add at the wall. Thus, a small hydrophone in a rigid baffle would measure twice 
the pressure that would be measured without the baffle. This increase (or, in other 
cases, decrease, as discussed in Section 4.6) in the pressure is a measure of the 
diffraction constant D a . With pb the average pressure on the surface of the hy¬ 
drophone when it is clamped, so that its active surface cannot move, D a is defined 
as pb/pff- The diffraction constant is the ratio of the clamped force to the free-field 
force as defined by Eqs. (1.19) and (1.20) and, in general, it is not a constant, but 
a function of frequency as well as the particular geometry of the hydrophone; the 
diffraction constant is discussed in more detail in Section 4.6. 


4.2.1. Performance with Shielded Ends 

Hydrophones are often used at frequencies below their fundamental anti¬ 
resonance, which occurs under open circuit conditions, for electric field transduc¬ 
ers. The introductory discussion for a piezoelectric plate hydrophone in 
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FIGURE 4.8. Piezoelectric ring (tube) polarized in the radial (3) direction and operated in 
the 31-mode with isolated end caps. 


Section 4.1.1 will now be extended to a ring or tube hydrophone, illustrated in 
Fig. 4.8, with mean radius, a, wall thickness, t < a, and length L < 2a, with elec¬ 
trodes on the inner and outer cylindrical surfaces. 

Also shown is a shielded-end piezoelectric tube with two end-caps isolated from 
the tube with a highly compliant material, such as corprene (see Appendix A.2), 
which is suitable for ambient pressures less than 2 kPa («s300 psi). Our starting 
point is Eq. (4.1a) with D 3 = 0 for open circuit conditions and Tt = 0 because of 
the pressure release isolation material on the ends of the tube. If we also assume 
the tube to be air filled, the interior pressure is nearly zero and, since there is no 
compressive stress across the wall, the stress in the radial 3 direction vanishes 
and T 3 = 0. The result is then E 3 = —g 3 iTi and, since E 3 is a constant over the 
thickness, t, as in the plate of Section 4.1.1, the output voltage V = g 3 jtTi. 

The circumferential stress in the ring, Tj = F/tL, and, as shown in Section 3.21, 
the circumferential force, F = F r /27t, where F r is the radial force on the cylinder. If 
the hydrophone is operating below resonance and the size is small compared to the 
wavelength, then D a ss 1 and the radial force F r = pi27taL. Successive elimination 
of Ti, F and F r yields the low-frequency ring receiving sensitivity 


M = V/pi = g 3 ia. (4.8) 

Note that here the sensitivity is dependent on the mean radius, a, of the ring rather 
than the thickness, t, as in the case of a plate given by Eq. (4.2b). 

In the frequency band which includes the transducer resonance, the hydrophone 
is not necessarily small compared to the wavelength and the diffraction constant 
should be included in the force, (i.e., F|, = D a p;27taL). This force may then be used 
in series with the mechanical radiation impedance as a clamped (or “blocked” 
open circuit Thevenin) source and, from the equivalent circuit of Fig. 3.4, may be 
represented by the circuits of Figs. 4.9 and 4.10 with Z m = R m +ju>M m + l/jtuC E , 
Z r = R r + jcuM r , Zo = l/(Go +jtuCo) and Ft, all transformed to the electrical side 
of the electromechanical transformer of turns ratio, N. The output voltage, V, may 
then be obtained from the input force, Fb, as in a voltage divider circuit, yielding 

V = Z 0 (F b /N)/[Zo + (Z m + Z r )/N 2 ]. 


(4.9) 



164 4. Transducers as Hydrophones 


C E M m R m 



1 : N 


FIGURE 4.9. Lumped equivalent circuit of a hydrophone. 



FIGURE 4.10. Electrical equivalent circuit for a wide band hydrophone. 


After some algebra, Eq. (4.9) may also be written as 

V = g 3 iap,D a /[l - (cu/a ) a ) 2 + ju)/u> a Q a ], (4.10) 

where, for calculating voltage sensitivity, we have treated Go = cuCf tan 8 as neg¬ 
ligible and used N = 27tLd3i/s E n, C E = s E na/27ttL, from Section 3.21 as well 
as 

cu a 2 = l/[(M m + M r )C°] and Q a = l/o) a C D (R m + R r ), (4.11) 

where C D = C E (1 — k 31 2 ); cu a is the anti-resonance frequency and Q a is evaluated 
at anti-resonance. 

At frequencies well below resonance cu <ZC cu a , D a « 1 and Eq. (4.10) becomes 
V = g 3 iapi with a flat response as expected from Eq. (4.8). At anti-resonance Eq. 
(4.10) gives V = -jg 3 iap;D a Q a showing a 90° phase shift and a sensitivity increase 
by the factor Q a . Under air loaded conditions the ring resonates at a frequency 
where the mean circumference, 2 tta, is one dilatational wavelength in the material, 
i. e., c D = f a 2;ta, where c D is the open circuit sound speed. Then the low-frequency 
sensitivity can be written | V/p ; | = g3iD a c D /27tf a . If we consider the bandwidth to 
be from nearly zero frequency up to the first anti-resonance, we get, the sensitivity 
bandwidth product, 

Mf a = D ag31 c D /27t. (4.12) 

This shows that for a given material and design concept, such as a ring, the 
product of the sensitivity and bandwidth is proportional to the product of the “g” 
constant, the sound speed, c D , and the diffraction constant. Thus, increasing the 
bandwidth by raising the resonance causes the sensitivity to decrease. For a ring 
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the Mf a product can be increased by a factor of approximately two by operation in 
the 33 mode. A bandwidth sensitivity product is a useful general design concept 
that can also be developed for other kinds of hydrophones. It shows that while 
using more material increases the sensitivity, it also lowers the resonance fre¬ 
quency and decreases the bandwidth. Or, equivalently, increasing the bandwidth 
lowers the sensitivity. 

The diffraction constant for short cylinders may be approximated by that of a 
sphere (see Section 4.6), with radius such that its area equals the sensitive area 
of the cylinder, 2jtaL. Values of D a have been given by Trott [2] for capped and 
shielded-end cylindrical hydrophones. The input impedance may be obtained from 
the admittance 


1/Z = Y = jcuCo + tuCf tan 8 + N 2 /(Z m E + Z r ). (4.13) 

The sensitivity for cylindrical hydrophones may be improved through polariza¬ 
tion along the circumferential direction as discussed in Section 3.22 using Eqs. 
(3.18) - (3.21). The equivalent circuit for this case [4] may be used to calculate 
the transmitting response, and then the receiving response through reciprocity. The 
sensitivity for an end-shielded tangentially-poled 33-mode segmented or striped 
cylinder, illustrated in Fig. 3.5b, operating below resonance may be written as 

M = g 33 a[27ta/tn] = g 33 a[w/t] = g 33 w[a/t], 

where a t. In the first expression [6] the integer, n, is even and is the number of 
striped electrodes which increases in proportion to the circumference of the ring. 
Since the length of a segment w = 27ta/n, the factor in the brackets in the first 
expression may be written as w/t as shown above. This case yields a higher sen¬ 
sitivity than that of the 31-mode cylinder of Eq. (4.8) since g 33 > g 3 i and w > t. 
Another interpretation is also given above in the third expression where the sensi¬ 
tivity is shown to depend on the distance between the electrodes, w, magnified by 
the radius to wall thickness ratio a/t. The 33-mode case is best operated under end- 
shielded conditions as the free or end-capped conditions yield a lower sensitivity 
because of cancellation from 31-mode reception. 


4.2.2. Spherical Hydrophones 

Equations (4.9) through (4.13) and the equivalent circuit of Figs. 4.9 and 4.10 may 
also be used to represent a hollow spherical hydrophone. The spherical transducer 
is described as a projector in Section 3.23 with 

Co = 47ta 2 £ 33 T (l — k p 2 )/t, N = 47tad 3 i/s c E , C E = s c E /47tt and M m = 47ta 2 tp, 

(4.13a) 

where p is the density of the piezoelectric ceramic, s c E = (sh E + si 3 E )/2 and 
k 2 = d 2 j /£^s E . The force Ij, = 47ta 2 p;D a , and the expression for D a given by Eq. 
(4.61) is exact for the spherical hydrophone. Equations (4.10) and (4.11), which 
describe the receiving response of a cylindrical hydrophone, may then be used for 
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Frequency (kHz) 

FIGURE 4.11. Comparison of theoretical RVS results for a sphere (—) and a cylinder 

(-) of diameter and height equal to the diameter of the sphere with radius a = 0.0222m 

[3]. 


a spherical hydrophone with C D = s c D /47tt where sj? = s|r(1 — k~), giving higher 
values for o> a and Q a . 

The receiving responses of spherical and cylindrical hydrophones of equal wall 
thickness, with the diameter and height of the cylinder equal to the diameter of the 
sphere, are compared in Fig. 4.11 for a radius of 0.0222m [3], As seen, although 
they both have the same sensitivity at low frequencies because of equal radii, the 
spherical anti-resonance frequency is higher. The higher resonance yields a greater 
bandwidth which, on the other hand, is reduced, somewhat, in sensitivity by the 
value of the diffraction constant in the vicinity below the anti-resonance. The dif¬ 
fraction constant has less effect on the response of the cylindrical hydrophone 
because of its lower anti-resonance. 


4.2.3. Performance with End Caps 

The shielded end condition of Section 4.2.1 assumed that the caps were rigid but 
isolated from the ends of the piezoelectric tube. There are other end conditions 
which can improve (or reduce) the sensitivity of a tubular hydrophone. These con¬ 
ditions are most easily evaluated well below resonance. Of particular interest is the 
commonly used case of rigid end caps attached to the ends of an air-filled 31-mode 
piezoelectric tube illustrated in Fig. 4.12a. The end caps stiffen the piezoelectric 
ceramic tube which raises the resonance frequency and would lower the sensitiv¬ 
ity, if it were not for the in-phase addition to sensitivity as a consequence of the 
end caps acting as pistons. 

Since g 32 = g 3 i, radial-polarized, end-exposed tubes exhibit, in phase, addi¬ 
tive 31- and 32-mode sensitivity from both axial stress as well as radial induced 
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FIGURE 4.12. Cylindrical hydrophone with (a) rigid end caps (b) concave caps (c) exposed 
ends (d) free-flooding. 


circumferential stress. If the end caps each have area. A, the force on either end 
of the cylinder is Ap; and this causes an axial stress T 2 = p, A/Aq where Ao is the 
axial cross-sectional area of the tube where we assume D a 1. For a thin walled 
tube of thickness t and mean radius, a, the ratio A/Aq 7ta 2 /27tat = a/2t resulting 
in a significant stress increase from the end caps. The development for the circum¬ 
ferential sensitivity of Section 4.2.1 applies if we let T 2 = p,a/2t instead of T 2 = 0, 
yielding 


-E = g3 iTi + g 3 2 T 2 = V/t = g 3 iap;/t + g32ap,/2t, (4.14a) 

leading to 

M = V/p; = (g 3 t + g32/2)a = 3g3ia/2. (4.14b) 

The resulting increase in sensitivity is approximately 3.5 dB compared to the 
shielded end condition of Fig. 4.8 in Section 4.2.1. 

An alternative end cap designed 31-mode cylindrical hydrophone uses thin 
concave end caps, as illustrated in Fig. 4.12b, to further improve the sensitivity 
through additional magnified circumferential stress as a result of the bending of 
the concave end caps. This hydrophone operates in the same manner as the ring 
shell (Class VI) flextensional transducer discussed in Section 3.53, but using the 
31 mode instead of the 33 mode. 

If end caps are not used but the ends of the piezoelectric tube are exposed and 
the interior is shielded, as illustrated in Fig. 4.12c, then Eq. (4.14a) becomes 

-E = g3 iTi + g 32 T 2 = V/t = g 3 iapi/t + g32Pi, (4.15a) 

leading to 

M = V/p, = g 3i a + g 32 t = g 3 ia(l + t/a). (4.15b) 


Thus there is only a small improvement for a thin walled cylinder; (e.g., 0.8 dB 
if t = a/10). We have assumed the tube is air filled with no fluid-borne acoustic 
pressure on the inside. If the pressure was the same on the inside and outside 
of the tube, as illustrated in Fig. 4.12d, there would be no net circumferential 
compression and Ti = 0. But there would be thickness compression with T 3 = p;, 
as well as axial compression, yielding 
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-E 3 = V/t = g33T3 + g32T2 = g33Pi + g32Pi = (g33 + g32)Pi- (4.16a) 

Since for PZT piezoelectric materials g 32 = g 3 i and g 3 i ~ - g$}/2, we then get 

M = V/Pi =- g3 it sa g 33 t/2, (4.16b) 

which is considerably less than the other cases since the wall thickness, t, is usu¬ 
ally much smaller than the mean radius, a. This case yields the sensitivity for a 
31-mode free-flooded ring well below the cavity resonance. McMahon [5] has 
evaluated the case of a fluid-filled tube with rigid and also with flexing end caps. 
Because of the stiffening action of the contained inner fluid, there is considerable 
reduction in the sensitivity if the tube wall is thin and comparatively compliant. 

We have considered in this section the end-capped thin-walled 31-mode cylin¬ 
der because of the improved performance obtained from the caps. Langevin [6] 
and Wilder [7] have evaluated the low-frequency response of cylindrical hy¬ 
drophones under these end conditions for both 31 and 33 modes and included 
more details on the effect of a finite wall thickness. Although 33-mode cylinder 
operation yields a higher sensitivity, because of the higher g 33 value, it does not 
benefit from rigid end caps and actually shows reduced sensitivity because of the 
opposite signs associated with the 33 and 31 modes. The 33-mode ring does, how¬ 
ever, benefit from concave ring shell (Class VI) flextensional end cap operation, 
as this increases the radial stress which adds to the radial stress from the direct 
pressure on the cylindrical surface. 


4.3. Planar Hydrophones 

Planar hydrophones are typically used in the closely packed sonar arrays discussed 
in Chapters 5 and 6. They may be designed and analyzed by the projector methods 
of Chapter 3, using reciprocity [see Eq. (4.6)] to obtain the receiving response. In 
active arrays where the projector is also used as the hydrophone, the transducer is 
usually designed as a projector to achieve maximum source level and the resulting 
hydrophone response is usually found to be adequate in the active band. However, 
it may not be satisfactory if used as a passive array outside the active band. Some 
sonar scanning systems require a narrower receive beam than the projector beam, 
leading to separate projector and hydrophone arrays, which allows the hydrophone 
design to be quite different from the projector design. The hydrophones may be 
operated below resonance providing less phase and amplitude variation from one 
to another in the active band, and the amount of piezoelectric ceramic material 
required may be much less than that for the projectors. Moreover, a separate re¬ 
ceiving array can be designed to reduce noise more effectively than can be done 
in a projector array. Finally, the broadband capability of a separate receiving array 
also makes it useful for passive search operation. 



Planar Hydrophones 169 




<■ 


Pi 


FIGURE 4.13. Tonpilz piston hydrophone with piezoelectric stack of length. L. cross sec¬ 
tional area, A 0 , piston head mass, mjj, area, A and tail mass, mt. 
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FIGURE 4.14. Lumped mass equivalent circuit of Tonpilz hydrophone with t = L/n. 


4.3.1. Tonpilz Hydrophones 

Figure 4.13 shows a Tonpilz hydrophone design with parallel wired ceramic sec¬ 
tions enclosed in an air-filled housing. The 33-mode piezoelectric ceramic is nor¬ 
mally sandwiched between a large light piston head and a heavier (approximately 
three times) tail mass. A lumped-mass equivalent circuit is shown in Fig. 4.14 
where R m is the mechanical loss resistance, R r is the radiation resistance, m r is 
the radiation mass, Fb is the force on the face of the piston of area A, and the 
piezoelectric section thickness t = L/n where n is the number of piezoelectric ce¬ 
ramic sections. 

The circuit of Fig. 4.14 can be reduced to a simpler form under the common 
condition that the total resistance R = R m + R r cuM t . The procedure is to 
develop a Thevenin circuit (see Appendix A.8), to the right of terminals A-B and 
invoke the above condition. The resulting circuit, shown in Fig. 4.15, where a = 
M t /(M t + m) and M t and m are defined in Fig. 4.14, leads to the output voltage 

V « [g 33 tp i D a (A/A 0 )M t /(M t + m)]/[l - (cu/cu a ) 2 + ju)/u> a Q a ]. (4.17) 

Under open circuit conditions the transducer resonates at the anti-resonance 
frequency, cu a , where tu a 2 = l/[C D (ma — m c /6)], Q a = l/cu a RC D and C D = 
C E (1 —k 33 2 ). Well below this frequency the response is flat and the output voltage. 
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FIGURE 4.15. Equivalent circuit of Fig. 4.14 for (R r + R m ) <§; cuMt and a — 
Mt/(m + M,). 


V, is given by the numerator of Eq. (4.17). We see that the output voltage for 
a hydrophone is proportional to the thickness, t, of each piezoelectric section, 
which is contrary to the operation of a projector in which the output pressure is 
inversely proportional to the thickness. The output is also increased by the ratio 
of the piston area. A, to piezoelectric ceramic area, Ao. We also see the need for 
a large tail mass to make the factor M t /(M t + m) approach unity; (e.g., there is 
a 6 dB reduction in sensitivity if M t = m). There is a 6 dB gain in sensitivity for 
this Tonpilz type of hydrophone in a rigid baffle, where D a = 2, compared to the 
individual hydrophone with no baffle. The rigid baffle condition is nearly achieved 
for the central elements of a large close-packed array. 

As in the case of projectors, higher frequency piston hydrophones have the char¬ 
acteristics of a transmission line transducer in the form of a sandwich or a simple 
plate of piezoelectric material. The principles discussed in Section 3.4 apply but 
with somewhat different interpretations. For example a quarter-wavelength section 
causes an incoming wave of pressure p, to be amplified to a pressure Qp; where 
Q is the quality factor of the quarter-wavelength section, given by the ratio of the 
effective mass reactance (see Section 8.22) to resistive load at resonance. In some 
applications large diameter half-wavelength-thick plates are used for both transmit 
and receive. 


4.3.2. The 1-3 Composite Hydrophone 

The 1-3 composite models for a projector, discussed in Section 3.44, may be used 
to analyze 1-3 composite hydrophones for the case where the sound pressure im¬ 
pinges only on the front face of the transducer. The case where the sound also 
impinges on the edge can cause a reduction in sensitivity, since it is similar to 
the hydrostatic mode discussed in Section 4.1.1. The so-called hydrostatic case 
typically arises under the condition of the composite transducer immersed in an 
acoustic pressure field with wavelength large enough that the pressure is nearly 
the same over all surfaces (see Fig. 4.16). 

As discussed earlier for an individual PZT hydrophone, this leads to an output 
that includes the 31, 32, and 33 modes. Since the 31 and 32 modes have identical 
g constants that are opposite in sign and approximately half g 33 , the sum gives 
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nearly complete cancellation of the output voltage. However, the arrangement of 
ceramic and polymer in the 1-3 composite reduces the influence of the 31 and 32 
modes and produces a significant improvement in hydrostatic voltage sensitivity. 
The improvement occurs through a greater reduction (approximately 40%) in the 
effective d 3 i value than in the effective d 33 value (approximately 20%), yielding 
an improved dh. This result is based on a hydrostatic model by Smith [8], 

In this hydrostatic model effective parameters for the composite will be indi¬ 
cated in bold. Thus, the hydrostatic low-frequency sensitivity below resonance 
may be written as 

M = V/p = (g33 + 2g3i)t = ght, (4.18a) 

where t is the thickness along the 3 direction (polarization direction), p is the 
acoustic pressure, and V is the open circuit voltage output. The effective hydro¬ 
static g constant is 

g h = d h /e T 33 where d h = d 33 + 2d3i- (4.18b) 

The hydrostatic model by Smith [8] is based on the piezoelectric constitutive 
equation set: 

S = s e T + d l E, (4.19a) 

D = dT+e x E, (4.19b) 

where s E is the short circuit elastic modulus, e T is the free dielectric constant, and 
d is the piezoelectric charge constant. A number of approximations are made that 
are similar to those in the thickness mode case in Section 3.44. A major difference, 
however, is in the treatment of the effective lateral strain. Si. Clamped-end con¬ 
ditions were assumed in the thickness mode model and Si was set equal to zero. 
However, for the hydrostatic model it is assumed that Si is the sum of the strains 
in the ceramic, Sj, and the polymer, Sj proportioned by the volume fraction, v, of 
the piezoelectric material; that is. 


Sr = vSj + (1 - v)Sj. 


(4.20) 
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The Smith hydrostatic model results are: 

d33 = vsijd 3 3 /s, (4.21) 

d 3 i = vd 3 i + v(l - v)(sf 2 - sf 3 )d 33 /s, (4.22) 

e 33 = (! “ v ) £ n + ve 33 - v(l - v)d^ 3 /s, (4.23) 

s 33 — s 33 s n/ s ’ (4.24) 

S 13 = t vs ? 3 s n + (1 - v)sf 3 s^ 2 ]/s, (4.25) 

s ii + S 12 = v[sfi + S^ 2 - 2(s^ 3 ) 2 /sf 3 ] 

+(1 - v)[sf, + s^ 2 - 2(si 2 ) 2 /sf 1 ] 

+2(vsf 3 /sf 3 + (1 - v)sf 2 /s®)sf 3 , (4.26) 

s h = s 33 + 2 ( s ll + s 12) + 4 s 13> (4.27) 

where 

s = (1 — V)sf 3 + vs^. (4.28) 


The effective hydrostatic coupling coefficient and material figure of merit may 
then be written as 


k h = d h /( 1/2 and d h g h = d^/e 33 . (4.29) 

Results based on this model for the case of PZT-5H and Stycast, a stiff poly¬ 
mer, show an optimum hydrostatic hydrophone performance for a PZT-5H volume 
fraction of 10% where the coupling coefficient and figure of merit are maximum. 
Hayward, Bennett, and Hamilton [9] have compared the Smith [8] hydrostatic 
model with finite element results. Although the volume fraction for maximum 
performance is in agreement with the Smith model, the magnitude of the maxi¬ 
mum figure of merit, dhgh. appears to be somewhat overestimated by the Smith 
model. 

Avellaneda and Swart [10a] have developed a similar but more extensive tensor 
model for the composite hydrostatic mode of operation. They have also studied the 
effect of the polymer Poisson’s ratio, a, on the hydrophone performance. Their 
conclusion is that best results are obtained with a < —d 3 i/d 33 which causes 
the most significant decoupling and reduction of the sensitivity of the lateral 31 
modes, thus increasing the effective gh- A PZT-5A / Stycast composite satisfies 
this condition. Another method for reducing the lateral mode is to use a polymer 
with embedded air-filled voids. 

A simplified equivalent circuit for the composite hydrophone is shown in 
Fig. 4.17. Here we assume that the hydrophone is operating well below the first 
resonance of the piezoelectric composite slab. The voltage is given by the product 
of the appropriate effective g constant (g 33 or gh), the piezoelectric thickness, t, 
along the direction of polarization, and the incoming acoustic pressure, p. If the 
entire front (silvered or copper clad) surface area. A, is large compared to the 
wavelength of sound in the medium, then there is pressure doubling at the sur¬ 
face, D C1 = 2 and p is replaced by 2p. The electrical impedance is given by the free 
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FIGURE 4.17. Simplified low frequency hydrophone equivalent circuit. 


capacity, Cf, and a shunt dissipation resistor, Ro, where tan 8 is the dissipation fac¬ 
tor (typically, in this case, 0.01 to 0.02) and tu is the angular frequency. The 1-3 
composite material containing piezoelectric ceramic rods may be configured as a 
piston hydrophone with a front piston or matching layer and tail mass covering 
the rods. The rod lengths vary from 0.32 cm to 2.54 cm [10b]. 


4.3.3. Flexible Hydrophones 

Although 1-3 composites can be configured to conform to surfaces of moderate 
curvature, the 0-3 composite is as flexible as a slab of rubber. This occurs since the 
piezoelectric elements are particles that are not connected to each other (0) but are 
suspended in a rubber-like matrix which is connected to itself in three directions 
(3); thus, the “0-3” terminology. An important application of flexible hydrophones 
arises from the need to reduce flow noise generated as a ship moves through the 
water. For example, an array designed for low-frequency reception might have 
hydrophone center-to-center spacing of 0.5 m. Use of large area hydrophones that 
almost fill these spaces with material that has continuous sensitivity would provide 
spatial averaging and reduced flow noise, as will be discussed in Section 6.43. 
The 0-3 composites offer a more continuous distribution of sensitivity than the 
1-3 composites, while the flexible piezoelectric polymer [11] is continuous on an 
even smaller scale. 

The polymer materials poly(vinylidene fluoride), PVDF or PVF 2 , and 0-3 com¬ 
posites are possible candidates for large ship mounted or towed [11a] hydrophone 
arrays. These materials are available in thin sheets and offer low characteris¬ 
tic impedance with a better match to the water than piezoelectric ceramics. The 
polymer sheets are stretched along the 1 direction during poling which produces 
different transverse g constants of g 3 i = 180 x 10 -3 and g 32 = 20 x 10 -3 , 
with g 33 = —290 x 10 -3 . Because of their low specific acoustic impedance and 
very small thickness, these materials may be used in front of and, in some cases, 
mounted on the front face of projectors. In this position, however, the projector 
will act as a resonant baffle and the PVDF material will detect these vibrations. 
Since the 31-mode sensitivity of the piezoelectric polymer is comparable to the 
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Table 4.1. Hydrostatic Hydrophone Material Properties 


Property 

units 

1-3 Composite 

0-3 Composite 

PVDF 

PZT-5H 

gh 

(Vm/N) x to -3 

66 

55 

90 

1.5 

glA 

(m 2 /N) x 10“ 12 

18 

1 

1 

0.1 

Rel. Dielectric 

Constant 


460 

40 

13 

3200 


33-mode sensitivity, significant and usually detrimental output can be obtained 
through reception at the ends of the sheet; however, increasing the thickness of the 
electrodes or bonding the polymer to a thin stiff plate [12] reduces this effect. This 
increases the stiffness of the hydrophone in the 1 and 2 directions, which reduces 
the sensitivity in these directions, and has only a minimal effect on the 33 direc¬ 
tion [13]. Increasing the stiffness improves the gh and increases the length mode 
resonance frequency which increases both the sensitivity and bandwidth. 

The hydrostatic hydrophone mode is especially useful in applications where 
high ambient pressure makes it difficult to shield the ends of the material. Typical 
approximate measured values of the hydrostatic hydrophone properties are com¬ 
pared in Table 4.1 for 1-3 and 0-3 composites, PVDF and PZT-5H. It can be seen 
that both the 1-3 and 0-3 composites and PVDF have a significantly higher hydro¬ 
static mode sensitivity and figure of merit than PZT-5H, but they all have signif¬ 
icantly reduced relative dielectric constant resulting in a higher input impedance. 


4.4. Bender Hydrophones 

The bender hydrophone may be analyzed using a projector model (see Section 3.6) 
and reciprocity. As in the case of the projector, a trilaminar hydrophone design 
with simply supported boundary conditions provides the best sensitivity, but may 
not be the best design for deep submergence or low cost. Circular bender hy¬ 
drophones may be analyzed using the models in Chapter 3 or those by Woollett 
[14], Antonyak and Vassergisre [15], and Aronov [16]. The bender bar has also 
been modeled by Woollett [17], 

Probably the simplest and most commonly used design is the dual thin piezo¬ 
electric disc on a brass plate shown in Fig. 4.18. A simple approximate equivalent 
circuit for estimating the performance is given in Fig. 4.19. 

Because the piezoelectric ceramic elements are wired in parallel and there is 
symmetry about the plane through the ring, the equivalent circuit may be applied 
to one of the dual elements. With A the effective aperture area (on one side), Y e E 
the effective short circuit Young’s modulus, and p the effective density, the simply 
supported compliance and mass are 

C E = [2/37tY e E ][a 2 /t 3 ] and M m = 27ta 2 tp/3. 


(4.30) 
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FIGURE 4.18. Simplified dual bender piezoelectric disc hydrophone supported on brass 
plates mounted on a brass ring. 
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FIGURE 4.19. Equivalent circuit for dual bender disc hydrophone. 


The mechanical mass M m has the subscript m to distinguish it from the sensi¬ 
tivity M, and the effective parameters are for the composite piezoelectric ceramic 
disc and the inactive brass substrate illustrated in Fig. 4.18. The resulting reso¬ 
nance frequency is cu, = (3c E /2)t/a 2 where c E = (Y e E/p) is the short circuit effec¬ 
tive sound speed and the anti-resonance frequency eu a = (3c D /2)t/a 2 where c D = 
(Ye D /p) 1//2 is the open circuit effective sound speed of the composite disc. The 
clamped capacitance and electromechanical turns ratio are given by 

C 0 = C f (1 — k e 2 ) and N = keCQ/C 15 ) 1 / 2 , (4.31) 

where Cf is the free capacitance and k e is the effective coupling coefficient. In 
Fig. 4.19 the force Fb = Ap,D a , R is the sum of the mechanical resistance and the 
radiation resistance, and the radiation mass may be added to the mechanical mass 
M rn . D a ~ 1 for most benders, since they are generally small compared to the 
wavelength up through anti-resonance, o> a . 

The receiving sensitivity may be obtained from the equivalent circuit of Fig. 4.19 
and written as 

M = V/ Pi = k e A(C E /C f ) 1/2 D a /[l - (cu/cu a ) 2 + jcu/a) a Q a ], (4.32) 

where the numerator gives the low-frequency sensitivity. For the case where the 
ceramic disc extends to the inner edge of the ring support and has a thickness t/2, 
Eq. (4.32) becomes 

M = V/ Pi = g e a(a/t)(D a /V3)/[l - (o>/cu a ) 2 +jcu/co a Q a ], 


(4.33) 
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where the quantities cu a and Q a are evaluated under water loading conditions. 
Equation (4.33) shows that the sensitivity is proportional to the effective g con¬ 
stant, g e , with g e 2 = k e 2 /Y e E £ e T , where e e T is the effective free dielectric 
constant of the transducer assembly and a/t is the radius-to-thickness ratio of the 
composite plate. The numerator may be written in terms of the anti-resonance fre¬ 
quency as ge(3c D /2cu a )(D a /^/3) showing a sensitivity bandwidth product given 
by Mf a = geC D 3D a /(4TtV3) for the bender hydrophone. The maximum stress 
in a simply-supported plate is given by T = 1.25(a/t) 2 P where P is the ambient 
hydrostatic pressure. Thus the numerator in Eq. (4.33) may also be written as 
gea(T/P) 1,/2 D a /(3.75) 1,/2 , showing the sensitivity for a given radius and maximum 
acceptable T/P ratio. It should be mentioned that bender discs, mounted as shown 
in Fig. 4.18, only approximate the ideal simply supported condition with a result¬ 
ing resonance that falls between simply supported and fixed boundary conditions. 


4.5. Vector Hydrophones 

Typical piezoelectric ceramic hydrophones detect the acoustic pressure, a scalar 
quantity, and convert this pressure into a proportional output voltage. These pres¬ 
sure or scalar sensors, which were the subject of the previous sections, show no 
directional sensitivity when small compared to the wavelength. In this section we 
will discuss acoustic sensors which are sensitive to both the magnitude and the di¬ 
rection of the acoustic wave and are accordingly referred to as vector sensors. The 
main reason for interest in vector sensors is the ability of these sensors to yield 
directional information from compact single or dual element hydrophone designs. 
Arrays of vector sensors are discussed in Chapter 6. 

The typical vector sensor responds to a component of the acoustic particle 
velocity with a “figure eight”, or cosine, directivity pattern. This pattern has a 90° 
beam width and a DI of 4.8 dB. The response of piezoelectric ceramic vector sen¬ 
sors below resonance decreases with decreasing frequency at a rate of 6 dB/octave 
and with a 90° phase shift relative to the response of a pressure hydrophone. This 
reduced sensitivity at the lower frequencies can lead to a large equivalent self noise 
pressure and reduced signal-to-noise ratio. Some vector sensors detect the gradi¬ 
ent of the pressure in a particular direction. For an x-directed wave, the gradient 
of the pressure, p, is directly related to the acceleration, a, and velocity, u, through 
one of the basic acoustic equations, Eq.(10.1a), with a = —(l/p)5p/3x where p 
is the density of the medium. For sinusoidal motion 

u = —(l/jcup)5p/9x, (4.34) 

and the particle velocity is seen to be proportional to the gradient of the pressure. 

Three-dimensional coverage can be obtained by three vector sensors oriented in 
three orthogonal directions (see Section 6.51). Vector sensor performance can be 
derived from two omni sensors connected as a dipole, from the pressure differen¬ 
tial across a sensitive surface or enclosed volume or from excitation of the dipole 
mode of vibration of a buoyant body. Use of directional dipole microphones is 
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commonplace and has been well documented [18, 19]. Higher order mode sensors 
that use the quadrupole mode are discussed in Section 4.5.5. 

It is convenient and customary to evaluate vector sensors by measuring their 
plane wave pressure sensitivity using the same apparatus used to evaluate pressure 
sensors. In this section we will call this sensitivity M p , to distinguish it from M, the 
sensitivity of a pressure sensor. The plane wave velocity sensitivity, M u , and the 
plane wave acceleration sensitivity, M a , of vector sensors can then be determined 
from Mp as follows: 


M p = V/p, 

M u = V/u = pcV/p = pcMp, 

M a = V/a = V/jtuu = (pc/jto)M p , 


where V is the output voltage and c is the sound speed in the medium. The acceler¬ 
ation response of a piezoelectric ceramic velocity sensor is flat below resonance, 
because M p is proportional to frequency. Since velocity hydrophones often use 
accelerometers as the transduction mechanism, the sensitivity is often referenced 
to 1 g or 1 mg where g = 9.81 m/s 2 is the acceleration of gravity. Section 4.7.6 
includes an example where M a = —17 dB//V/g, which converts to M p = —205 
dB//V/pPa. 

4.5.1. Dipole Vector Sensors, Baffles, and Images 

Two hydrophones that are very small compared to the wavelength, with their out¬ 
puts connected together may be used to create a dipole vector sensor. Consider 
Fig. 4.20a which shows two small hydrophones intercepting a plane wave of am¬ 
plitude pi, arriving at the angle 0 from the axis of the two sensors. 

With s the distance between the two hydrophones the distance between the wave 
front at the origin and the wave fronts at the hydrophones is d = (s/2) cos 0 and. 


z 



FIGURE 4.20a. Two omni scalar sensors, 1 and 2, receiving plane wave fronts wi and W 2 - 
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with pressure sensitivities Mi and M 2 , Fig. 4.20a shows that the summed voltage 
output is 

V = M lPi e-j k(r - d) +M 2Pi e-J k(r+d) = pie-j^Mie ^ 2 ^ 080 + M 2 e-j k(s/2)cos0 ], 

(4.35) 

which, with ks/2 = jis/A, may be written as 

V = p i e _ j kr [(Mi + M 2 ) cos {(jis/A) cos 0} +j(Mi — M 2 ) sin {(jts/A) cos 0}]. 

(4.36) 

If the sensitivities in Eq. (4.36) are the same, (i.e. M 2 = Miy only the first term 
remains resulting in an omnidirectional response for s/A 1. In this case Eq. 

(4.36) becomes 

V = pie _ ' kr 2Mi cos {(7ts/A) cos 0} ~ 2Mipie“-' kr , 

resulting in a flat response below resonance if the pressure sensitive hydrophones, 
1 and 2, are piezoelectric with M 1 and M 2 constant. On the other hand, if the 
phase is reversed on the second hydrophone, the outputs are subtracted, and only 
the second term remains, leading to 

V = 2jM 1 p;e _jkr sin {(7ts/A) cos 0} Ra 2jM 1 p 1 e _ > kr (7ts/A) cos 0, (4.37a) 

where the approximate result holds for s/A ^ 1. Equation (4.37a) shows the cosine 
directivity pattern, the 90° phase shift, and the 6 dB/octave slope in the frequency 
response since 1/A = f/c. The separation between the hydrophones must be less 
than A/4 to achieve a dipole pattern. This system has the advantage that it may 
be used as either a scalar pressure sensor by summing the outputs or as a vector 
dipole sensor by differencing the outputs. 

A basic disadvantage of dipole sensors, excluding the multimode sensor (see 
Section 4.5.5), is that only small sensors may be used since the center-to-center 
spacing or overall length must be small. The dipole does, however, have the ad¬ 
vantage of insensitivity to acceleration caused by mechanical vibrations since each 
of the two small omnidirectional pressure sensors can be symmetrically mounted 
at a nodal plane as illustrated in the cross section of Fig. 4.20b for an end-capped 
31-mode hydrophone. Then, when accelerated, each half of each sensor yields 
voltage of opposite phase from each side of the nodal plane yielding zero voltage 
for the summed output. The hydrophone pair of Fig. 4.20a can also be considered 
a pressure gradient sensor since it detects the difference in pressure over a small 
distance. 

We now consider single pressure sensors and dipole sensors near a soft baffle 
as they might be used in external hull-mounted arrays (see Section 6.5). It can 
be seen from Figs. 4.20a and 4.21a, using the method of images, that a single 
pressure sensor at a distance s/2 from a large plane soft baffle is equivalent to a 
dipole sensor with separation s. Thus with sensitivity Mi its voltage output is the 
same as the dipole result in Eq. (4.37a). 

Next consider a dipole sensor near a soft baffle. Figure 4.21b shows a dipole 
sensor with small separation distance L, at a midpoint distance si/2 in front of a 
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FIGURE 4.20b. End capped cylinder pressure sensor mounted at nodal plane. 
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FIGURE 4.21a. Hydrophone in front of a large planar soft baffle. 
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FIGURE 4.21b. Dipole sensor near a large planar soft baffle. 


soft baffle, creating a reversed image behind the baffle also at a distance si/2. The 
result is equivalent to a two-element array of aligned identical dipole sensors with 
center-to-center distance sj. The voltage output, obtained by use of the Product 
Theorem (see Section 5.31), and Eq. (4.37a) is 

V = [2 cos {(Ttsj/A) cos 0}][2jMip;e _jkr sin {(7tL/A) cos 0}] 

~ 4jM 1 pie“-' kr (7tL/A) cos 0, 


(4.37b) 
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where both Jtsi/A <<C 1 and 7tL/A 1. For a dipole of separation L, with no baffle 
the voltage output from Eq. (4.37a) is 

V f 2jM 1 p i e“ jkr (7tL/A) cos 0. (4.37c) 

Thus, the soft baffle case of Eq. (4.37b) shows an improvement in output by a 
factor of two (6 dB) over the no baffle case of Eq. (4.37c) demonstrating that 
a soft baffle provides a favorable additive condition for a nearby dipole sensor. 

Since the size of a sensor and the distance it projects from a baffle are impor¬ 
tant for hull-mounted arrays, we will compare the output of a dipole and a single 
pressure sensor when both have the same maximum projection from a soft baffle. 
Let the center of the single sensor be at distance Li from the baffle as shown in 
Fig. 4.21c. 

As we’ve seen above this case is equivalent to a dipole with separation s = 2Li, 
and Eq. (4.37a) gives the output as 

Vi = 4jM 1 p 1 e“ jkr (7tLi/A) cos 0. (4.37d) 

Let the center of the outer sensor of the dipole in Fig. 4.21c also be at distance 
Li from the baffle and the inner sensor be at L 2 . Equation (4.37b) with L = Li —L 2 
then gives the dipole output as 

V 2 = 4jM 1 p i e“ jkr (7t:/A)(L 1 - L 2 ) cos 0. (4.37e) 

The output of a dipole is maximum when the separation between the two poles 
is as large as possible, in this case when L 2 is as small as possible. But L 2 cannot 
be less than the radius of an individual sensor, and therefore 

V 2 = V,(L, — L 2 )/L, < Vi. 

Thus the output of the dipole is less than the output of the single pressure sensor 
when both have the same maximum projection from the soft baffle. This conclu¬ 
sion may also be obtained from a more intuitive approach by considering the sum 
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FIGURE 4.21c. Comparison of a pressure sensor and a dipole with same stand-off from a 
soft baffle. 
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of outer (real and image) and inner (real and image) pole pairs with separations 
2Li and 2 L 2 , illustrated by the dipole sensor in the lower part of Fig. 4.21c. As 
seen, the outer pair is the same as the pressure sensor arrangement in the upper 
part of Fig. 4.21c; and thus, yields a voltage given by Eq. (4.37d). The output volt¬ 
age for the inner pair has the same form as Eq. (4.37d) but with separation 2 L 2 
and reversed polarity, with negative sign, yielding 

V 3 = - 4 jM 1 p i e“ jkr ( 7 tL 2 /A) cos 0. (4.37f) 

The total result by superposition is the sum Vi + V 3 which again leads to Eq. 
(4.37e). It can now be seen that the two inner (real and image) poles produce a 
dipole of opposite sign compared to the outer pair; reducing the output voltage of 
the outer pair. Thus the output for the dipole sensor arrangement, with four poles, 
is less than the outer pair alone, as in the pressure sensor arrangement in the upper 
part of Fig. (4.21c). 

If a similar result holds for other types of vector sensors, such as those shown 
in Figs. 4.24 and 4.27, it has important implications for use of vector sensors in 
hull-mounted arrays where a compliant baffle is necessary for noise reduction. 
This subject will be discussed further in Section 6.53 where vector and pressure 
sensors will be compared using a somewhat more realistic model of a compliant 
noise reduction baffle. 

The case of a dipole near a rigid baffle is shown in Fig. 4.2Id. The image is not 
reversed in the way it is for the soft baffle in Fig. 4.21b, making it equivalent to an 
array of two out of phase dipoles, with a reduced output given by 

V = - 4 M lPl e“ jkr ( 7 tsi/A)( 7 tL/A)cos 2 0. 

This response has characteristics similar to a quadmpole sensor with a 180° phase 
shift, a slope of 12 dB/octave with frequency and a cos 2 0 directivity pattern. 

In some applications there may be other considerations for using vector sensors 
near soft baffles. In these cases the separation between the surfaces or elements 



FIGURE 4.2 Id. Dipole sensor with separation L at a distance Sj /2 in front of a large planar 
rigid baffle. 
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of the vector sensor should be made as large as possible, consistent with dipole 
conditions, and the inner surface or inner element should be positioned on the soft 
baffle for maximum overall sensitivity. The standoff distance from the soft baffle 
to the outer surface or element should be less than A/8 so that the distance to the 
image is less than A/4 for dipole performance. 


z 



FIGURE 4.22. Force on tube of length L and cross sectional area A. 


4.5.2. Pressure Gradient Vector Sensor 

A body submerged in a fluid experiences compression forces due to uniform in- 
phase acoustic pressure. The body also experiences translational forces when the 
pressure varies across it. Consider Fig. 4.22 which shows an end-capped cylindri¬ 
cal tube of small cross sectional area A and length L with a plane wave arriving 
at an angle 0, much like Fig. 4.20a, but with distance d = (L/2) cos 0. At end 1 
the pressure is pie _jk * r_d ^ while at end 2 it is p,e _ j k ^ r+d) , and the net force in the x 
direction is given by the difference as 

F = Ap i e“-' kr 2j sin{(7tL/A) cos 0} 2jAp i e“-' kr (7iL/A) cos 0, (4.38) 

where 7tL/A = kL/2 and the approximation holds for L/A <<C 1. The similarity to 
Eq. (4.37) is evident showing the cos 0 dependence, the 90° phase shift and the 
6 dB/octave response. However, in Section 4.5.1 we used small omni pressure 
sensors and detected the difference in the output voltages, while in the present 
case a net force F is developed on the tube along the x direction which must be 
detected and converted to a voltage. 

One method of detecting the force is to use the voltage output from a pair of 
accelerometers (see Section 4.5.4) attached to a rigid center plate as illustrated in 
Fig. 4.23a. The accelerometers may be fabricated from piezoelectric rings or discs 
attached to a mass M with reversed polarity for the same polarization, Po, direc¬ 
tion. As the tube of length L moves to the left, the piezoelectric piece on the left 
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FIGURE 4.23a. Central accelerometers for net force detection. 
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FIGURE 4.23b. End mounted accelerometers. 


experiences compression producing a positive voltage at terminal A. The piece on 
the right experiences expansion, but because of the reversed polarity, also produces 
a positive voltage at terminal B. If these voltages are summed, the net force and 
resulting motion will be detected. The accelerometers may also be moved to the 
ends of the tube, as shown in Fig. 4.23b, where, if added, they would also detect 
the force. For small lengths, L, the net force is proportional to the x-component 
of the pressure gradient; (i.e. F = - ALSpjdx), consistent with Eq. (4.38). Since 
these sensors detect acceleration, they are sensitive to acceleration from mechan¬ 
ical vibrations and consequently require mechanical isolation from these sources 
of noise. Figures 4.23a,b show pairs of accelerometers which provide a significant 
reduction of unwanted pressure sensitivity through the cancellation of compres¬ 
sion waves or forces by the subtraction process. However, in some applications 
one accelerometer, as illustrated in Fig. 4.24, may be sufficient. 

The accelerometer sensor differs from the dipole sensor of Section 4.5.1 in that 
it detects the net force on a body due to a pressure differential while the dipole 
sensor detects the difference in pressure. 


4.5.3. Velocity Vector Sensor 

The same system may be interpreted as a velocity sensor. If the tube and the ac¬ 
celerometers of Figs. 4.23a,b are considered as one mass m then the velocity, u, of 
the tube in the x direction is u = F/jcum and Eq. (4.38) becomes 
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FIGURE 4.24. Electric field accelerometer vector sensor with housing mass, m. 


u = 2jApje jkr (7tL/jtumA) cos 0 = p;e ' kr (AL/mc) cos 0. (4.39) 

Since the buoyancy of the system is the ratio of the water mass displaced by the 
tube to the mass of the tube sensor system, the buoyancy is B = pAL/m, and Eq. 
(4.39) becomes 

u = B(pie“-' kr /pc) cos 0 = B u; cos 0, (4.40) 

where u; is the particle velocity of the incident plane wave arriving at angle 0 with 
the x axis. 

Equation (4.40) shows that the velocity of the tube is proportional to the com¬ 
ponent of the incident acoustic particle velocity vector parallel to the tube with a 
proportionality constant equal to the buoyancy of the tube sensor system. Thus the 
tube and particle velocities are in-phase with no frequency dependence between 
them for incident plane waves. If an electric field accelerometer is used to convert 
this motion to a voltage, the voltage will be frequency dependent; but if a mov¬ 
ing coil accelerometer is used, there will be no frequency dependence above the 
fundamental resonance up to the first unwanted parasitic resonance. 

The spherical velocity sensor, which uses an accelerometer inside a buoyant 
sphere, has been analyzed by Leslie, Kendall, and Jones [20] for a wide range of 
frequencies. They also have shown that for small spheres Eq. (4.40) becomes 

u = [3B/(2 + B)]uiCos0. (4.41) 

Note that u = u; cos 0 for neutral buoyancy where B = 1. A similar design, but 
using a buoyant foam, has been given by Gabrielson et al. [21], and an analysis 
of suspension systems has been given by McConnell [22], Accelerometers, as il¬ 
lustrated in Figs. 4.23 and 4.24, may be used to detect the motion as discussed in 
Section 4.5.4. 


4.5.4. Accelerometer Sensitivity 

Accelerometers are the major transduction device for vector sensors as discussed 
in Sections 4.5.2 and 4.5.3. Specific accelerometer arrangements which are insen¬ 
sitive to pressure but sensitive to motion as a result of net force or particle motion 
are illustrated in Fig. 4.23a,b. The sensitivity may be obtained from the Tonpilz 
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FIGURE 4.25. Equivalent circuit of accelerometer for input force (a) and velocity (b). 


hydrophone model of Figs. 4.13, 4.14, and 4.15 and the resulting sensitivity equa¬ 
tion, Eq. (4.17). The device may be simplified as shown in Fig. 4.24 along with 
the corresponding equivalent circuits of Fig. 4.25. 

We note that in Eq. (4.17) the force p;D a A is equal to jtuu(m + M t ) where jcuu 
is the acceleration and u the velocity of the sensor. Substitution of jcuu(m + M t ) 
for p;D a A in Eq. 4.17 and use of Eq. (4.41), for a spherical structure, leads to 

M u » [g 33 tjcu cos 0M,/Ao][3B/(2 + B)]/[l - (a>/tu a ) 2 + jcu/tu a Q a ], ( 4 - 42 a) 

where M t is the mass attached to the end of the piezoelectric stack plus the dy¬ 
namic mass of the stack. The accelerometer sensitivity below resonance is given 
by the numerator of Eq. (4.42a). Note that there is a 6 dB/octave slope for a given 
particle velocity but a flat response for a given particle acceleration as shown by 

M a = M u /jtu [g 33 tcos 0M t /Ao][3B/(2 + B)]/[l - (cu/a) a ) 2 + jcu/a) a Q a ], 

If the acceleration sensitivity is derived or measured, one may easily obtain the 
velocity sensitivity through M u =ja>M a and the useful pressure sensitivity through 


Mp = jtuM a /pc. 


If the sensor is not a small sphere, a buoyancy factor other than [3B/(2 + B)] 
would be needed. In some cases the small sphere factor or simply B may be a use¬ 
ful approximation. These sensors are typically designed for maximum sensitivity 
with B 1. 

The moving coil transduction mechanism, which is basically a velocity sensor, 
is also frequently used as an accelerometer [23]. These “geophones” are operated 
above their very low resonance where the output voltage is 

V Bfl c Ui cos 0[3B/(2 + B)], (4.42b) 

with Bf the flux density and l c the coil length. Note that for this transduction 
mechanism, there is no frequency dependence between the particle velocity and 
the voltage output. These accelerometers are often limited at the high end of the 
band by resonances in the coil suspension system. 
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FIGURE 4.26. Directional accelerometer based hydrophone with viscous damping for res¬ 
onance operation [24], 



FIGURE 4.27. Directional accelerometer based hydrophone with trilaminar bender and 
syntactic foam bouyancy [25]. 


A piezoelectric accelerometer with a higher operating frequency band is illus¬ 
trated in Fig. 4.26. This accelerometer [24] consists of two flexural disc transduc¬ 
ers mounted on an inertial mass. The thin brass plates are edge supported on the 
inertial mass and driven at the center by small connecting rods which translate 
the motion of the housing to the center of the disc. The piezoelectric discs are 
wired out of phase giving additive outputs as the housing moves causing one disc 
to move inward and the other outward. This differs from Fig. 4.23b in that there 
is a common inertial mass and that bender piezoelectric ceramic discs on a metal 
substrate are used to convert the motion to a voltage. The resonance is damped by 
the viscosity of the interior fluid. The size of the accelerometer is approximately 
one cubic inch. Another design which takes advantage of the high sensitivity of 
piezoelectric ceramic benders is illustrated in Fig. 4.27 with overall dimensions of 
approximately one inch diameter and one-half inch thickness. In this design [25] 
a trilaminar bender with equal plate thickness is used for maximum performance 
along with syntactic foam to achieve buoyancy and maximum sensitivity. 
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4.5.5. Multimode Vector Sensor 

In Section 4.2 we considered piezoelectric ceramic rings and hollow spheres op¬ 
erating in the fundamental extensional “breathing” mode resulting in omnidirec¬ 
tional beam patterns and flat response below anti-resonance, f a . Other modes of 
vibration of these hydrophones may be used to obtain directional response as dis¬ 
cussed for projectors in Section 3.26. There we focused on the first three ring 
extensional modes, the omni (n = 0), dipole (n = 1) and quadrupole fn = 2) 
modes, illustrated in Figs. 3.14 and 3.15, with hydrophone anti-resonances given 
by fi = f a \/2 and f 2 = f a \/5 respectively. The first mode is sensitive to the pres¬ 
sure and the hydrophone operates as a scalar sensor. The second (dipole) mode is 
sensitive to the pressure gradient and the hydrophone acts as a vector sensor. The 
third (quadrupole) mode is sensitive to the cross gradient of the dipole mode and 
has been termed a dyadic sensor [22], A model for ring modes has been given by 
Gordon, Parad, and Butler [26] and a model for spherical modes has been given 
by Ko, Brigham, and Butler [3], This transducer may be analyzed as a hydrophone 
by the projector model given in Section 3.26 and the use of reciprocity. 

The response and phase shift may be determined for each mode from the force 
exerted on the cylinder by a plane wave. Consider the plane wave, p = p;e _ j kx , 
shown in Fig. 4.28, incident perpendicular to the axis of a cylindrical transducer 
of radius a. As the wave progresses along the x axis, the pressure along the cir¬ 
cumference follows a spatial dependence x = a cos 0 and the incident plane wave 
pressure may be written in the form p = p;e _ j kacos 0 . The incident pressure is scat¬ 
tered off the cylinder and in general the diffraction constant, as given by Eq. (4.51), 
is dependent on the sum of the incident wave and the scattered wave pressures and 
the velocity distribution around the cylinder. If the cylinder is small compared to 
the wavelength, the incident wave field is not significantly disturbed and the scat¬ 
tered wave is negligible. Thus, for the n’th modal velocity distribution, cos n0, on 
the cylinder with active area A = 2% aL, Eq.(4.51) with dS = Lad0 and L the length 
of the cylinder gives the force 

+71 

F n aLp; j e _ j kacos0 cosn0d0 = 27taLp i I n (ka)/j n Apie - -' n7t / 2 (ka/2) n /n, 

(4.43) 



FIGURE 4.28. Plane wave incident on a cylinder of radius a and length L. 
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(a) (b) (c) 

n=0 n=1 n=2 


FIGURE 4.29. (a) omni, (b) dipole and (c) quadrupole point sensors. 


where we have used an integral representation [27] of the Bessel function of order 
n, and the last approximate form of Eq. (4.43) is valid for low frequencies where 
ka 1. The corresponding diffraction constant is D a (n) = F n /Ap,. This repre¬ 
sentation shows the n7t/2 phase-dependence (90° phase shift for each mode) and, 
since k = cu/c, also shows the tu 11 dependence of the amplitude resulting in a rise 
of 6n dB/octave in the receiving frequency response as the frequency is increased. 
The modal beam patterns may be simulated by point sensors: a single sensor for 
the omni mode, two out-of-phase omni sensors for the dipole mode, and parallel 
reversed dipole pairs for the quadrupole mode as illustrated in Fig. 4.29. 

The most commonly used higher-order mode is the dipole mode which has a 
figure eight directional response, and in this case the piezoelectric ceramic cylin¬ 
der or sphere may be considered a vector sensor. The dipole mode has a constant 
beam width of 90° and a DI = 4.8 dB. The dipole generated from a cylindrical 
or spherical mode maintains the dipole form for a wide range of frequencies and, 
in principle, is not limited to small size hydrophones. Ehrlich and Frelich [28] 
used orthogonal pairs of dipoles along with the omni mode to obtain directional 
information from a small multimode piezoelectric cylinder. The inner electrode of 
the 31-mode piezoelectric ceramic cylinder is separated into four sections for two 
orthogonal dipole excitations with beam pattern voltage outputs, Vn and Vg, pro¬ 
portional to sin 0 and cos 0 respectively. Since the phase of each lobe of a dipole 
alternates, the general direction of the incoming signal is determined by comparing 
the lobe phase with the phase of the omni mode. The bearing can be obtained by 
dividing one channel by the other giving V\j/V e = tan 0 with the bearing angle 0 = 
arc tan (Vn/Ve). 

An alternate approach is to phase shift one of the channels by 90° yielding the 
quadrature sum Ve + j Vn = Vjfcos 0 + j sin 0) = Vie-i 0 with the bearing angle 
given by the phase angle which can then be compared to the omni mode phase 
angle to eliminate directional ambiguity. This quadrature sum case is interesting in 
that it creates a toroidal beam pattern with uniform magnitude V i in the horizontal 
X, Y plane and a null on the vertical Z axis [29]. The null in the axial direction 
results from cancellation of the oppositely-phased segments of the cylinder that 
are used to create the dipole. This null is maintained even though the north-south 
and east-west dipoles are separately phase shifted to attain the voltage function 

Vie 10 . 
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FIGURE 4.30. Synthesis of a cardioid pattern. 




FIGURE 4.31. Super cardioid (a) and hyper cardioid (b) beam patterns. 


4.5.6. Summed Scalar and Vector Sensors 

Addition of the output from scalar and vector sensors can yield useful hydrophone 
beam pattern characteristics. The best-known example is the cardioid beam pattern 
formed from the sum of scalar omni and vector dipole hydrophones, with voltage 
amplitude and phase adjusted for equal far-held pressure amplitude and phase, 
yielding the normalized true cardioid beam pattern function, 

P(0) = (1 + COS 0)/2, (4.44a) 

illustrated in Fig. 4.30. This pattern has a null at 180°, is 6 dB down at 90°, has 
a 3dB down beam width of 131°, and a Dl of 4.8 dB, the same Dl as the dipole, 
since the omni adds no directionality. 

We note that the cardioid beam width is considerably wider than the 90° beam 
of the dipole. We call the function of Eq. (4.44a) a true cardioid since it satisfies 
the mathematical description of a cardioid curve. There are improvements on the 
equal amplitude summation such as the super-cardioid with the pattern function 

P(0) = (1 + 1.7 cos 0)/2.7. (4.44b) 

This case has a front-to back ratio of 11.7 dB, is 8.6 dB down at 90°, has a beam 
width of 115° and a Dl of 5.7 dB, as illustrated in Fig. 4.31 (a). 

The hypercardioid with a pattern function 

P(0) = (1 + 3cos0)/4, (4.45) 

is shown in Fig. 4.31 (b). It has the highest Dl possible with one omni and one 
dipole sensor yielding a Dl of 6.0 dB, is 12 dB down at 90°, has a beam width 
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of only 105° but a front-to-back ratio of only 6 dB. As seen, there is a trade off 
between the front to back ratio and the beam width, with the smallest beam width 
of 90° achieved for the dipole alone with 0 dB front-to-back ratio. As the dipole 
component is increased relative to the omni component both the front-to-back ratio 
and beam width are decreased. Other means must be used to increase the front to 
back ratio while also achieving a narrower beam 

As discussed in Section 3.26, the addition of the quadrupole mode can be used 
to achieve both a narrower beam and a better front-to-back ratio. The normalized 
beam pattern function for this case may be generally written as 

P(0) = (1 +Acos0 + Bcos20)/(1 + A + B). 

The corresponding axisymmetric DI [see Eq. (1.20) and Appendix A. 13] is given 
by DI = 10 log Df where 

D f = 15(1 + A + B) 2 /(15 + 5 A 2 + 7 B 2 - 10 B). 

The case of the true cardioid, Eq. (4.44a), is given by A = 1 and B = 0. Adding 
a quadrupole with weighting factor B = 0.414 gives the beam pattern [30] 

P(0) = (1 + cos 0 + 0.414 cos 20)/2.414, (4.46a) 

which has a DI = 7.1 dB, a 90° beam width, is 12 dB down at 90°, and has a 
front-to-back ratio of 15 dB as illustrated in Fig. 4.32 (a). 

The quadrupole mode may also be used to achieve a wider beam cardioid type 
pattern of Fig. 4.30 with a null at 180° through the addition of a bidirectional pat¬ 
tern to the cardioid pattern [30a]. The bidirectional pattern may be formed through 
the addition of an omni mode of amplitude 1 and a quadrupole mode of amplitude 
— 1, both weighted by a factor 0.5, shown added to the cardioid pattern function in 
Eq. (4.46b), 

P(0) = [(1 + cos 0) + 0.5(1 - cos 20)]/2. (4.46b) 


BW = 90° 

-12 dB Dl = 71 dB 



BW = 229° 



(b) 


BW = 75.5° 
Di = 8.8 dB 



FIGURE 4.32. Addition of the quadrupole mode with omni, dipole and quadrupole ratios 
(a) 1:1:0.414 (b) l:2/3:-l/3 and (c) 1:2:1. 
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This beam pattern function, illustrated in Fig. 4.32 (b), yields a pattern that looks 
like the true cardioid of Fig. 4.30 with a null at 180°. However, the beam width is 
229°, rather than 131°, and the level is the same at ± 90° as the level at 0°, rather 
than —6 dB, which is a direct result of the bidirectional contribution at ±90°. This 
type of spatial coverage provides a very broad beam with a narrow deep null which 
may be directed toward a specific unwanted noise source. Equation (4.46b) may 
also be written as 


P(0) = 3[1 + (2/3) cos 0 - (l/3)cos20]/4, (4.46c) 

where it is seen that the relative dipole pressure is 2/3 the omni pressure and the 
relative quadrupole pressure is -1/3 the omni pressure. 

A narrower beam with a null at 180° can also be achieved with stronger con¬ 
tributions from the dipole and quadrupole modes, such as in the pattern function, 

P(0) = (1 + 2 cos 0 + cos20)/4, (4.47a) 

illustrated in Fig. 4.32 (c) with nulls at ± 90° and 180°. This same function may 
also be obtained by multiplying dipole and cardioid patterns yielding, 

P(0) = cos 0(1 ± cos 0)/2, (4.47b) 

which is identical to the three term expansion in Eq. (4.47a). Equation (4.47b) may 
also be written as 

P(0) = (cos 0 ± cos 2 0)/2, (4.47c) 

and interpreted as the pattern formed by a certain combination of the difference 
of two dipole vector sensors and the sum of the same two dipole vector sensors as 
illustrated in Fig. 4.33. 

Conceptually this expression may be considered as an array of two vector sen¬ 
sors with small separation, S, compared to the wavelength. By the product theorem 
(see Section 5.31) the array beam pattern is the product of the dipole beam pat¬ 
tern, jkDcos0, and the beam pattern of the array. In the case of the sum, the array 
pattern is omni for small separation, S, and the net result is the pattern of a di¬ 
pole, 2jkDcos0, giving the first term in Eq. (4.47c). In the case of the difference, 
the array pattern is also a dipole for small separations, jkScos0, which multiplies 
the individual dipole pattern to give (jkS)(jkD)cos 2 0, Multiplying this term by 
2/jks and summing with the first term then yields the directional function in Eq. 
(4.47c). A similar result may be obtained from the time delay of the two dipoles 
as described by Olson [18], 

The three cases described by Eqs. (4.47a,b,c) are mathematically identical and 
demonstrate that the beam pattern function can be obtained from the addition of 
the omni, dipole, and quadrupole modes, or the product of a dipole and cardioid, 
or, finally, the difference of two dipoles and the addition of the sum of two dipoles 
as discussed. The first case is a straight addition of higher-order modes and the 
latter case is equivalent to the addition and subtraction of a two-element array. 
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FIGURE 4.33. Array difference and sum of two dipole vector sensors. 


while the second case is the result of a multiplicative processing scheme. Multi¬ 
plicative processing generally yields a poorer signal-to-noise ratio than additive 
processing [31] and is usually only suitable in systems where the noise level is 
very low. Thompson [32] has shown that raising a pattern function of a symmetric 
linear array of point sources to some integer power greater than unity can be iden¬ 
tified as the pattern function of a larger symmetric array with the same individual 
transducer separations. 

The beam pattern given by Eq. (4.47a) and illustrated in Fig.4.32c results in a 
beam width of 75.5° and back lobes at ±120° with a level of —18 dB. These back 
lobes have a negative phase compared to the main lobe and may be decreased 
to approximately —25 dB through additional contribution from the positive omni 
mode with the resulting normalized beam pattern function 

P(0) = (1.25 + 2 cos 0 ± cos 20)/4.25. 

This optimized beam pattern function yields a slightly wider 78° beam width with 
an additional positive back lobe at 180°, and main beam contributions at ±90°, 
all equal to the —25 dB approximate level of the other two back lobes at ±120° 
[30a], 

An alternative approach for attaining a beam pattern similar to a cardioid is to 
combine the outputs of two scalar sensors with a phase shift between them. The 
normalized beam pattern function for two scalar sensors with a 90°phase shift may 
be written as 


P(0) = cos[(jt/4)[l - (4s/A) cos(0)]}, 


(4.47d) 
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where 0 is the angle measured from the axis, A is the wavelength of sound in the 
water, and s is the center-to-center separation between the sensors. For quarter 
wavelength separation, 4s/A = 1, the pressure adds in one direction and cancels 
in the other yielding a beam pattern that looks similar to the cardioid pattern of 
Fig. 4.30, but is not a true cardioid. The beam pattern generated by quarter wave 
spacing and 90° phase shift is broader than that of a cardioid and is 3 dB down at 
±90°, with a 180° beam width and a DI = 3 dB rather than 6 dB down at ±90°, 
a 131° beam width and a DI = 4.77 dB 4.8 dB for a true cardioid described 
by the mathematical function (1 + cos 0)/2. This particular spacing and phasing 
combination is equivalent to end-fire steering (see Section 6.12). 

We have seen in Eq. (4.37a) that the dipole pattern can be obtained from the 
difference of two scalar sensors with a small separation. The cardioid and other 
patterns can also be obtained as variations on the dipole with an additional small 
phase shift between the two scalar outputs. The result is 

P(0) = 2 sin[(jts/A) cos 0 ± 8/2], (4.47e) 

where s is the scalar sensor separation and 8 is the additional phase shift. When 
s/A 1 and 8 = 27ts/A the cardioid is obtained. The value 8 = 2tts/3A maxi¬ 
mizes the DI at 6 dB, giving the same pattern as Eq. (4.45) with a null at 105° and 
a small back lobe. Different values of 8 form a series of directional patterns called 
limacons [1, 18]. 

Summary results for “cardioid type” beam pattern functions of this section are 
given in Table 4.2. 

The various beam pattern functions above can also be obtained from a cylin¬ 
drical array of discrete transducers with appropriate distributions of voltage drive 
[30a] (see Section 5.14). Narrower beams may be obtained using higher-order 
radiation modes. 


TABLE 4.2. Summary of “Cardioid Type” Beam Pattern Function Characteristics 


Function 

Figure 

BW 

Level at ± 90° 

Level at 180° 

DI 

By Mode Summation 
Eq. (4.44a) 

4.30 

131 (deg) 

—6 dB 

- oo dB 

4.8 dB 

Eq. (4.44b) 

4.31a 

115 

-8.6 

-11.7 

5.7 

Eq. (4.45) 

4.31b 

105 

-12 

-6 

6.0 

Eq. (4.46a) 

4.32a 

90 

-12 

-15 

7.1 

Eq. (4.46c) 

4.32b 

229 

0 

— OO 

0.9 

Eq. (4.47a) 

4.32c 

75.5 

— 00 

— OO 

8.8 

By Phase Shifting 

Eq. (4.47d) 

... 

180 

-3 

—oo 

3.0 

Eq. (4.47e) 

4.31b 

105 

-12 

-6 

6.0 


Notes: Equation (4.47d) evaluated for 90° phase shift and 4s/A =1. Equation (4.47e) eval¬ 
uated for 8 = 27ts/3A. 
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4.5.7. Intensity Sensors 

The product of the output of a scalar sensor, which measures the acoustic pres¬ 
sure, and a vector sensor, which measures the acoustic particle velocity, yields a 
measure of the acoustic intensity. The intensity is a vector defined in Section 10.1 
and given by the product of the pressure and particle velocity. The time-averaged 
value is given by (I) = 72 Re (pu*) as shown in Appendix A.3, and for plane waves 
is pp*/2p c = pcuu*/2 (where * means the complex conjugate). Integration of the 
intensity over all directions gives the power. Smith et al. [33] investigated the use 
of such a probe for transducer measurements in a small room or water-filled tank. 
The intensity may be determined, for example, by two small scalar sensors with 
small separation, s. The summed voltage for this case, illustrated in Fig. 4.20a and 
given by Eq. (4.36), is repeated here for s A as 

V = p 1 e“ jkr [(M 1 +M 2 )+j(M 1 -M 2 )(Jts/A)cos0], (4.48) 

where 0 is the angle between the direction of an incident plane wave and the axis 
of the sensor pair. If the two sensors are summed with M 2 = Mi, the output voltage 
is 

Vo = 2M lPl e“ jkr , (4.49a) 

while the differenced output voltage is 

V d = j2M 1 p 1 e“ jkr (7ts/A) cos 0. (4.49b) 

The magnitude of the conjugate product of the omni and dipole voltages, 

|V 0 V*| =4|p i | 2 |M 1 | 2 (7ts/A)cos0 = 8pcI i |M 1 | 2 (Jts/A)cos0, (4.50) 

is proportional to the component of the incident intensity parallel to the axis of the 
sensor pair. Turning the sensor for maximum output identifies the direction of the 
source. 

Intensity sensors are often referred to as intensity probes. They can take a vari¬ 
ety of forms [22, 34], such as the pressure/velocity probe by Gabrielson et al. [35], 
the pressure/pressure probe by Ng [36], the pressure/acceleration probes by Sykes 
[37] and Schloss [38], and the velocity/velocity probe by McConnell et al. [39a], 
G. C. Lauchle has investigated the feasibility of detecting and using the imaginary 
component of intensity [39b], which is called the reactive intensity to distinguish 
it from the active intensity or time average intensity. The reactive intensity can be 
defined as Im (pu*) as shown in Appendix A.3. Stanton and Beyer [39c] developed 
a probe for measuring the real and imaginary parts of the complex intensity. 

A magnetostrictive/piezoelectric hybrid form of intensity sensor [40] is illus¬ 
trated in Fig. 4.34 showing a cantilever transducer composed of a piezoelectric 
ceramic 31-mode bar with output voltage V p and two magnetostrictive thin bars 
on either side with one coil and voltage output V m . The two magnetostrictive strips 
are oppositely poled (by magnets or, if possible, through remanence) so that they 
do not produce an output from a compressive scalar component but do produce 
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FIGURE 4.34. Flybrid intensity probe [40]. 


an output for a pressure differential pi - p? since it causes a net bending force. 
On the other hand, the piezoelectric bar is symmetrical and produces no output 
on bending, but does produce an output from the pressure, pi, a scalar. The prod¬ 
uct of the two outputs is proportional to the intensity. If the bending resonance is 
set below the operating band, the voltage output from the magnetostrictive sen¬ 
sor is flat above that resonance without the usual 6 dB/octave rise associated with 
piezoelectric vector sensors. 

If an intensity probe is used near a soft surface, the pressure will be small and the 
product of the pressure and velocity will also be small. Likewise, if the intensity 
probe is near a rigid surface, the velocity will be small and again the output will be 
small. In such cases Lubman [41] has suggested that the pressure and velocity be 
separately measured to achieve a sensor system with less sensitivity to interference 
from nearby structures or to fading in an oceanographic environment. 


4.6. The Plane Wave Diffraction Constant 

A small hydrophone does not disturb the sound field, and, therefore, measures the 
free-held plane wave pressure amplitude, p,, that would exist if it was not present. 
A large hydrophone, or a small hydrophone in a large mounting structure, does 
disturb the pressure held, and the diffraction constant, D a , is a measure of this 
disturbance. D a is defined as pb/p;, where pb is the spatially averaged pressure on 
the surface of the hydrophone when it is clamped, so that its active surface cannot 
move. For a hydrophone, small compared to the wavelength, set in a large rigid 
baffle D a = 2, while the same hydrophone, with no baffle, does not disturb the 
held and D a = 1. The total force on the hydrophone surface results from the free- 
held pressure of the incident wave plus the pressure of the scattered wave and the 
pressure caused by the motion of the hydrophone surface (related to the radiation 
impedance). In Eq. (1.5) the force is divided into the part caused by the motion. 



196 4. Transducers as Hydrophones 



V O- 


a 

FIGURE 4.35a. Clamped (blocked) force Fb and radiation force F r . 



b 

FIGURE 4.35b. Incident pressure, p; and scattered pressure, p s . 


uo, of the surface, F r = - Z r uo, and the part that is independent of the motion, the 
clamped force, Fb, as shown schematically in Fig. 4.35a. 

In the general case where the motion of the hydrophone surface is not uniform 
the clamped force is defined by Eq. (1.6) as the sum of the incident pressure and 
the scattered pressure, as illustrated in Fig. 4.35b, weighted by the velocity distrib¬ 
ution function and integrated over the surface. The diffraction constant as defined 
above is the ratio of the clamped force to the free-held force and given by Eqs. 
(1.6) and (1.7) as 

D a = ^ //[p,(T)+p s (T)] U ^dS, (4.51) 

Api A Pi JJ u* 

A 

where Fb is the clamped force, A is the area of the moveable surface of the hy¬ 
drophone, Api is the free-held force caused by the incident pressure amplitude, p;, 
p s is the scattered pressure, [p;( r) + p s ( r )] is the total clamped pressure on the 
surface, and u*( r )/uj'j is the complex conjugate of the velocity distribution func¬ 
tion where uo is a reference velocity. Woollett [42] has applied this formulation 
for the determination of diffraction constants for vector sensors. The diffraction 
constant is a function of the hydrophone size relative to the wavelength, its shape, 
its velocity distribution, and the arrival direction of the plane wave. It is custom¬ 
ary to define the diffraction constant for a plane wave arriving on the Maximum 
Response Axis (MRA) [43], which is consistent with the usual definition of the 
sensitivity. We will define in Section 11.3.1 a more general diffraction constant 
which depends on the direction of arrival of the plane wave. 
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The free-held voltage sensitivity of a hydrophone, M was defined earlier (Sec¬ 
tion 4.1) as the ratio of the open circuit voltage to the free-held pressure of a plane 
sound wave arriving on the MRA. However, it is the clamped pressure, Fb /A = pb 
= D a pi, that appears in an equivalent circuit or a pair of transducer equations, and 
the sensitivity must be calculated from 


M = V/ Pi = VD a A/F b . (4.52) 

The results in Section 4.11 are correct because in those cases the hydrophone 
dimensions were assumed to be small compared to the wavelength, making D a = 
1 and F b /A = p,. 

The most illuminating discussion of the diffraction constant has been given by 
Bobber [43] who points out that the name is a misnomer since in many cases it 
is reflection or interference that causes the clamped force to differ from the free- 
held force. Thus, for example, in the case of a Hat hydrophone in a plane baffle, 
p s in Eq. (4.51) is a reflected wave rather than a diffracted wave. In other cases, 
such as a thin line or ring hydrophone, diffraction, reflection, and scattering are all 
insignificant, but partial cancellation of the incident wave between different parts 
of the hydrophone surface reduces the clamped force and makes the diffraction 
constant less than one. 

Henriquez [44] has calculated the diffraction constant for several specihc ide¬ 
alized hydrophone shapes that can be used to estimate values for actual hy¬ 
drophones. For a spherical hydrophone of radius a, 

D a = (1 + k 2 a 2 ) -1 / 2 , (4.53) 

where, because of symmetry, the direction of the wave is irrelevant. In this case 
the response is omnidirectional at all frequencies, but the diffraction constant in¬ 
troduces a strong frequency dependence; for large ka the frequency dependence 
of D a causes a 6 dB/octave reduction in the sensitivity with increasing frequency. 
Equation (4.53) is derived in Section 11.31. 

For a long cylindrical hydrophone of radius a with the wave direction perpen¬ 
dicular to the axis. 


D a = (2/7tka)[J, 2 (ka) TNrCka)]- 1 / 2 , (4.54) 

where Ji and Ni are hrst order Bessel and Neumann functions. For a thin ring 
hydrophone of radius a with the wave direction in the plane of the ring, 

D a = Jo(ka). (4.55) 

For a circular piston of radius a at the end of a long tube with the wave direction 
perpendicular to the face of the piston the results of Levine and Schwinger [45] 
were used to determine D a . All these cases are compared in Fig. 4.36 [44]. 

These results show that in all cases D (i ~ 1 for small ka, decreases as ka in¬ 
creases for the sphere, cylinder and ring but increases with ka to a maximum value 
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ka = (cn/c)a = 2na/A. 

FIGURE 4.36. Diffraction constant D a for a piston, sphere, cylinder and ring [44], 


of 2 for the piston at the end of a tube. The different behavior in the last case oc¬ 
curs since, as the piston gets large, the wave scattered from it becomes the same 
as the wave reflected from an infinite rigid plane for which the pressure on the 
surface is doubled. Thus the diffraction constant for hydrophones mounted close 
to a hard surface is 2. The value 2 is also obtained for a piston in a plane rigid 
baffle or a piston which is large compared to the wavelength. On the other hand, 
the diffraction constant for small hydrophones on a soft surface is approximately 
zero because the pressure is near zero on a soft surface. 

Weighting the pressure on the surface by the velocity distribution function in Eq. 
(4.51) can be significant in any case where the velocity is nonuniform, (e.g., bender 
[Section 4.4] or multimode hydrophones [Section 4.5.5]). When a hydrophone is 
capable of vibrating in more than one mode it may have more than one diffraction 
constant [43]. However, if the transducer was designed such that a certain mode 
was not driven electrically, that mode would produce no voltage output when ex¬ 
cited acoustically. But it could still influence the voltage output of the hydrophone 
via acoustic coupling between modes. 

Three important acoustical parameters, the diffraction constant, D a , the direc¬ 
tivity factor, Df, and the radiation resistance, R r , are related, in general, by [43] 


t 47tR r Df 47tcR r Df 
d pck 2 A 2 pui 2 A 2 


(4.56) 


As seen from Eq. (4.56), the diffraction constant may alternatively be calculated 
from the radiation resistance and the directivity factor, or, in general, when two 
of the three parameters are known the third can be found from this relationship. 
For example, an un-baffled transducer of any shape, but small compared to the 
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wavelength, has D a = Df = 1 showing that R r = pck 2 A 2 /4jt = cu 2 A 2 p/47tc, which 
will be derived in Chapter 10. See Section 11.31 for a development of Eq. (4.56). 

The diffraction constant is defined in Eq. (4.51) in terms of the weighted aver¬ 
age pressure on the sensitive surface of a hydrophone, but diffraction can have im¬ 
portant effects at a point on a hydrophone surface. Such effects often occur when 
measuring the response of hydrophones and are discussed briefly in Section 12.75. 


4.7. Hydrophone Thermal Noise 

A basic limitation on hydrophone performance is the electrical noise generated 
internally by thermal agitation in its components and in the water; this noise must 
not exceed the total sea noise for good performance. The internal noise of a hy¬ 
drophone is caused by its energy dissipation mechanisms, (i.e., the electrical and 
mechanical dissipation factors of the transduction material, the mechanical re¬ 
sistance in any other moving hydrophone components [including mounting] and 
the radiation resistance). Electrical dissipation and mechanical resistance allow 
electrical and mechanical energy in the hydrophone to be lost as internal thermal 
energy, and they also allow thermal energy in the hydrophone materials to cause 
electrical noise. Radiation resistance differs in that it is the means by which me¬ 
chanical energy in the transducer generates acoustic energy in the water, but it 
also allows thermal energy in the water to cause electrical noise. It follows from 
the equivalent circuit concept that both the electrical and mechanical loss mech¬ 
anisms can be represented by a Thevenin equivalent electrical series resistance, 
Ri, - This resistance then determines the equivalent total Johnson thermal-mean- 
squared noise voltage, (V n 2 ), by 

(V n 2 > = 4KTR h Af, (4.57) 

where K is Boltzman’s constant (1.381 x 10 -23 Joule/Kelvin), T is the absolute 
temperature, and Af is the bandwidth. At 20°C Eq. (4.57) leads to 

101og(V n 2 } = —198 dB + 101ogR h + lOlogAf. (4.58) 

Equation (4.58) emphasizes the fact that the noise increases with the bandwidth. 
The value -198 dB is the noise level below 1 volt in a 1 Hz band for a one ohm 
resistor at 20°C. The resistance, Rh is the resistive part of the total electrical input 
impedance of the hydrophone, including the motional impedance transformed by 
the electromechanical turns ratio, N. 

The value of the noise voltage in Eq. (4.58) becomes more useful when con¬ 
verted to an equivalent mean-squared-noise pressure, (p n 2 ) = (V n 2 )/M 2 , by 
means of the hydrophone sensitivity M. The resulting level of the equivalent noise 
pressure is then 

101og(p n 2 } = —198 dB + 10 log Rh — 20 log M + 10 log Af 
= -198dB - 10log M 2 /R h + lOlogAf. 


(4.59) 
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FIGURE 4.37. Sea state and thermal noise [48], 


The equivalent noise pressure level is normally evaluated in a 1 Hz band 
(Af = 1) and referred to as the noise pressure spectral density. In the following 
discussion, spectral densities will be used and the term 10 log Af will be omitted. 
Equation (4.59) shows that for noise considerations the most meaningful form of 
the hydrophone figure of merit discussed in Section 4.1.2 is M 2 /R|,. 

The noise pressure obtained from Eq. (4.59) by use of the plane wave sensitivity 
is equal to the pressure of a plane wave incident on the MRA of the hydrophone 
that would give the same voltage as the internal noise and is usually called the 
equivalent plane wave noise pressure. The combination of Sea State Zero (SSO) 
noise and thermal noise shown in Fig. 4.37 is usually considered to be approxi¬ 
mately the minimum ambient noise in the sea, and is therefore suitable for com¬ 
parison with the hydrophone internal noise. Obviously, a good hydrophone for 
a particular application should have internal noise lower than the expected ambi¬ 
ent sea noise. 

Since hydrophones often have a directional response, the sensitivity averaged 
over all directions is appropriate for use in Eq. (4.59) to convert the noise voltage 
to a noise pressure suitable for comparison with sea noise (see Sections 4.7.1 and 
11.3.1). This determination of the equivalent noise pressure was called by Woollett 
the isotropic acoustic equivalent of electrical noise. Woollett also described a pro¬ 
cedure for comparing hydrophone noise with ambient noise, including the noise 
at the input stage of a preamplifier [46]. 


4.7.1. Directivity and Noise 

The relationship of hydrophone noise to the directivity factor and the electroa¬ 
coustic efficiency may be shown by writing Eq. (4.59) in a form independent of 
the sensitivity M by use of the directivity factor, Df, the transmitting current re¬ 
sponse, S, and the reciprocity factor, J. We start with the directivity factor which 
may be written, in terms of a projector, as 



Hydrophone Thermal Noise 201 


Df = Io/Ia = I 0 47td 2 /W 0 = 47Td 2 p 2 /pcWo, (4.60) 

where, using rms values, Io and po are the on axis intensity and pressure at a 
distance d from the transducer, and I a , is the spatial average of the intensity at 
the same distance. The output power. Wo, is given by r| ea i 2 Rh where r) ea is the 
electroacoustic efficiency and i is the input current. Using these relationships in 
Eq. (4.60) and solving for po 2 yields 

po 2 = r| ea Dfpc i 2 R h /47td 2 , (4.61) 

which may be written in terms of the transmitting current response (at distance d, 
rather than 1 meter) 


s 2 = Po 2 /i 2 = HeaDfRhpc/dTtd 2 . (4.62) 

The transmitting current response is related to the receiving response by the reci¬ 
procity factor M/S = J = 2d/pf (see Section 12.5) leading to 


M 2 = DfT| ea Rhc/pttf 2 , 


(4.63) 


and the resulting RVS is 

RVS = 20 log M = 10 log Rh — 201ogf + 10logp ea + DI - 123.2, (4.64) 

showing the relationship between the sensitivity, the input electrical resistance, 
frequency, the electroacoustic efficiency, and the DI. 

By eliminating M between Eqs. (4.64) and (4.59) we have the desired result 

101og(p n 2 ) = 20 log f — 74.8 — 101ogri ea — DI. (4.65) 

It should be noted that the DI does not increase the sensitivity of a hydrophone, 
but it does decrease the isotropic acoustic equivalent of internal noise [46] for 
hydrophones with directivity, thus increasing the signal-to-noise ratio. 

Equation (4.64) may be further manipulated by obtaining the output voltage 
V for a 1 pPa reference acoustic pressure by writing M = V/p fr = VxlO 6 , and 
eliminating 10 log Rh by use of Eq. (4.58). The result is the signal-to-noise voltage 
ratio, SNR, for a 1 pPa acoustic signal when only internal hydrophone noise is 
present: 

SNR = lOlog V 2 /(V n 2 ) = DI + 101ogri ea — 201ogf — 45.2dB. (4.66) 

As seen, the signal-to-noise increases with the DI and efficiency but decreases 
with the frequency. As the frequency increases, the directivity factor Df ap¬ 
proaches 47tAf 2 /c 2 for hydrophones in a plane baffle; then the term 20 log f cancels 
in Eqs. (4.65) and (4.66) leaving a dependence on the area, A. Thus, the noise de¬ 
creases and the signal-to-noise increases as A increases, as will also be shown in 
Section 4.7.4. 
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4.7.2. Low Frequency Hydrophone Noise 

At frequencies well below resonance the mechanical, R m , and radiation, R r , re¬ 
sistances are small compared to the mechanical reactance l/jtuC E . However, the 
electrical dissipation follows the frequency dependence of the mechanical reac¬ 
tance and may often be the main loss mechanism, and therefore the main internal 
noise mechanism, at low frequencies. In this case the equivalent electrical resis¬ 
tance is due to the electrical dissipative part alone and, using Eq. (4.5), we get 

Rh = Real{l/jeuCf(l — jtanS)} = (tan8/cuCf)/(l + tan 2 8) tan8/cuCf, 

(4.67a) 

since, typically, tan 2 8 1. Although the dissipation is usually small and the ca¬ 
pacitance is typically high, the 1/cu dependence of Rh can cause significant noise 
at very low frequencies. This resistance may be used in Eq. (4.59) to obtain the 
low-frequency equivalent noise pressure level: 

10 log(p n 2 } « -206 dB + 10 log (tan 8/C f ) - 20 log M - 10 log f, (4.67b) 

which increases by 3 dB/octave with decreasing frequency. The dissipation factor, 
tan 8, is a constant for small signals over a wide range of frequencies for typical 
piezoelectric ceramic materials and is usually measured at 1 kHz. As an exam¬ 
ple, a PZT-4 hollow spherical hydrophone with 0.02m radius and 0.002m wall 
thickness has a low-frequency sensitivity of -193dB and a capacitance of 29 nF 
(see Section 4.2.2). Using tan 8 = 0.004, from Appendix A.5, Eq. (4.67b) shows 
the internal noise to be about 8 dB//(p.Pa) 2 /Hz or 37 dB below SS0 at 1 kHz (see 
Fig. 4.37), with a greater difference at lower frequencies. Note that the voltage sen¬ 
sitivity term in Eq. (4.67b) does not change with frequency for pressure-sensitive 
piezoelectric ceramic hydrophones operating well below resonance. 


4.7.3. A More General Description of Hydrophone Noise 

Some insight into the relative importance of electrical dissipation, mechanical re¬ 
sistance, and radiation resistance in determining hydrophone noise may be ob¬ 
tained by examining the real part of the electrical input impedance, Z|,. For a 
lumped-mode equivalent circuit such as that illustrated in Fig. 4.38, with short cir¬ 
cuit mechanical impedance Z m E = R m + j[e vM m - l/cuC E ], radiation impedance 
Z r = R r + jtuM r , and clamped admittance Yo = Go + jcuCo, the electrical input 
impedance is given by 

Z h = 1/Y h = 1/[G 0 + jcuCo + N 2 /(Z m E +Z r )]. (4.68) 

The radiation mass M r is a constant for low frequencies but is a decreasing func¬ 
tion of frequency at higher frequencies, usually in the vicinity of and above res¬ 
onance. The input electrical resistance, Rh = Real (Zh), when used in Eqs. (4.58) 
and (4.59), gives the complete lohnson thermal noise voltage and the correspond¬ 
ing equivalent noise pressure. The quantity Rh can be written compactly as 
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FIGURE 4.38. Simplified equivalent circuit for hydrophone electrical input impedance, Z^. 


R h = 


r/n 2 + g 0 |z/n 2 | 2 
i + y 0 z/n 2 | 2 


(4.69) 


where Z = Z r + Z m , R = R r + R m , X = cuM’ - l/cuC E and M’ = M m + M r . To 
consider the form R|, takes in limited frequency regions, it is convenient to express 
it in terms of familiar transducer parameters as follows: 


Rh = 


l*[‘ 


cu tan 5 
CUrQn 


]+*[ 


WaQa 


■“ s (S?-‘)]} 


[‘-Si + SS?] +[iSs+'“ 5 (S?- 1 )] 


(4.70) 


where the resonance and anti-resonance frequencies are ut r = (M’C E ) -1/2 and 
cu a = (M’C [) ) I/2 respectively, Q m = tu r M7R and Q a = tu a M7R, and the resis¬ 
tances are to be evaluated at cu r and cu a . 

It is evident from this expression for Rh that the three loss mechanisms are 
coupled in a complicated way and cannot be clearly separated, except as ap¬ 
proximations in limited frequency regions. However, Section 4.7.4 and Appendix 
A. 15 give a different approach in which the three losses are treated separately and 
Eq. (4.78a) gives an approximation for Rh that holds when electrical dissipation is 
small. At frequencies well below cu r or cu a Eq. (4.70) reduces to 


_ [tan 8/tuCf + k 4 R r /N 2 ri ma ] 
h_ (l + tan 2 8) 


(4.71) 


and in this form the loss mechanisms are clearly separated. At still lower frequen¬ 
cies the first term dominates, and Rh becomes equal to the value in Eq. (4.67a) 
where only electrical dissipation is important as will be shown in detail by the 
following example. 

The calculations made following Eq. (4.67a,b) for a PZT-4 spherical hydro¬ 
phone of radius 0.02 m can be extended here to find the frequency at which the 
mechanical resistance term in Eq. (4.71), k 4 R r /N 2 r| ma = k 2 R r C E /q ma Cf, becomes 
significant compared to the electrical dissipation term, tan 8/euCf. For the spheri¬ 
cal hydrophone the radiation resistance and the diffraction constant are given by 


R r = 47ta 2 pc(ka) 2 /[l + (ka) 2 ], 
D a = [1 + (ka) 2 ] -1 / 2 , 
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Table 4.3. Hydrophone Noise (p n 2 ), Sea State 0 & Thermal Sea Noise in dB//(pPa) 2 /Hz 


f(kHz) 

Rr (kg/s) 

k“R r C E 

^lmaCf 

tan 5 
cuCf 

R h 

D a 

MD 2 

(Pn) 

sso 

Thermal Sea 

1 

53 

0.12 

22 

22 

OdB 

-193dB 

8dB 

45dB 

— 15dB 

10 

3100 

7.3 

2.2 

9.5 

-2 

-195 

7 

27 

5 

20 

5500 

13 

1.1 

14 

-6 

-199 

12 

23 

11 

44(f r ) 

7000 

16 

- 

49* 

-12 

-199 

18 

17 

18 

54(f a ) 

7200 

17 

- 

167 # 

-15 

-198 

22 

14 

22 


*from Eq. (4.72b) and # from Eq. (4.72c). 


the free capacity Cf = 29 nF, the short circuit compliance C E = s E /47tt = 1.6 x 
10 -10 m/N, k 2 = k p 2 = 0.34, and tan 8 = 0.004 (see Section 4.2.2 and Appendix 
A.5). Assuming that r) ma = 0.8, we find the results for IT], in the first three lines 
of Table 4.3, then add 20 log D a to the previously calculated low-frequency value 
of M to get the effective sensitivity (MD a 2 ) and finally determine (p n 2 ) from Eq. 
(4.59). Note that Df = 1 for the spherical hydrophone at all frequencies. 

Table 4.3 shows that at 1 kHz the hydrophone thermal noise is caused almost 
entirely by tan 8, while at 10 kHz the influence of (R r + R m ) exceeds that of tan 8, 
and at 20 kHz (R r + R m ) has become dominant. We have also assumed that tan 
8 and q ma are frequency independent, which means that we have assumed (for 
simplicity) that R m has the same frequency dependence as R r . The fundamental 
resonance frequency of this hydrophone is about 44 kHz (see below), and the low- 
frequency approximation for both Rh and M is reasonable up to 20 kHz as long as 
the diffraction constant, D a , is included in the sensitivity. 

At mechanical resonance, u) r , where X = 0, Eq. (4.70) simplifies to 


(k 2 R/N 2 ) [k 2 + tan 8/Q m ] 

K-h o ? 

[k 2 + tanS/Q m ]- + (l—k 2 ) /Q 2 

But, in most cases, k 2 tan 8/Q m and 

R k 4 R/N 2 = k 2 R r C E /q ma Cf 

h ~ k 4 + (1 _ k 2 )/Q 2 k 4 +(1 _ k 2 )/Q 2' 


(4.72a) 


(4.72b) 


Thus, in the vicinity of resonance, the noise is strongly determined by the radiation 
resistance and mechanoacoustic efficiency, and very little by electrical dissipation 
as long as k 2 is high. Continuing the spherical hydrophone example at resonance 
we have the hydrophone mass = 0.075 kg, the radiation mass 0.008 kg, f r = 44 
kHz, f a = 54 kHz, Q m = 2.6, and Q a = 3.1. The sensitivity is raised to -187 dB by 
the resonance [see Eq. (4.10)] and lowered to -199 dB by the diffraction constant. 
This spherical hydrophone is similar to the spherical hydrophone in Fig. 4.11, 
where the radius is 10% greater. The final result of these effects, given in the 
fourth line of Table 4.3, shows the internal thermal noise at resonance to be about 
the same as the thermal noise in the sea. 
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At anti-resonance,tu a , X = a> a M'k 2 , and if 1/Q a is large compared to both 
k 2 tan 8/(1 — k 2 ) and cu a tan 8/cu r Q m , the hydrophone resistance can be approxi¬ 
mated by 

Rh = k 4 Q 2 R/N 2 = Q 2 k 2 R r C E /r| ma Cf. (4.72c) 

Equation (4.10) shows that the sensitivity is increased above the low-frequency 
value by the factor Q a at cu = cu a , making it -183 dB before the D a 2 of -15 dB is 
applied, which then gives the results in the fifth line of Table 4.3 where the internal 
noise is again about the same as the thermal sea noise. 

The values of (p n 2 ) in Table 4.3, when used in Eq. (4.65) with DI = 0, give 
reasonable values of electroacoustic efficiency, (i.e., very low at 1 kHz and high, 
up to 80%, at the other frequencies). The thermal sea noise exists in the sea and 
also in the hydrophone, as (p n 2 > is defined by Eq. (4.59) where Rh includes the 
radiation resistance. Therefore, at high frequencies where tan 8 has little effect on 
the noise, (p n 2 ) is approximately equal to the thermal sea noise increased by the 
factor l/r| ma and decreased by the factor Df as will be seen more generally in the 
next section. In Table 4.3 with r| ma = 0.8 and Df = 1 the expected difference is 
about 1 dB, which is within the accuracy of the calculations. 

4.7.4. A Comprehensive Hydrophone Noise Model 

A comprehensive hydrophone noise model is developed, in detail, in Appendix 
A. 15 where a different approach is taken by extending the definition [47] of 
Johnson thermal noise to include mechanical components such as the mechani¬ 
cal resistance and radiation resistance, thereby developing a noise force for these 
components. This noise force is then directly converted to an equivalent noise 
pressure through the capture area and diffraction constant for the hydrophone. 
The model is shown to agree with the model by Mellen [48] and with the results 
in Section 4.7.3. The approach leads to an equivalent hydrophone noise pressure 
given by 

<p n 2 > = [47tKT(p/c)f 2 /D f r lma ][l + (tan S/k 2 )[cu/cu r Q m 

+(Q m cu r /tu)(l - cu 2 /cu 2 ) 2 }], (4.73) 

which can be reduced to 

( Pn 2 > = 47tKT(p/c)f 2 /D f p ea . (4.74) 

Equation (4.74) may be rewritten, at 20°C in dB//(pPa) 2 /Hz, as 

10 log(p n 2 } = 20 log f — 74.8 — 10 log q ea — DI, (4.75) 

which is identical to Eq. (4.65) which was developed through reciprocity in Sec¬ 
tion 4.7.1. The incident plane wave signal pressure squared, |p;| , must be greater 
than the value given by Eq. (4.74) to obtain a signal-to-noise ratio greater than 
unity. 

The total electrical noise voltage, (V n 2 ), may be obtained from Eq. (4.74) and an 
expression for the hydrophone voltage sensitivity which may be developed from 



206 4. Transducers as Hydrophones 


the equivalent circuit, of Fig. (4.19). This circuit is not restricted to bender hy¬ 
drophones and the resulting sensitivity, given by Eq. (4.32), is a good approxima¬ 
tion for most pressure sensitive hydrophones. Accordingly, we may express the 
hydrophone sensitivity as 

|V/p| 2 = k 2 A 2 D 2 C E /C f [(a>/tu a Q a ) 2 + (1 - ur/u> 2 ) 2 ]. (4.76) 

and on replacing p 2 by (p n 2 ), the mean-squared-noise voltage may be written as 
(V n 2 ) = (p n 2 >k 2 A 2 D 2 C E /Cf[(a)/cu a Q a ) 2 + (1 - tu 2 /tu 2 ) 2 ]. (4.77) 

Substitution of Eq. (4.74) and the second form of Eq. (4.56), into Eq. (4.77) 
yields 


(V n 2 > = 4KTR r k 2 C E /C f q ea [(o>/a> a Q a ) 2 + (1 - co 2 /a> 2 ) 2 ]. (4.78) 

The preamplifier electrical noise should be less than this quantity and the hy¬ 
drophone should be properly matched to the preamplifier for best performance 
[46,49,50,51], 

The approximate hydrophone input resistance, Rh, at any frequency, may be 
obtained from Eq. (4.78) by substitution of Eq. (4.57) (with Af = 1) yielding 

R h = R r k 2 C E /C friea [(u)/co a Q a ) 2 + (1 - u> 2 /co 2 ) 2 ]. (4.78a) 

Equation (4.78a) gives the same results as Eq. (4.70) under the usual condition of 
the electrical dissipation factor tan 8 <ZC 1. Also, see Appendix A. 17. 


4.7.5. Vector Sensor Internal Noise 

The internal thermal noise in vector sensors may be analyzed by the methods de¬ 
scribed above. However, in the vector sensor case the output is usually derived 
from a pressure or force differential which falls at a rate of 6 dB per octave with 
decreasing frequency yielding a smaller sensitivity than a scalar sensor at the 
lower frequencies. The smaller sensitivity results in a larger pressure equivalent 
of the electrical dissipative noise in the low-frequency range than that given by 
Eq. (4.67b) with M constant. 

Consider the case of two small closely spaced identical omnidirectional piezo¬ 
electric hydrophones, as discussed in Sections 4.51 and 4.52 and illustrated in 
Fig. 4.20a. The series wired, on-axis, summed scalar omni and differenced vector 
directional voltage outputs may be obtained from Eqs. (4.49a,b) and written as 

Vo = 2Mi Pi , and V d = 2M, (jtsf/c)pi, (4.79) 

where p, is the free-held incident pressure. Mi is the sensitivity of each hy¬ 
drophone, s is the separation between the small hydrophones, and 7tsf/c = Jts/A 1. 
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The equivalent thermal scalar, po n , and vector, pan, noise can then be determined 
from Eq. (4.59) with M = 2Mi for the scalar hydrophone and M = 2M i (7tsf/c) for 
the vector hydrophone and written as 

101og(p on 2 > = -198 dB + 10 log 2R h - 201og2Mi, (4.80a) 


or 


101og(p dn 2 } = —198dB + 10log2R h - 201og2Mi - 201ogfjts/c. (4.80b) 

Since fjts/c < 1 the additional term, —20 log t'7ts/c, is positive, increasing the noise 
of the vector hydrophone at a rate of 6 dB per octave, as the frequency decreases. 
The low-frequency scalar piezoelectric ceramic hydrophone noise equation, Eq. 
(4.67b), may also be used for a vector hydrophone with the addition of the same 
extra noise term, —201og(f7ts/c), and written as 

101og(p dn 2 ) « —206dB + 10 log 2 tan 8/Cf — 201og2Mi — 30 log f—20 log Jts/c, 

(4.80c) 

showing a 9 dB/octave internal noise increase as the frequency decreases, which 
could be a serious limitation on low-frequency signal detection. 

In Table 4.3 the equivalent thermal hydrophone noise was compared with SS0 
ambient noise for the specific case of a 0.04m diameter piezoelectric ceramic 
spherical hydrophone. At 1 kHz it was found that the hydrophone noise was 37 
dB below the SS0 noise of 45 dH//|iPa 2 /Hz. If a dipole was made from two of the 
same hydrophones, the smallest separation possible would be s = 0.04 m, giving 
Jts/c = 8.5 x 10 -5 . Using Eq. (4.80c), with tan8 = 0.004 and Cf = 29nF for 
the spherical hydrophone, we find the dipole equivalent noise at 1 kHz to be 25 
dB//p.Pa 2 /Hz, which is 17 dB higher than the single hydrophone noise, but still 20 
dB below SS0 noise. This result holds for the incident wave parallel to the dipole 
axis; if the wave was incident at the angle 0, the separation, s, would be replaced 
by s cos 0, and for 0 = 60° the dipole noise would be 6 dB higher, but still 14 dB 
below SS0 noise. At lower frequencies the dipole noise would increase at 9 dB per 
octave, while the sea state noise increases at about 5 dB per octave, but shipping 
noise becomes more important than sea state noise in this low-frequency region. 
This example suggests that internal thermal noise may not be a serious limita¬ 
tion on use of dipole sensors in the sonar frequency range as long as piezoelectric 
materials with low dielectric loss are used. 

The internal noise in accelerometers is also important since they are commonly 
used in velocity sensors; measured results on two accelerometers designed for use 
with a velocity sensor will provide examples. In one case [52a] the piezoelectric 
ceramic flexural disc accelerometer has Cf = 3.4 nF and tanS = 0.014, giving a 
low-frequency input resistance of Rh = 656 ohms at 1 kHz. The low-frequency 
acceleration sensitivity is — 17dB//V/g which corresponds to a pressure sensi¬ 
tivity of —205 dB//V/n Pa at 1kHz (see conversion relations at the beginning 
of Section 4.5). Equation (4.59) then gives the equivalent noise pressure of the 
accelerometer at 1 kHz as 
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101og(p n 2 } = —198 dB + 205 dB + 101ogR h = 35 dB//pPa 2 /Hz, (4.81) 

which is close to the measured value of 38 dB in Fig 13 of reference [52a]. The 
measured accelerometer noise in the other example is almost the same, about 37 
dB//p.Pa 2 /Hz in Fig. 5 of reference [52b]. Thus it appears that the internal noise 
in vector sensors is about the same whether based on accelerometers or on dipole 
hydrophones when the same piezoelectric ceramic is used. 

It was pointed out by Lo and Junger [53] that vector intensity sensors do not 
respond to isotropic noise. This result may be useful in applications when ambient 
noise is the limitation, if it has a significant isotropic component [54, 55]. 


4.7.6. Vector Sensor Susceptibility to Local Noise 

Vector sensors also show a strong dependence on local external noise sources at 
the lower frequencies. Consider a vector sensor consisting of two small scalar 
sensors separated by s, with a voltage at each sensor given by Vi = Mipi and 
V 2 = Mi P 2 , and a voltage difference of V d = Mi(pi — p 2 ) = Mi Ap. As a simple 
example, also consider a nearby small spherical noise source situated at a distance, 
r, on a line passing through the two small scalar sensors. In practice the noise 
sources are not this simple and usually consist of a spatial distribution of sources 
resulting from turbulence and structural vibrations. The omni case is used here 
only to show the strong sensitivity of vector sensors to nearby noise sources and 
to inhomogeneous noise fields (also see Section 6.53). 

Since the noise source is nearby, the wave front is spherical with a pressure 
gradient that depends on the distance from the source. Let the pressure from this 
source be written as p = Ae~ jkl /r, where A is proportional to the source strength, 
with the gradient given by 


0p/5r =-jk(l +l/jkr)p. (4.82) 

With dp ~ Ap and or ~ s we can approximate Eq. (4.82) as 

Ap = —jks(l + l/jkr)p, (4.83) 

yielding the vector sensor voltage response to the noise source as 

V d = -jM 1 ks(l + l/jkr)p. (4.84) 

For a noise source which produces the same pressure at the vector sensor but is 
located at a large distance, R, such that kR 1, we may write V dp = —jksMjp. 
The ratio of the mean-squared voltage outputs of the nearby and the distant noise 
sources is then 


(V d 2 >/(V dp 2 > = 1 + l/(kr) 2 , 


(4.85) 



Hydrophone Thermal Noise 209 


which shows the increased sensitivity of vector sensors to nearby noise sources 
as compared to distant noise sources. This effect is particularly strong at low fre¬ 
quencies where kr < 1. The sensitivity of vector hydrophones is dependent on 
the curvature of the wave field. Accordingly, one would expect them to be even 
more sensitive to nearby dipole and quadrupole sources. It is important to use a 
screen or dome to move noise sources as far away as possible. Since the pres¬ 
sure differential may be considered as a force on a body and since the velocity 
u = — (1 /jcup)3p/5r these effects apply to pressure gradient and particle velocity 
hydrophones. 

As discussed before, vector sensors can also suffer from mechanically generated 
noises and should therefore be mounted with a suspension resonance well below 
the operating band. This is particularly important for vector sensors based on ac¬ 
celerometers which, by their very nature, detect mechanical vibrations as well as 
accelerations derived from acoustic signals. In the case of an isotropic noise field, 
vector sensors can have a signal-to-noise advantage over small scalar sensors by 
4.8 dB, due to the DI of the cosine directional pattern. Moreover, in some cases 
the nulls in their directivity pattern may be directed towards a strong noise source. 
Noise in vector sensors has been discussed in detail by Gabrielson [56]. Arrays of 
vector sensors will be discussed in Chapter 6. See Appendices A.15 and A.17 for 
more on hydrophone internal noise. 
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Projector Arrays 


Naval applications are the main motivation for the development of large, innova¬ 
tive sonar systems. Therefore, the development of large acoustic arrays is closely 
related to new ship construction, and especially to new submarines since they 
depend so strongly on acoustics [1, 2], The main function of active sonar on 
submarines is searching for surface ships and other submarines, but avoidance 
of mines and sea mounts, and underwater communications, are also very im¬ 
portant functions. Active search requires large projector arrays operating in the 
2-10 kHz region for medium range performance, while obstacle avoidance uses 
smaller, higher-frequency arrays. All submarine applications require transducers 
capable of withstanding hundreds of pounds per square inch of hydrostatic pres¬ 
sure without significant change in performance. On surface ships active sonar is 
used mainly for searching for submarines, with transducers similar to those in 
submarine arrays except for the hydrostatic pressure requirement. Extremely long 
range active sonar requires lower frequency and higher power (see Fig. 1.13), 
which leads to many problems in transducer and array design as well as possible 
environmental effects. 

Active sonar arrays often contain hundreds of individual projectors in order 
to radiate sufficient acoustic power in well-defined directions. The transducers 
in these arrays are usually mounted on a plane, cylindrical, or spherical surface 
as shown in Fig. 5.1 and Figs. 1.14 and 1.15, and enclosed behind an acoustic 
window in the hull of a ship, a submarine, or a towed body. 

The transducers are packed closely together as shown in the figures in order to 
maximize acoustic loading, and to form and steer acoustic beams. However, the 
close-packed transducers also influence each other by acoustic coupling through 
the water, causing the vibration of each transducer to be determined, not only by 
its electrical driver, but also by the vibration of the other transducers. After World 
War II, the importance of acoustic coupling became apparent during testing of 
large arrays of efficient transducers, when it was found that coupling can degrade 
array performance, and even cause transducer failure in some cases. The effects 
of acoustic coupling can be predicted by including it in the array design process 
in terms of mutual radiation impedances. 
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FIGURE 5.1. Diagram of a cylindrical array used in active sonar. 


An active sonar system design begins with a goal of detecting certain targets 
at specified ranges from specific platforms. The goal determines the appropriate 
frequency band and the required acoustic performance characteristics, such as the 
maximum source level, maximum acoustic power, directivity index, number of 
steered beams, and beam widths. The platform and other operating conditions usu¬ 
ally impose constraints on array size, weight, shape, and available electrical power, 
which, in turn, constrain the acoustic characteristics. Sonar system design will not 
be discussed here; Urick [3] gives a simple description of the whole process in his 
Chapters 2 and 13, Horton [4] discusses all aspects of sonar and Bell [2] describes 
the twenty year development of a specific surface ship active sonar system. 

Only the array design will be discussed here, and it begins with the relationships 
between frequency, dimensions, and directivity which are given in Section 5.1. 
These relations are used to determine array size and shape and the number and 
arrangement of transducers consistent with the constraints. These factors then de¬ 
termine the individual transducer size, shape, and weight. As a first step in array 
analysis the acoustic coupling can be left out of the calculations, which makes the 
transducer velocities proportional to the applied voltages, and allows easy calcu¬ 
lation of preliminary directivity patterns and DIs over the full range of frequencies 
and steering angles. The DI and the specified source level give a preliminary es¬ 
timate of the average power required from each transducer. The transducer size, 
frequency, and average power indicate the type of transducer that might be suitable 
and whether it will operate near the limits of transduction capabilities. However, 
the question of transducer limits cannot be answered without including acoustic 
coupling in the array analysis, because the coupling makes the transducer power 
vary from one transducer to another. 

Array analysis including coupling determines the velocities of each transducer 
using assumed transducer parameters and calculated mutual impedances with 
specified voltage amplitudes and phases as will be described in Section 5.2. Cal¬ 
culation of mutual impedance will be discussed in Section 5.3, with examples 
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that can be used in array analysis. Solution for the velocities requires inversion 
of a complex matrix, and then the total radiation impedance of each transducer 
can be found, as well as transducer currents and electrical impedances. Because 
of acoustic coupling, the velocities, radiation impedances, resonance frequencies, 
and radiated power vary from one transducer to another. Furthermore, the trans¬ 
ducer velocities do not have the same phasing and shading as the voltages, which 
means that the beam patterns calculated from these velocities usually have lower 
DIs than those calculated without considering mutual coupling. 

For specified voltages, the total acoustic power radiated by the array can be 
determined from the calculated velocities and radiation resistances. Comparing 
this power with the maximum power required by the originally specified source 
level and the recalculated DIs gives the required maximum transducer voltage 
amplitudes and maximum velocity amplitudes. This is the critical transducer in¬ 
formation. The velocities determine the stresses in the transducers, which must be 
low enough to avoid mechanical failure; while the voltages determine the electric 
fields and currents, which must be low enough to avoid electrical breakdown (see 
Section 2.9). 

The information provided by the array analysis gives a basis for determin¬ 
ing whether an existing transducer design is adequate, and, when a new design 
is needed, whether it is feasible. The transducer problems caused by the cou¬ 
pling arise mainly from the variations of velocity and current, which change with 
frequency and steering. Since the electrical amplifiers are usually approximate 
voltage sources, the voltage magnitudes and phases are under control, but the 
variations in the velocities and currents are not. Each transducer and its power 
amplifier must be able to withstand the worst case of high velocity or high current. 
Although only a small fraction of the transducers will be subjected to these high 
values for a given frequency and steering, other transducers will be subjected to 
similar high values as the beam is steered and the frequency changed. Thus the ar¬ 
ray output is limited by the failures that might result from the velocity and current 
variations caused by the coupling. 

When array analysis indicates that the assumed transducer characteristics are 
not adequate the electrical and mechanical limits might be raised or brought closer 
together (see Section 2.9) by improving construction techniques or considering a 
different transduction material or mechanism. With a revised transducer design 
and a new set of transducer parameters, another array design iteration can be ini¬ 
tiated by solving the array equations again and recalculating the acoustic perfor¬ 
mance. When this integrated transducer/array design process leads to satisfactory 
results, a partial array can be built and tested for comparison with the results of 
array analysis. The experimental testing must also include a complete array and 
consider all the system components [1,2]. 

In echo-ranging systems it is usually possible to use the projector array for the 
receiving array, although when high performance against noise is required, and 
space is available, it may be advantageous to use a separate receiving array [1], 
Hydrophone arrays will be discussed in Chapter 6. 
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FIGURE 5.2. Diagrams of surface and volume arrays, (a) Surface array of close packed 
longitudinal resonator transducers forming a plane surface, (b) Volume array of oval flex- 
tensional transducers. 


There are several levels of complexity in array analysis depending on the trans¬ 
ducer characteristics and the array geometry. The simplest case is the surface array 
of fixed velocity distribution (FVD, see Section 1.3) transducers, which can also 
be called a baffled array since each transducer is part of a common surface formed 
by the other transducers, as shown in Fig. 5.2a. Arrays of non-FVD transducers 
present a much more complex situation because these transducers may vibrate in 
more than one mode with a modal composition that depends on location in the 
array. With non-FVD transducers, the mutual radiation impedance concept must 
be extended to include coupling between different modes (see Section 5.4). 

Another level of complexity occurs when the transducers in the array do not 
form part of a closed surface but instead are arranged throughout a volume as 
illustrated in Fig. 5.2b. Then, with no common baffle surrounding the transducers, 
the coupling between transducers includes scattering in addition to the direct effect 
of one transducer on another (see Section 5.5). In large-volume arrays classical 
methods of analysis are not practical, but finite element modeling is applicable. 

Acoustic pressure variations in the near field of arrays may also be a limitation 
since the pressure at a point on or near the array surface may be high enough 
to initiate cavitation (see Section 10.32). In some cases the hydrostatic pressure 
inside sonar domes on surface ships is raised above the outside pressure to avoid 
cavitation. The acoustic pressure variations on the array surface are related to the 
total radiation impedance variations among the transducers, since the radiation 
impedance is the spatial average of the acoustic pressure over a transducer surface. 
Therefore, array analysis that shows large variations of total radiation impedance 
may indicate the potential for cavitation. 

Section 5.6 will illustrate the detailed information that can be obtained by finite 
element modeling of arrays, including an example of the pressure and displace¬ 
ment distribution on an array surface. This chapter will conclude with Section 5.7 
on a quite different type of projector array, the nonlinear parametric array. 




5.1. Array Directivity Functions 

5.1.1. The Product Theorem 
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The far-held directivity function of an array is the sum of the far fields of all the 
individual transducers (see Chapter 10). Arrays of identical transducers forming a 
plane surface are the easiest to analyze if it is assumed that a plane baffle extends 
beyond the edges of the array for several wavelengths which makes the far fields 
of all the individual transducers have the same directivity function in the array. It 
will be assumed that the baffle is rigid and that the radiating faces have arbitrary 
shape with area A. The pressure produced by the i th transducer in the array is given 
by the Rayleigh integral in Eq. (10.25), where R is the distance from a point on 
the transducer surface to a field point. In the far field, R is much greater than the 
transducer dimensions and can be approximated by r, in the denominator of Eq. 
(10.25) and by R = r; - rosinO cos(cf) — 4>o) in the phase factor, where r; is the 
distance from the center to a point in the far field, and ro is the distance from the 
center to a point on the transducer surface (see Fig. 5.3). The result for transducers 
with uniform velocity is 

Pi( ri , 0, 4>) = JpCkUiA — [[ e i kl o sin 0 eostcp—q3 0 ) dS() ^ (5 1} 

2k qA JJ 

The integral in Eq. (5.1), divided by A, is the dimensionless individual trans¬ 
ducer directivity function which depends only on 0 and 4?; it can be written as 
f(0, eft) and is the same for every transducer in the array as long as they are ori¬ 
ented in the same way. Then Eq. (5.1) can be written 


p.(n, 0, 4>) 


jpckttiA 
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f(0,4>) 


e-M 

0 


(5.2) 


Eq. (5.2) shows that the far-field pressure produced by each transducer is pro¬ 
portional to its frequency, velocity, and area or to its acceleration and area since 
jcku = j cuu is the acceleration. 



FIGURE 5.3. Coordinates used in Eq. (5.1) for the field of a piston transducer with arbitrary 
shape. 
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An array of N such transducers arranged in any way on the plane, but all having 
the same orientation with respect to the array coordinate system, has a far field 
given by 


p(r, 0, c})) = 


jpckA f(8, 4) 
2n r 


N 

z> 

i=l 


-jkr, 


(5.3) 


where all the r, are approximated by r in the amplitude but not in the phase. 
Equation (5.3) can be used to calculate the array directivity function when the 
transducers have different velocities and are arranged arbitrarily on a plane. It 
is evident that the array directivity function is the product of the individual 
transducer directivity function, f(0, tj)), and the directivity function of an array 
consisting of point sources located at the center of each transducer and given by 
the summation in Eq. (5.3). This result is known as the Product Theorem [5], The 
Product Theorem does not apply to arrays on curved surfaces where the transducer 
axes do not all point in the same direction. 


5.1.2. Line, Rectangular, and Circular Arrays 

Equation (5.3) can be used to calculate the far-field directivity function of a plane 
array with any geometrical arrangement of the transducers, as long as they are ori¬ 
ented in the same way, with any distribution of velocities among the transducers. 
When the transducers all vibrate with the same velocity and are also arranged on 
a uniform rectangular grid, as shown in Fig. 5.4, Eq. (5.3) can be evaluated in a 
simple form. 

Let the plane of the array be the xy plane, with one corner of the array at the 
origin, with N transducers parallel to the x-axis with spacing D, and M transducers 
parallel to the y-axis with spacing L. The distance q in Eq. (5.3) is the distance 
from the center of a transducer designated by n,m to a far-field point where n = 0, 
1, 2 • • • N — 1 and m = 0, 1, 2 • • • M — 1. For example, consider the transducer 



FIGURE 5.4. Coordinates for calculating the far-field of a rectangular array of identical 
piston transducers. The shaded transducer is located at n = 0, m = 2. 
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at n = 0, m = 2 and a far-field point in the yz plane ( c[j = 90°); it can be seen from 
Fig. 5.4 that r; = ro? = r - 2Lsin0, and in general that 

rj = r nm = r — sin 0(nD cos c) 5 + mL sin 4>). (5.4) 


Equation (5.3) can then be written 


' V A —jkr N—1 M—1 

p(r, 0, 4>) = — f(0, c}))— Y e )knDsin0cos(|5 Y e jkmLsin0smc|> (5.5) 

n=0 m=0 

where u is the transducer velocity. Since each of these summations is a geometric 
series, the far-held pressure of the array can be written 
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where R = r — (N — 1)D sin 0 cos 4>/2 — (M — 1)L sin 0 sin 4>/2, and the added 
phase factors are used to refer the phase of the array output to a point at the center 
of the array. The last two factors in Eq. (5.6) have each been normalized to unity 
at 0 = 0. 

For small, omnidirectional transducers, where f(0, 4>) is a constant equal to 
unity, the array directivity function depends on the product of the second and third 
factors in Eq. (5.6), and it has a simple form in two planes. For 4> = 0° and 180° 
(the xz plane) the second factor in Eq. (5.6) is the directivity function of a line 
array of omnidirectional transducers and the third factor is unity. Similarly, for 
4> = 90° and 270° (the yz plane), the third factor is a line array function and the 
second factor is unity. Equation (5.6) reduces to the field of a line array by setting 
M = 1 and 4> = 0. It reduces further to the field of a continuous line by letting the 
number of transducers increase (N —> oo) while the spacing decreases (D —» 0) 
such that ND = Lo, the length of the line, and N Au equals the source strength, Qo, 
which gives the far-held pressure. 
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(5.6a) 


This differs from the far held of the continuous line source in Eq. (10.22) by a 
factor of 2 because the line array is in an infinite plane baffle, while the line source 
is in free space. The approximate results for beam width, directivity index, and 
hrst side lobe levels given in Chapter 10 for the continuous line and rectangle also 
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hold for a line or rectangular array of discrete transducers if the separation does 
not exceed about one half wavelength. The results for the directivity factor are: 

Df Rs 2ND/A, for a line of N transducers, 

Df R» 47tNMDF/A 2 , for a rectangle of NM transducers. 


An interesting special case of Eq. (5.6) is the directivity pattern in the perpendic¬ 
ular plane on the diagonal of a square array (4? = 45°, M = N, D = L); this pattern 
is proportional to the square of a line array pattern of N transducers with spacing 

D/V2: 


p(r, 0, Jt/4) 


jN 2 pckuAe J kR 
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(5.6b) 


This pattern is interesting because it does not change sign from one lobe to the 
next. Furthermore, the main beam width is greater than it is for the pattern in a 
plane parallel to a side of the array, despite the diagonal being longer than the 
side, and the side lobes are lower [5a]. This occurs because, as viewed from a 
diagonal, the diamond shape of the array is equivalent to shading to suppress side 
lobes (see Section 5.1.4). 

Another useful array geometry that can be formulated in a simple way is a uni¬ 
formly spaced circular array of radius a in a plane as shown in Fig. 5.5. Consider N 
transducers (where N is a multiple of 4) all vibrating with the same velocity, where 
4> 0 = 360/N is the angular separation in degrees between adjacent transducers. In 
this case the pattern is the same in any plane perpendicular to the array that passes 
through the center of the circle and two of the transducers. For the pattern in the 
xz plane the distance from the centers of the two transducers on the x-axis to a 


r-a sine 



FIGURE 5.5. Coordinates for calculating the far-field in the xz plane of a circular array 
of identical transducers. The far-field is the same in the xz, yz and other planes passing 
through two transducers and the center of the array. 
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far-field point is r ± a sin 0. For the two transducers on the y-axis the distance is r, 
and for every group of four transducers displaced from the x-axis by the angles ± 
ncfto and ±(180° — n 4>o) the distance is r ± a sin 0 cos n 4>o- When the contribu¬ 
tions from all these transducers are combined in pairs the exponentials reduce to 
cosines and Eq. (5.3) gives for the pattern in any perpendicular plane that passes 
through the center of the circle and two of the transducers: 

n_! 

i pcku^V e 

p(r, 0) = -f(0)-[2cos(kasin0) + 2 ±4 'S' cos(kasin0cosn4>o], 

2% r ' 

n=l 

(5.7) 

When N -* oo and cf>o -> 0 with N<|)o = 2jt, Eq. (5.7) gives the far field of a 
thin ring, which can be derived in a different way and is given in Eq. (10.36a). 
Equation (5.7) when normalized to unity at 0 = 0° can be written 

tjU-j; 

^ ^ [2cos(ka sin 0) ± 2 + 4 ^ cos(ka sin 0 cos ncbo)]. (5.7a) 

p(0) Nf(0) L~1 

A circular array with empty interior has higher side lobes than a line array since 
it corresponds to shading a line array more strongly near the ends. Circular ar¬ 
rays are of interest because they have smaller grating lobes than a line array as 
will be discussed below. Phased circular arrays were discussed by Thompson [6], 
Another type of circular array consisting of a circular piston surrounded by con¬ 
centric annular pistons has been discussed by Zielinski and Wu [7]. Such an array 
can be shaded to produce a searchlight beam pattern with arbitrarily suppressed 
equal side lobes. 


5.1.3. Grating Lobes 

Equation (5.6a) for the continuous line source is the familiar sinx/x function with 
side lobes that decrease in amplitude as 0 increases. However, actual arrays are 
usually not continuous, because they consist of discrete transducers that can be in¬ 
dividually phased to steer the beam. At low frequency, where the spacing between 
transducers is small in terms of wavelengths, the directivity function of discrete 
arrays is similar to that for the continuous line, but at higher frequencies these 
directivity functions become quite different. The difference can be illustrated by 
the first of the line array functions in Eq. (5.6) with <|>= 0. Then for 0 = ±90° 
(negative values of 0 are in the half plane cf> = 270°) and D equal to one half 
wavelength (kD = Jt) the pressure is zero for N even, and proportional to 1/N for 
N odd, since most of the individual contributions cancel. However, for D equal to 
a full wavelength (kD = 2jt) the contributions add in phase at 0 = ±90° making 
the normalized pressure unity and equal to the main lobe pressure as shown in 
Fig. 5.6. 

These large lobes at ±90° are called grating (or aliasing) lobes because they 
duplicate the height of the main lobe except as modified by the individual hy¬ 
drophone directivity function, f(0, cf)). As kD increases above 2jt, the first grating 
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0 ° 



FIGURE 5.6. Example of grating lobes at +/ — 90° for a line array of three transducers 
with kD = 2 ji. 


lobes appear at smaller angles and other grating lobes also appear. For example, 
when kD = 4jt, the first grating lobes appear at ±30° and the second at ±90°. 

Since grating lobes present a serious problem in a sonar system the spac¬ 
ing between transducers must be significantly less than one wavelength at the 
top of the frequency band (this criterion is changed by steering the beam, see 
Section 5.1.4). It is also usually the case in projector arrays that the transducer 
radiating faces must almost fill the spaces between transducers to maximize radi¬ 
ation resistance and power, which makes the directivity function of the individual 
transducers have a significant effect. If the transducer radiating faces are square, 
with side length d, the function f(0, 4>) for an individual transducer in the xz plane 
is given by Eq. (5.6a) with Lo = d. Then the normalized array pattern of a line 
array of N square transducers with spacing D is given by the Product Theorem, or 
specifically by Eq. (5.6) with M = 1, as 


P(0) — 


sin ^kd sin 0^ sin ^NkD sin 0^j 
fjkdsinO^ Nsin ^kDsin 0^ 


(5.8) 


The transducer directivity function in the first factor has a significant effect at 
90 degrees. Furthermore, if the transducers completely fill the array (d = D and 
packing factor = 1) Eq. (5.8) reduces to 


p(0) = 


sin 


^NkDsin 
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(5.8a) 


which is the directivity function of a continuous line of length ND with no grating 
lobes. Thus the directivity of the individual square transducers cancels the grating 
lobes when d = D, because it has nulls at the angles where the grating lobes occur. 

Such complete cancellation of the grating lobes is not feasible in practice 
because it requires each transducer to completely fill its allotted space, while a 
steerable array must have at least small gaps between transducers. If the line array 
contained circular transducers packed as closely as possible (radius equal to D/2), 
the first factor in Eq. (5.8) would be 2Ji(kD sin0/2)/(kD sin0/2), (see Section 
10.22), which would reduce—but not cancel—the grating lobes. For example, the 
grating lobe at 0 = 90° for kD = 2n would be reduced by 7.5 dB. It will be seen 
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FIGURE 5.7. Array of square transducers with spacing D and gaps of width w between 
them. 


below that when the beam is steered the grating lobes are also steered, and the di¬ 
rectivity of the transducers then has much less effect in reducing the grating lobes. 

Square pistons with small gaps between them do provide some control over 
grating lobes. With a gap width of w = (D - d), as shown in Fig. 5.7, the first 
factor in Eq. (5.8) (the transducer directivity function) can be written in terms of 
D and w and, for w <3C D, approximated by 


[sin ^kD sin 0 
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ikw sin 0 cos ( ikD sin 0 


^ jkD sin 0^] 


^ jkD sin 0^j 


Thus, for the critical case of 0 = 90° and kD = 2k. the transducer pattern reduces 
the grating lobe by the factor (kw/2jt); for example, this factor is equal to 20 dB 
for gap widths that are 1/10 the transducer spacing. Results of this kind are also 
given by Stansfield [8], As mentioned before, this type of grating lobe control only 
applies to unsteered beams. 

Nonuniform spacing between transducers is another way of controlling grating 
lobes [9, 10]. The effect of nonuniform spacing is quite different from the effect 
of varying the drives of the individual transducers (shading). In a line array of 
omnidirectional transducers with kD = 2k, shading changes the sum of the outputs 
at 0 = 0° and at 90° equally and, therefore, does not change the grating lobe 
relative to the main lobe. It is a general result that shading does not reduce grating 
lobes relative to the main lobe, since both occur when all transducer outputs add in 
phase. On the other hand, in a line array with nonuniform spacing all the outputs 
add in phase at 0 = 0°, but they do not add in phase at 0 = 90° which reduces 
the grating lobe relative to the main lobe. The same type of grating lobe reduction 
occurs in the circular array since it is similar to a line array with nonuniform 
spacing. Since steering the beam also steers the grating lobes, their control by use 
of nonuniform spacing will be discussed in more detail in the next section. Grating 
lobes can also be controlled by use of staggered arrays of transducers with special 
shapes [11], 


5.1.4. Beam Steering and Shaping 

The directivity functions we have discussed so far resulted from plane arrays 
of transducers all vibrating in phase with the same velocity amplitude. These 
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functions can be modified in various ways by adjusting the amplitudes and phases 
of the transducer voltages, which adjusts the amplitudes and phases of the trans¬ 
ducer velocities. For example, adjusting the amplitudes (called shading) can be 
used to reduce the side lobes relative to the main lobe. In Chapter 6, shading 
on receiving arrays will be discussed, where reduction of side lobes is especially 
important to discriminate against noise coming from directions other than the di¬ 
rection of the main beam. 

The main reason for adjusting the velocity phases is to steer the beam, an essen¬ 
tial capability for an active sonar search system. As an example consider adjusting 
the phases of the transducer velocities of the rectangular array in Fig. 5.2, while 
keeping the velocity amplitudes equal. When the velocities are all in phase the 
beam points in the direction 0 = 0, perpendicular to the plane of the array, called 
the broadside direction. Steering the beam to an arbitrary direction, specified by 
0 = Go and cf) = 4>o, requires application of phase shifts that make the far fields 
of all the transducers in-phase in that direction. It can be seen from Eq. (5.5) that 
this occurs if the velocity phases are shifted progressively such that the transducer 
at location n,m has its velocity phase shifted by 


p nm = —nkD sin 0o cos cf)o — mkL sin 0o sin <j)o- (5.9) 

When these phase shifts are included in Eq. (5.5), each summation is a geometric 
series as before, and the result can be written in the same form as Eq. (5.6): 


p(r, 0, <(>) 


jNMpckuAf(0, 4>)e J kR 
2;tr 


sin NX sin MY 
N sin X M sin Y ’ 


(5.10) 


where 


and 


kD 

X = — [sin 0 cos ([) — sin 0 q cos <j)o]. 


kL 

Y = — [sin 0 sin eft — sin 0 q sin <j)o], 


Equation (5.10) differs from Eq. (5.6) in that the maximum value, corresponding 
to the peak of the main lobe, occurs at 0 = 0o and c[> = c[>o, showing that the 
main beam has been steered to the desired direction. This does not mean that the 
entire pattern has been exactly rotated into that direction. The resulting pattern 
is still the product of the array pattern and the transducer pattern, but the main 
beam is broadened and the side lobes are raised relative to the unsteered pattern 
as the steering angle increases toward end-fire (see Glossary) at 0o = 90 degrees. 
A specific example for a 10-element line array with approximate half wavelength 
spacing shows that the beam width approximately doubles when steered into the 
region of 0o = 60 to 90 degrees [12], 

To discuss the effect of steering on the grating lobes it will be convenient to 
consider a line array of uniformly spaced omnidirectional transducers. Equation 
(5.10) gives this case for M = 1, with f equal to a constant and cfs = 4>o = 0; then 
the normalized pattern can be written as 
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p(0, 0o) sin NX 
p(0, 0) ~~ NsinX’ 


(5.10a) 


where X = ^ (sin 0 — sin 0o) and 0o is the steering angle. Grating lobes occur 
when X = ±n, ±2n • • •; with the first (X = ±Jt) appearing at angles which satisfy 


sin 0 = sin 0 O ± 27t/kD = sin 0 O ± A/D. (5.10b) 


For kD = 2k with no steering, grating lobes appear at 0 = ±90°, but if the beam 
is steered to 30°, the grating lobe at —90° is steered to —30°, and, as the beam 
is steered to 90°, it moves from —30°to 0°. Equation (5.10b) also shows how the 
spacing must be reduced, or the frequency lowered, to eliminate the grating lobe 
when the beam is steered. For example, when kD = n and the beam is steered to 
90°, there is a full grating lobe at —90°, but for kD < n, the grating lobe is reduced 
and nearly eliminated at kD = k/2. 

In the previous section it was shown qualitatively that a line array with nonuni¬ 
form spacing between the transducers reduces the grating lobes relative to the main 
lobe. We now consider this method of grating lobe control quantitatively [9, 10], 
Fig. 5.8 shows a line array of N transducers with spacings that are nonuniform but 
symmetric about the center; 2Di is the spacing between the two center transduc¬ 
ers, D 2 is the spacing between a center transducer and the next transducer on each 
side, etc. 

Thus the distance from the center of the array to the 11 th transducer on each side 
is x n = XILi D;, and the distances from the 11 th transducers on each side to a 
wavefront determined by r and 0 are r ± x n sin 0. Combining the contributions 
from all the transducers in pairs, similar to the derivation of Eq. (5.7), gives the far 
field as 


P(0) = 2 


j pckuAe 
27tr 


-jkr 


N/2 

^ cos(kx n sin 0). 


J n=l 


(5.11) 


Note that for uniform spacing D, x n = nD. The normalized directivity pattern is 


m 

p(0) 


2 ^ 

— 2 , cos (kx n sin 0). 

N n=l 


(5.11a) 







FIGURE 5.8. Line array with non uniform spacing. Geometric spacing with R = 1.5. 
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A special case of nonuniform spacing makes x n a geometric progression by having 
a fixed ratio, R, between the spacings of adjacent transducers; thus D?/Di= R, 
D 3 /D 2 = R and D 3 /D, = R 2 , etc. Then D,/D,= R (i-1) and 

n 

x n = Dj ^R (i “ x) = Di (R n - 1)/(R - 1). 

i=l 

The expression for the directivity pattern then becomes 
2 N ^ 2 

^ = m c °s[kDi sin 0 (R n - 1)/(R - 1)]. (5.11b) 

P(°) N ^ 

Since this sum of cosines is less than N/2, except for 0 = 0 when it equals N/2, 
Eq. (5.1 lb) shows that the grating lobes are reduced relative to the main lobe. An 
array with this type of nonuniform spacing is sometimes called a logarithmic array 
because log D;/Di = (i — l)log R. 

As we have seen, uniform spacing with kD = 2 jc results in a grating lobe at 
0 = 90° with peak value equal to the main lobe peak. For 0 = 90° and kD 1 = 2tt, 
Eq. (5.1 lb) gives 


^ = ^X c °8l2 >l C Rn - 1 )/(R- 1 )]. (5.11c) 

As an example, for R = 1.05, Eq. (5.11c) gives a grating lobe 1.4 dB below the 
main lobe for N = 6 and 5.2 dB below for N = 8 . Chow [9] showed that the relative 
grating lobe level is given approximately by log [1/N(N — l)(ln R)] which gives 
4.4 dB for R = 1.05 and N = 8 , as compared to 5.2 dB found from Eq. (5.11c). 

As discussed before, the beam can be steered to the direction 0o with phase 
shifts of kx n sin0o, which replaces sin0 in Eqs. (5.1 la,b) by (sin 0 — sin 0o). The 
effectiveness of a specific value of R can then be evaluated by calculating p(0)/p(O) 
at specific values of 0 for comparison with a uniformly-spaced array. 

Phasing is also used to form narrow beams from sections of a curved array that 
otherwise would radiate broader beams than desired. For example, the phases of 
the transducer staves in a section of the cylindrical array shown in Fig. 5.1 can 
be adjusted to put their outputs in phase on a plane tangential to the cylinder. The 
required phase shifts can be approximated by ka (1 — cos [j, ) as can be seen from 
Fig. 5.9. 

The phased array has a pattern similar to the pattern of a plane array with a 
length equal to the projected length of the cylindrical array, 2a sina. However, 
unintended shading results from the variable spacing of the projected transducer 
locations and from the individual transducer directivity. These two effects partially 
compensate each other, but often the directivity is less important, and the array is 
inverse shaded (higher amplitude near the ends than at the center) which increases 
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FIGURE 5.9. Phasing a cylindrical array of radius a to a plane. L = 2a sina is the pro¬ 
jected length of the array. A transducer located at angle (3 has the phase ka( 1 — cos (3) 
added. 

the side lobes relative to the main lobe. To limit this effect the angular sector of 
a cylinder that can be used at one time is about 120°, unless additional shading is 
used to eliminate the inverse shading. In the case of cylindrical arrays the pattern 
can be steered in azimuth without further distortion by switching the set of phases 
to a different set of transducers. These patterns can also be steered to depression 
angles by additional phasing as described above for plane arrays. Spherical arrays 
can also be phased to a plane and then steered in azimuth, and to some extent in 
depression angle, by switching to other sets of transducers. Sometimes it is neces¬ 
sary to defocus, or broaden, a beam; for example, a plane array can be defocused 
by phasing the staves to a curved surface such as a cylinder using phase shifts that 
decrease from the center toward the ends. 

Beam formation and steering of a cylindrical array, such as the one shown 
in Fig. 5.1, may also be accomplished by the modal method discussed in Sec¬ 
tions 3.26 and 4.56 for cylindrical transducers. The procedure is the same except 
the modal distributions are approximated by the discrete amplitude and phase of 
the Tonpilz piston transducers rather than by use of the continuously distributed 
modes of an elastic cylinder. The omni radiation mode is approximated by driving 
all the transducers with the same amplitude and phase. The dipole radiation mode 
is approximated by driving the transducers with a discrete fit to the dipole function 
cos 0 with a phase reversal for the transducers in the back half. The quadrupole 
radiation mode is approximated by driving the transducers with a discrete fit to the 
quadrupole function cos 20 with phase reversals in successive quadrants. Higher- 
order modes and a sufficient number of transducers are necessary for narrow 
beams. The voltage amplitude and phase of each transducer is initially adjusted 
for equal far-held pressure from each mode and then added with weighting factors 
to obtain a particular beam pattern. This superimposed resultant voltage amplitude 
and phase for each frequency is then distributed around the transducers to obtain 
the same beam pattern at each frequency. Butler and Butler [12a] implemented this 
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method using a cylindrical array of 40 piston transducers arranged in eight staves, 
each composed of five parallel-wired transducers, and obtained the normalized 
beam pattern. 


P(0) = 3[1 + (2/3)cos0 - (l/3)cos20]/4, 

with dipole and quadrupole weighting factors of 2/3 and —1/3 respectively. This 
distribution produced a constant width hemi-cylindrical beam pattern with a null 
at 180°, and nearly uniform pressure from —90° to +90° over a one-octave band. 

Transient effects, such as the time to reach steady state, can be significantly 
extended in large arrays. For the transducers alone, Q m cycles are required to reach 
96% of steady state. For a broadside beam the rise time would not be increased, 
but for a beam steered to the angle 0 parallel to a side of an array of length L, it 
would be increased by L sin 0/A periods. For example, if transducers with Q m = 5 
were used in an array with a length of 5 wavelengths, the rise time for an end-fire 
beam would be doubled. This effect would sometimes be important in determining 
the appropriate pulse length for an operational system or in making measurements 
to evaluate an array. Note that the transducer Q m is determined by internal loss 
mechanisms and radiation loading, while the increase in rise time caused by the 
array is a completely different mechanism that depends on array size. 

Most of the discussion in this section and all the expressions derived for the 
beam patterns of specific arrays are based on arrays in a large, rigid plane baffle. 
Since such baffles do not exist, it is important to note that the sound field in di¬ 
rections close to the plane (0 near or equal to 90°) will be less than that given by 
these expressions. In many cases the difference at 0 = 90° will be 6 dB. This can 
be seen (see Section 10.33) by considering that the rigid plane case is equivalent 
to a plane array that is exactly the same on both sides of the plane. The same ar¬ 
ray in a perfectly soft plane is equivalent to an array in which the normal velocity 
distribution on one side is exactly the negative of that on the other side. Note that 
the latter case has zero field at 90°. Superposition of the two cases shows that the 
field of a plane array with no baffle is '/2 the sum of the fields with rigid and soft 
baffles. Therefore, at 90°the field of an array with no baffle is !/2 the field of the 
same array in a large rigid baffle. In Chapter 11 we will show that at other angles 
the factor is approximately (1+ cos 0)/2. The factor (1 + cos 0)/2 could have an 
important effect in predicting the performance of arrays when the beam is steered 
close to end fire. The factor also has a beneficial effect, similar to the effect of 
the individual transducer directivity, in reducing grating lobes near 90° when the 
beam is not steered far from broadside. 

Phasing to steer the far-field beam also causes changes in the near field which 
might be undesirable. Changing the phases of the transducer velocities changes 
the near field pressure distribution which changes the mutual impedances and the 
total radiation impedance of each transducer. Thus steering the array, especially 
steering to end-fire, which increases the pressure at one end of the array, might 
cause cavitation and increase problems caused by acoustic coupling. 
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5 . 7 . 5 . Effects of Random Variations 

There are several reasons why the ideal directivity patterns discussed above are not 
achieved in practice, the main ones being transducer manufacturing tolerances, po¬ 
sition tolerances in the array and different radiation reactances in an array caused 
by acoustic coupling. Any of these can cause the velocity phase of each transducer 
to vary from the desired value, and such variations always reduce the on-axis far- 
held pressure since it depends on all the individual contributions adding up in 
phase. 

Radiation reactance variations and manufacturing tolerances combine to give 
variations in mechanical impedance and in resonance frequency that can be related 
to variations in velocity phase. The velocity for any mechanical vibrator is given 
by F/Z where Z = R + jX = |Z| e J ^ is the mechanical impedance and F, the driving 
force, is proportional to voltage or current. Since X = |Z| sin c[j, variations in <|> can 
be related to variations in X and Z by 


dX 

dcu 


|Z| cos cf> 


dc|) 

dcu 


+ sin 4) -— 
dcu 


|Z|. 


Near resonance |Z| ~ R, cos ([> ~ 1 and sin cf) ~ 0 which gives dX/dcu = 
Rdcfi/dcu. Using the definition of Q m in Eq. (8.6), and since |dZ/dtu| = dX/dcu 
for R independent of frequency, we have 
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„ 2RQ m _ 
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dcu 


which can be written as 

dcu r 

d<t>la) ^ 2Q m —-. (5.12) 

tu r 

Thus a relative change in resonance frequency gives a change in phase amplified 
by the factor 2Q m . Since Q m values are typically 3-10 these variations may have 
a significant effect in arrays. For example, an array of transducers with Q m of 10 
and cu r variations of 5%, that is, dcu r /cu r = 0.05, gives phase variations across 
the array up to 57.5 degrees. 

A large array with random variations among the transducers can be considered 
a partially coherent array that will generate a component of the radiated field that 
is nearly omnidirectional [13]. The incoherent omnidirectional component sets a 
lower limit on side lobe levels. We can define the random fraction, F, as the ratio 
of incoherent radiated power to coherent radiated power. 


F ee W r /W = I r /I a = IrDf/Io, 


where Io is the on-axis coherent intensity, I a is the average coherent intensity and 
I r is the incoherent omnidirectional intensity. Then I r /Io = F/Df is the lower limit 
on side lobes and can be written in dB as 


101og(I r /I 0 ) = 10 log F — DI. 


(5.13) 
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As an example, if F = 5% the lowest average relative side lobe level possible is 
— 13 dB — DI. The greater the DI, the lower the side lobe level limit for a given 
random fraction F. 


5.2. Mutual Radiation Impedance and the Array Equations 
5.2.1. Solving the Army Equations 

In the previous section array directivity functions were discussed assuming that 
the transducer velocities were known. In this section the acoustic coupling be¬ 
tween transducers will be included and its effect on the velocities will be analyzed. 
Consider an array of transducers forming part of a closed surface, for example, the 
cylindrical array shown in Fig. 5.1. Each transducer produces a sound field, and 
the total sound field at every point in the water is the superposition of all the in¬ 
dividual sound fields. The far-held beam pattern is the result of all these fields 
combining at a large distance from the array. Similarly, on the surface of each 
transducer all the individual acoustic pressures combine to give the total pressure, 
which, at a point designated by rj on the surface of the i th transducer in an array 
of N transducers, can be written as (see Fig. 5.10) 

N 

POi) = XPjfaj)- ( 5 - 14 ) 

j=l 

Note that the sum includes the i th transducer itself, that Pj(r;j) is the pressure pro¬ 
duced by the j th transducer at the designated point on the i th transducer, and that 
rjj is the distance from the center of the j^transducer to the designated point. The 
force exerted on the i th transducer by the pressures from all the transducers is 



FIGURE 5.10. Notation for Eq. (5.14) showing the pressures from transducers 2 and 3 in 
a cylindrical array contributing to the total pressure at a point on transducer 1. 
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For transducers with uniform velocity distributions this force can be expressed in 
terms of the radiation impedance of the i th transducer by dividing by the velocity 
of that transducer, Uj, as was done for a single transducer in Eq. (1.4): 

F i N . . ^ N 

Zl = Ri +jxj=^=- z// =z ^ (5 - i6 > 

1 1 j=i j=i 1 

where 

Zij = Ry + jXy = ljj Pj(ry)dS„ (5.17) 

is defined as the mutual radiation impedance, or interaction impedance, between 
the i th and j th transducers. This definition applies to any pair of transducers in¬ 
cluding those that may have different sizes and shapes. The values of Zy depend 
on parameters, such as the separation and relative orientation, of a given pair of 
transducers on a given surface, but they do not depend on the other transducers 
in the array. It follows from the acoustical reciprocity theorem that Zy = Zy (see 
Section 11.22). The practical difficulties that arise in calculating values of Zy will 
be discussed at the beginning of the next section. 

Zj; is the self radiation impedance of the i th transducer, that is, the radiation 
impedance when all the other transducers in the array are clamped or when it is 
the only transducer on the same surface. If the transducers are identical the self 
impedance is usually considered to be the same for all the transducers in an array, 
but often that is not the case because self impedance depends on the surroundings. 
For example, in a truncated cylindrical array, as in Fig. 5.1, the self impedance of 
transducers near the top and bottom of a vertical column differs from the self im¬ 
pedance of transducers near the center of the column. The impedance Z,. defined 
in Eq. (5.16), is the total radiation impedance of the i th transducer; it depends on 
the self impedance, all the mutual impedances, and the velocities of all the other 
transducers in the array. The resistive part of Zj also has the usual relationship 
to the power radiated by the i th transducer, that is, the power equals l fi R;u;u*. 
Large variations of the total radiation impedance are most likely at low frequen¬ 
cies where the transducer radiating faces are small compared to the wavelength, 
and have the most effect at resonance where the transducer mechanical impedance 
is small. However, the interactions have the beneficial effect of increasing the total 
radiation resistance of most transducers in an array, such that Rj usually exceeds 
the self-radiation resistance, Ry. In some cases the increase in radiation resistance 
approaches the ideal of full array loading, with the average R, ~ pcA; where Aj 
is the transducer area. 

Analysis of an array requires inclusion of all the acoustic interaction forces in 
Eq. (5.15) in the equations that describe each transducer [14]. This can be accom¬ 
plished by replacing the self-radiation impedance in the equations for a transducer 
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alone by the total radiation impedance. Thus, in an array of electric field transduc¬ 
ers, the total mechanical impedance of the i th transducer is Z\ n + Z\. Using Eqs. 
(2.72 a,b), with Fb = 0 for projectors, and assuming that all the transducers in the 
array have the same mechanical impedance Z^, as well as the same turns ratio 
N em , and clamped admittance Yo, the set of 2N array equations for electric field 
transducers is: 

N 

0 = (z£ + £ — Zjj)u, - N em Vi, (5.18) 

tl; 

J=i 


11 — N em U; + Y 0 Vi, 


(5.19) 


for i = 1, 2 • • • N. Similar equations hold for magnetic field transducers. The rest of 
this chapter will be written in terms of electric field transducers, but the discussion 
is easily modified for magnetic field transducers. 

If the array geometry and the sizes and shapes of the transducer faces are speci¬ 
fied, the Zjj can be calculated in principle, but are usually approximated in practice. 
Then, if the transducer parameters are known, Eq. (5.18) can be used to calculate 
the voltages, if the velocities, uj, of each transducer are specified, simply by adding 
all the terms. On the other hand, if the voltages are specified, Eq. (5.18) is a set of 
N simultaneous equations which can be solved by matrix inversion for the veloc¬ 
ities. It would seem reasonable to specify the velocities since they determine the 
beam pattern, but there are various reasons why that is usually not practical as will 
be discussed in Section 5.2.2. In practice a beamformer provides the voltage for 
each transducer with appropriate phase and amplitude which then is applied to a 
power amplifier [15]. The amplifier impedance and tuning elements or transform¬ 
ers affect the voltage that is applied to the transducer and must be included in the 
analysis. These components can be combined with the transducer components, in 
ABCD matrix form (see Section 7.32), and represented by a Thevenin equivalent 
mechanical impedance, Z^., and force, E, 1 [15] (see Appendix A.8). Then Eq. 
(5.18) is replaced by 


= Z^.u, + Fi = Z T mi 


Z z 'J u i- 

j=l 


(5.18a) 


When each transducer is represented by 


V; = AF; + Buj, (5.18b) 

as in Section 7.32, and ignoring amplifier and tuning impedances, comparison 
with Eq. (5.18a) shows that F; T = V;/A and Zj n; = B/A, which are consistent with 
a Thevenin equivalent circuit representation.. 

When performing array calculations, it is convenient to form the impedance 
matrix, Z T , with the elements: 

Zj- — Z;j for i f j and Z\\ + Z m j T for i=j. 
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In this impedance matrix the diagonal elements are the self radiation impedances 
plus the Thevenin mechanical impedance, while the off-diagonal elements are the 
mutual radiation impedances. Eq. (5.18a) can then be written as the matrix equa¬ 
tion F t = Z t u with the solution for the velocities given by 

u = (Z t ) -1 F t . (5.18 c) 

The matrix inversion must be done at numerous frequencies to determine the ar¬ 
ray performance. The frequency dependent ABCD parameters, which depend only 
on transducer and electrical parameters, and not on radiation impedances, can be 
conveniently transferred at each frequency from a transducer design program to 
an array analysis program such as the Transducer Design and Array Analysis Pro¬ 
gram TRN [16]. The off-diagonal elements generally decrease with distance from 
the diagonal, because they represent more distant interactions. However, near res¬ 
onance the diagonal elements also become quite small when the reactance com¬ 
ponents cancel. 

When the velocities are determined, the total acoustic force and the total radia¬ 
tion impedance on each transducer are given by Eq. (5.16) as 



Z; = Fi/ui. 


Then, using the transducer ABCD parameters, the voltages, currents, and electrical 
impedances for each transducer can be found from 


V; — AF; + Bu;, 


I; — CF; + Dllj, 


(Ze)i 


AZi + B 
CZi + D’ 


(5.20a) 

(5.20b) 

(5.20c) 


where the transducer parameters. A, B, C and D, are determined as in Section 
7.32. The total radiation resistances, R;, and the velocities give the total acoustic 
power radiated by the array as 


w = tZ r jN 2 ’ ( 5 - 20d) 

i=i 

and the intensity averaged over all directions, referred to a distance of one meter, 
is W/4 ji. Using the velocities and the far fields of the individual transducers the 
intensity in the steered direction (the MRA) can be calculated and used with the 
average intensity to determine the directivity factor and the DI. With W and DI 
the source level is also given by Eq. (1.25). The far-field beam pattern of the ar¬ 
ray can also be found from the velocities to complete the description of the array 
performance. 
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Thus determination of the acoustic performance of a specific projector array 
with specified parameters (including mutual impedances) is straightforward, but 
the design of an array to achieve a specified acoustic performance may not be 
straightforward. The array design and the transducer design are not separable, 
the number of variables is large and our knowledge of some parameters, such as 
mutual impedances and loss factors, is far from perfect. Design iterations, partial 
array measurements and full array evaluation are necessary, especially when the 
specified performance requires use of materials under conditions that approach 
their physical limitations. 


5 . 2 . 2 . Velocity Control 

The discussion in the previous section shows that, because of the acoustic inter¬ 
actions, a direct proportionality does not exist between the individual transducer 
velocities and the applied voltages. Since the transducer velocities determine the 
array directivity patterns, the most direct way to get the desired patterns would be 
to specify the velocity amplitudes and phases and use the array equations to find 
the voltage amplitudes and phases required to give those velocities. This approach 
would not eliminate the coupling, but it would control the velocities. However, it 
is impractical for the following reasons: 

(1) although unwanted velocity variations are eliminated, it causes unwanted 
voltage variations. 

(2) the beamformer design is more complicated because the voltage phases 
would not be simple progressive shifts 

(3) the mutual impedances are often not known with sufficient accuracy to 
justify a more complicated beamformer design 

(4) active sonar often uses FM and noise pulses with considerable bandwidth 
which would further complicate this approach. 

Carson [17] proposed a method of velocity control to deal with the variations 
in transducer velocity caused by the acoustic interactions. His approach makes the 
velocities approximately proportional to the voltages by adding electrical compo¬ 
nents to each transducer such that the input electrical impedance is high compared 
to the variations in the radiation impedance. The frequency dependence of both the 
added electrical impedance and the radiation impedance limit the effectiveness of 
this approach to a rather narrow band, but it could be useful in the part of the band 
where interactions are most severe. There are two such frequency regions: The 
first is near the transducer resonance frequency where + Z; is small and ap¬ 
proximately equal to R m + R;; the second is at the low end of the band where the 
distances between transducer centers are small in terms of wavelengths and the 
mutual impedances are most significant. Such velocity control may be achieved 
inadvertently to some degree in the resonance region since addition of electri¬ 
cal tuning elements is normal practice to improve efficiency and bandwidth. As 
Woollett has said [18], “... tuning reactances may contribute a desirable isolation 
effect between transducers in an array.” The optimization of this type of velocity 
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control would require detailed analysis, including accurate values for the mutual 
impedances, and consideration of efficiency and bandwidth. Stansfield [8] gives a 
practical discussion of velocity control. 

In some cases it may be possible to use negative velocity feedback to control 
the transducer velocities in an array. The feedback signal must be designed to 
reduce the voltage on each transducer by an amount proportional to the velocity 
magnitude of that transducer. The array equation, Eq. (5.18), can then be written 
with a feedback voltage Vfi = Guj subtracted from the applied voltage V;: 

N 

(z* + X -ZijM = N em (Vi - Vfl) = N em (Vi - GuO, 
j=i Ui 

where G is the feedback gain. Solving for Uj, and separating the self impedance 
from the interactions, the velocity of the i th transducer can be written as 

N 

Ui = N em Vi/[ZE + Zii + Y, -Zij + NemG]. 

j#i Ui 

If there were no interactions (i.e., all Zy = 0 for i ^j) all the transducer velocities 
would be proportional to the applied voltages with the same proportionality con¬ 
stant [N em /(Z^ + Zfl+N em G)], as long as all the transducers in the array were the 
same. The sum over the interactions, which differs from one transducer to another, 
interferes with this simple proportionality. But it can be restored approximately if 
the feedback gain can be increased enough to make [Z^ +Z n + N em G] consider- 

N 

ably greater than the variations in J-Zy. One approach to acquiring a feedback 

i#i 

signal is discussed briefly in Section 3.42, where one of the piezoelectric ceramic 
rings in the ring stack of a Tonpilz transducer is used as the feedback sensor (see 
[37] of Chapter 3). Another approach requires attaching a small accelerometer to 
the inside of the head mass of a Tonpilz transducer [20]. 


5.2.3. Negative Radiation Resistance 

Large arrays often contain some inoperative transducers because of water leakage, 
broken electrode connections, etc. The array equations can be used to study the 
effects of such undriven transducers in specified locations simply by setting the 
appropriate voltages, V;, equal to zero in Eq. (5.18). Those transducers that are not 
driven electrically will be driven acoustically by the other transducers. Equation 
(5.18) shows that, when no voltage is applied to the i th transducer in an array and 
the velocity of that transducer is not zero, its total radiation impedance, Z;, equals 
—Z®, and its radiation resistance is negative. Negative radiation resistance means 
that the transducer is absorbing acoustic power from the sound field radiated by 
the other transducers. This causes a reduction of total power radiated by the array 
and distortion of the beam pattern. 
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Negative radiation resistance can also occur in other situations. Just as electri¬ 
cally undriven transducers in an array have negative radiation resistance, so do 
electrically undriven modes of non-FVD transducers in an array when the pres¬ 
sure distribution is such that those modes are excited (see Section 5.4). Negative 
radiation resistance can also occur in certain array configurations even when all 
the transducers are electrically driven. The simplest case of this kind was studied 
by Pritchard [21] using an array with one transducer at the center of a circle of 
transducers where the radiation resistance of the central transducer varies from 
negative to positive values as the frequency is varied. This would seem to be an 
impractical case, although it might occur in arrays of nested concentric circles. 


5.3. Calculation of Mutual Radiation Impedance 
5.3.1. Planar Arrays of Piston Transducers 

An approximate calculation of the mutual radiation impedance between two small 
piston sources of arbitrary shape in a rigid plane (see Fig. 5.11) will be made to 
illustrate the general procedure. The pressure produced by the j th piston at a point 
on the surface of the i th piston is given by Eq. (10.25) as: 


Pjfrij) = 


jpckuj 

2n 


e -jkR 

R 


dSj, 


(5.21) 


where R 2 = r? + r 2 — 2rjr;j cos p ] , r? = d? + r 2 — 2qdjj cos otij, djj is the distance 
between the centers of the pistons and rj, |3j, r, and «;j are defined by Fig. 5.11. 
Inserting Eq. (5.21) in Eq. (5.17) gives an expression for the mutual impedance: 

z « = ^ //eAiXis, = ^ HI[ t^dSidS,. (5.22) 

Equation (5.22) illustrates the difficulty of calculating mutual impedance since, 
with the expression for R above, these integrals are impossible to evaluate analyt¬ 
ically except in a few special cases. However, we can obtain a simple but useful 



FIGURE 5.11. Notation for calculating the mutual radiation impedance between two piston 
transducers in a plane from Eq. (5.22). 
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result from Eq. (5.22) by making extreme approximations. Assume that both pis¬ 
tons are much smaller than their separation, and also sufficiently smaller than the 
wavelength, that R can be approximated by djj in both the denominator and the ex¬ 
ponent of the integrand. Then the integrand is constant, the integral yields Aj A;, 
the product of the areas of the two pistons, and the mutual resistance and reactance 
can be written 


R ij + jXy 


pck 2 AjAije j kd ‘i 
2n k d jj 


pck 2 AjAj 

2n 


sin kdu . cos kd,j 

-“I - i- 

kdy J kdij 


(5.23) 


The dependence on kd,j in Eq. (5.23) also holds for the mutual impedance be¬ 
tween small monopole spheres when scattering is neglected (see Section 5.5). For 
circular pistons of the same size with areas equal to n a 2 Eq. (5.23) becomes 


R ij +jX;j 
pcA 



sin kd,j . cos kdu 

kdy +j kdy 


(5.23a) 


It is evident that Eq. (5.23) is only a good approximation when the pistons are 
so small that there is no significant phase variation across their surfaces, that is, 
when ka<^C 1; however, the simplicity of Eq. (5.23) and its generality regarding 
piston shape make it a useful approximation. It also correctly illustrates the general 
behavior of mutual impedance in that the resistive and reactive parts oscillate about 
zero with a magnitude decreasing inversely with the separation between the two 
pistons as shown in Fig 5.12. 

The real part of Eq. (5.23a) for circular pistons reduces to the correct value of 
the self resistance for small ka, that is, Ra = !/2 pcA(ka) 2 (see Section 10.42), 
when kdy goes to zero. Another useful form of Eq. (5.23) that holds for small. 



FIGURE 5.12. Mutual radiation resistance and reactance for two small piston transducers 
of area, A in a plane from Eq. (5.23a). 
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baffled pistons of any shape can be written 


Rij + jXy — PC A 


k 2 Aje _jkdi i 
2n kdjj 


= R,i 


j e i kd >j 
“kd“ 


(5.23b) 


For two small pistons close together (kdi 2 1) with equal velocities the total 
impedance of each is Zi = Z 2 = Z\\ + Z 12 , and the total resistance is R] = R 2 
= Rn + R 12 = Ri 1 (1 + sinkdi 2 /kdi 2 ) ~ 2Rn, showing the increase in acoustic 
loading caused by the coupling. 

The mutual radiation impedance for circular pistons of arbitrary size in a rigid, 
plane baffle was studied first by Wolff and Maker [22], then by Klapman [23] by 
integrating Eq. (10.25a) after expanding the integrand, giving results in the form of 
infinite series. Stenzel [24] also made calculations in this way. Pritchard [21, 25] 
took the approach used by Bouwkamp [26], in which the far-field intensity direc¬ 
tivity function of two piston sources is integrated over complex angles. Thompson 
[27] also used Bouwkamp’s approach to compute self and mutual impedances for 
annular and elliptical pistons. This approach has the advantage of avoiding the 
complexities of the near field, and it is clear physically that integrating the inten¬ 
sity over all directions gives the radiated power and thus the radiation resistance. 
The fact that integration over complex angles also gives the radiation reactance is 
not obvious physically, because it is a mathematical result that follows from rep¬ 
resenting the physical variables in complex form. This method which involves the 
Hilbert Transform will be discussed in Chapter 11. 

Pritchard [21] expressed the mutual impedance between circular pistons of ar¬ 
bitrary radius, a, in an infinite rigid plane in terms of an infinite series, which was 
extended by Porter [15] to include the case of pistons with unequal radii, a and b. 
The final result is 


00 1 / a \ p 

Zij = 2pc7ta 2 X ^172 r(p + 1/2) j h^kdij 


p=0 

P /u\n+1 


y /b\ n+1 / Jp-n+1 (ka),T n+ i (kb)\ 

“JW V n!(p — n)! 


> 


(5.24) 


( 2 ) 

In Eq. (5.24) T is the gamma function, hp is the spherical Hankel function of 
the second kind and J is the Bessel function. Figure 5.13 gives an example of 
Z 12 calculated from Eq. (5.24) taken from Pritchard’s paper [21] and compared 
with Eq. (5.23). The results are almost identical for ka = 1, but the differences 
are significant for larger ka, and Eq. (5.24) has become an integral part of several 
array analysis programs. 

Note that Zy is defined as the integral of the pressure caused by one vibrat¬ 
ing transducer over the surface of another which is not vibrating, as was done in 
Eq. (5.22). If both transducers were vibrating with the same velocity and the pres¬ 
sure fields of both were included in the integration over the surface of one the 



Calculation of Mutual Radiation Impedance 239 



0 2 4 6 8 10 12 14 16 18 20 

Relative Center-to-Center Spacing kd 


FIGURE 5.13. Normalized mutual radiation impedance as a function of relative separation 
for two rigid circular disks in an infinte rigid plane. Approximate results for small disks and 
exact results for ka = 1 [21]. 


result would be Z„ + Zy. In the Bouwkamp method both transducers must be 
vibrating because the far field of both is used in the calculation, and thus the result 
obtained is 2(Z;; + Zy). 

Mutual radiation impedance has also been calculated for square and rectangular 
pistons in an infinite, plane, rigid baffle [28, 29]. When normalized by dividing by 
p cA the results are very similar for squares and circles if the areas are equal. For 
squares and rectangles the orientation with respect to each other influences the 
mutual impedance as well as the distance between centers, but for squares with 
ka < 2 the orientation effect is negligible [28]. 

Pritchard [21] also derived a useful result, sometimes called the hydraulic im¬ 
pedance transformation, which had been given earlier by Toulis [30]. Consider a 
plane array of N small, square piston transducers with separations between adja¬ 
cent transducer centers small compared to the wavelength as shown in Fig. 5.14. 
If all transducers have the same velocity, the total radiation resistance of the i th 
transducer is given by Eqs. (5.16) and (5.23) as 


(kAi) 2 sinkdy 

R. = S«.i = pAar-£- 


j=i 


i=i 


kdii 


(5.25) 


where Aj is the area of one transducer. The total radiation resistance of the array 
is 




N N 


i=l 


i=l 1=1 


sinkdy 

“kd“ 


2k 


(5.26) 



240 


5. Projector Arrays 



FIGURE 5.14. Array of small square piston transducers for development of the hydraulic 
impedance transformation given in Eq. (5.28). The argument starts with very small pistons 
and a packing factor <§; 1. The piston size is then increased until the array area is completely 
filled and the packing factor = 1. 


Now imagine increasing the size of each piston while keeping the centers fixed 
until the entire array area is vibrating (although this violates one of the conditions 
on Eq. (5.23) it appears to have approximate validity for the resistive part of the 
impedance for small pistons). At a given frequency the change of piston size with 
fixed centers does not change the kd,j values or the value of the double sum. The 
area of each piston is then Ai = Aa/N where Aa is the total array area, and the 
total radiation resistance of the array is given by Eq. (5.26) as 


Ra = P c 


(kA A ) 2 

2ttN 2 


N N ... 

, - , - sin kdy 

2 - ^ kdjj 

i=i j=t 1J 


= pcA A , 


(5.27) 


where the last step holds if the array is large enough to be fully radiation loaded. 
Equation (5.27) can be solved for the double sum, which can then be substituted 
into Eq. (5.26). This removes the dependence on all the kdjj, and the total radiation 
resistance of the array relative to the active area of the array can be written 


Ra 

pcNAi 


NA] active area 

- = -= packing factor = pf, 

Aa total area 


(5.28) 


while the total radiation resistance of the array relative to the total area of the array 
is 

Ra t 

= (pf)“. (5.28a) 

pcA A 

Since Ra/N is the average radiation resistance of one piston we also have 


Ri = (Ra/N) = pcAipf. (5.28b) 


The significance of these results can be seen by applying Eq. (5.28b) to a large 
array of small, circular, close-packed pistons. The packing factor, and thus the 
average radiation resistance of one piston relative to its own area, is Jt/4. For one 
piston alone, for example, with ka = 1 / 2 , the radiation resistance relative to its own 
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area would be ^(ka) 2 = 1/8. Thus, for ka = '/ 2 , the combined interactions in a 
large array increase the average resistive loading of each piston by a factor of 2jt, 
from 1/8 to 7t/4. Recall that for two small pistons close together the interactions 
result in an increase by a factor of 2. 

Equations (5.28a,b) have approximate validity only for small transducers under 
conditions where the velocities are nearly equal, and it can then be applied to ar¬ 
rays of transducers of other shapes. The ideal of full array loading can only be ap¬ 
proached for transducer shapes, such as squares, rectangles, triangles, or hexagons, 
which permit the packing factor to be nearly unity. Note that Eq. (5.28b) also does 
not reveal the variations of radiation resistance among the transducers, which are 
often important. 


5.3.2. Non-Planar Arrays, Nonuniform Velocities 

Mutual radiation impedance has been calculated for circular piston sources on 
a rigid sphere [31] and for rectangular piston sources [32] and rings [33] on an 
infinite rigid cylinder. The mathematical details are given in Sections 11.11 and 
11.12; here some general features of the results will be discussed. Comparison 
of mutual impedance for different baffle shapes provides some useful insights. 
When the separation exceeds about two wavelengths the rate at which the mutual 
impedance magnitude decreases depends on the curvature of the baffle. This is 
shown in Fig. 5.15 where mutual resistances for a plane baffle and for cylindrical 
and spherical baffles are compared over a wide range of separations. The lack of 



FIGURE 5.15. Illustration of dependence of mutual radiation resistance on curvature of the 
array. The dashed curve is for circular pistons in a plane, the solid dots for square pistons 
with the same angular position on a cylinder. The solid curve is for circular pistons on a 
sphere, the open dots for square pistons with the same axial position on a cylinder. The 
cylinder radius is 6 wavelengths, rjj = Rjj/pcA [32], 
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FIGURE 5.16. Mutual radiation resistance and reactance for square piston transducers 
of A/2 sides on an infinitely long, rigid cylinder of 6A radius. r;j = Ry/pcA, xjj = 
Xy/pcA, c[>ij = angular separation, Zjj = axial separation of the pistons [32]. 


dependence on curvature for small separations is shown again in more detail in 
Fig. 5.16 for square pistons on a cylindrical baffle. 

The impedance values are about the same for small separation along the length 
where there is no curvature and separation around the circumference where the 
radius of curvature is 5.5 wavelengths [32]. It is evident from these results that 
interaction effects are more important in large plane arrays than in large curved 
arrays. The combined interactions from distant transducers might be comparable 
to the interactions from nearest neighbor transducers in a large plane array, while 
it might be negligible in a curved array. The calculations also show that for trans¬ 
ducer separations exceeding about one-half wavelength the mutual impedance is 
small compared to the self impedance, and thus that the most serious effects of the 
interactions occur at low frequency. In addition, it can be seen from Eq. (5.18) that 
the interactions have the most effect at frequencies where the internal mechanical 
impedance of the transducers, Z^, is relatively low, (i.e., near resonance). 

The rate at which the mutual impedance decreases with separation between 
transducers also depends on the acoustic properties of the baffle surface. An 
acoustically soft surface causes the interactions to decrease more rapidly, because 
the pressure on one transducer exerted by another is lowered by the soft surface 
[34, 35, 36, 37]. However, in close-packed arrays the surface impedance is deter¬ 
mined mainly by the radiating faces of the transducers, each of which is approx¬ 
imately rigid, although moveable. Therefore the mutual impedance determined 
for transducers on a rigid surface correctly accounts for the motions of the other 
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transducers which form the surface surrounding any particular transducer in close- 
packed arrays. 

The definition of mutual radiation impedance in Eq. (5.17) holds when the ve¬ 
locity distribution on the transducers is uniform. When it is not uniform, but fixed, 
the definition must be generalized as was done for the self impedance in Sec¬ 
tion 1.3. The generalization starts by rewriting Eq. (1.4a) as the total radiation 
impedance of the i th transducer in an array of N transducers: 

Zl = //P(ri)ui*(ri)dSi, (5.29) 


where U; is the reference velocity, u;(r;) is the fixed velocity distribution, and 
p( r i) is the total pressure caused by all the transducers in the array acting on the 
surface of the i th transducer, given by Eq. (5.14). Thus Z; can be written 

N N 

Zl = Ri + jXi = ^ IJ R(njK(rOdSi = X (5.30) 
1 1 j=i j=l 1 


where 

ZlJ = U^ //Pi(riiK(n)dSi, (5.31) 

is defined as the mutual radiation impedance for FVD transducers with nonuni¬ 
form velocity distributions. This definition retains the usual relationship to the 
power, that is, the time average power radiated by the i th transducer is '/2 Ri U, U*, 
and it reduces to the uniform velocity case in Eq. (5.17) when u;( r;) is a constant 
equal to U;. The useful reciprocal relation Zjj = Zy also holds for nonuniform ve¬ 
locity distributions, but only when all points of each transducer surface vibrate 
in phase or when the surface is divided into regions that are 180 degrees out of 
phase [14]. 

Very few numerical calculations of self or mutual radiation impedance have 
been made for transducers with nonuniform velocity distributions. Porter [38] 
made calculations for circular disks in an infinite, rigid plane with nonuniform ve¬ 
locity distributions that represented flexural vibrations of plates with clamped and 
supported edges. This work extended Pritchard’s results based on the Bouwkamp 
method. Chan [39] discussed the same flexural mode cases using a different math¬ 
ematical approach. Porter’s results show that, when referred to the average surface 
velocity, the self resistances for pistons, clamped edge plates, and supported edge 
plates differ significantly when ka exceeds ~ 1.5, while the self reactances differ 
significantly when ka exceeds ~ 0.5. Numerical results for the mutual impedances 
were given only for ka = 1 where the differences between the two flexural vibrators 
and the piston are small. 
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5.4. Arrays of Non-FVD Transducers 
5.4.1. Modal Analysis of Radiation Impedance 

The fixed velocity distribution (FVD), defined in Section 1.3, is not always ade¬ 
quate, since in general transducers vibrate in more than one mode with the ampli¬ 
tude and phase of each mode determined by both the electrical drive and acoustic 
forces. Since each mode is a FVD in a given medium, and since transducers are 
often operated in relatively narrow frequency bands where one mode is dominant, 
the single mode FVD assumption is usually adequate. But in some situations, es¬ 
pecially in arrays, the pressure variations across the surface result in nonuniform 
forces on individual transducers that excite more than one mode. Then each trans¬ 
ducer velocity distribution can vary with frequency and steering angle. 

We will begin by considering the radiation impedance of an individual trans¬ 
ducer vibrating in more than one mode. Its sound field is the superposition of the 
fields of all the modes, and its radiation impedance depends on the modal im¬ 
pedances and the acoustic coupling between modes. The normal velocity on the 
surface of a transducer can be written as a sum of modes 

u(T) = ^u„n n (T), (5.32) 

n 

where the coefficients, U n , are the complex modal velocity amplitudes, the r| n ( r ) 
are the modal normal velocity functions, and r is the position vector on the sur¬ 
face. In principle the summation index goes to infinity, but for most practical prob¬ 
lems only a few modes would be considered. Modal normal velocity functions are 
available in analytical form only in the simplest cases, but their use here permits a 
clear definition of concepts such as modal radiation impedance. 

Each modal velocity function produces a modal pressure field given by U n p n 
(r), where p n ( r) is the pressure for unit velocity. Since each mode is a FVD, the 
self radiation impedance of the n th mode referred to U n is given by Eq. (1.4a), as 

Znn = Jj U nPn (T)U*n n (r)dS. (5.33) 

s„ 

The total radiation impedance of the n th mode, referred to U n , includes the pres¬ 
sures from all the other modes, and is given by 

Zn = uTM // ZUmPm(OUX(r)dS = X Znm, (5.34) 

11 11 ' m m 11 

where Z nm is the mutual radiation impedance between the n th and m th modes, 
defined by 

Znm = /[ UmPmOOlCpnOOdS. (5.35) 

U m U n J J 

S„ 
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Note that Z mn = Z nm because of acoustic reciprocity (see Section 11.22) and Z nm 
= 0 when n and m refer to orthogonal modes such as the dipole and monopole 
modes of a sphere. 

The acoustic power radiated by the m th mode is 

Pm = '/2 U m U m */?eZ m = 1/2 Re Z U n U m *Z mn (5.36) 

n 

The important difference from the FVD case is that the vibration of the trans¬ 
ducer is not characterized by one reference velocity. However, the total radiation 
impedance of the transducer, Z r , must be defined with respect to some reference 
velocity such that its real part has the usual relationship to the total radiated power. 
In most cases the lowest mode (n = 0) is dominant and therefore Uo is the most 
suitable choice for the reference velocity. The total power radiated by the trans¬ 
ducer is then written in terms of Re Z r and equated to the sum of the modal powers 
in Eq. (5.36) 


I/2U0U* Re Z r = X P m = X 

m m 


1 

2 


Re Z, U n U m *Z mn . 

n 


(5.37) 


The total radiation impedance of the transducer referred to Uo is then defined such 
that its real part is consistent with Eq. (5.37), that is, 


^ = ZZ 

m n 


UnUm* 

U 0 U* 
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u m u m % 

U 0 Uq Zm 


(5.38) 


5.4.2. Modal Analysis of Arrays 

The pressure distribution on the face of an individual transducer in an array is 
not uniform, and not symmetrical with respect to that transducer, except for cer¬ 
tain array locations (see Fig. 5.19a). If the radiating faces of the transducers are 
capable of vibrating in more than one mode the pressure distribution will excite 
other modes, and the relative amount of each mode will vary with location in the 
array and with frequency and steering angle (see Fig. 5.19b). The modes of each 
transducer, discussed in Section 5.4.1, can be treated as separate transducers at the 
same array location, with each mode of each transducer acoustically coupled to 
all the modes of all the transducers [40]. 

For transducers in which M modes are to be considered, the velocity profile of 
the i th transducer in an array can be written, as in Eq. (5.32): 

M 

Uj(r j) = ^UmitUri), (5.39) 

m=l 

where the U m j are the modal velocity amplitudes and the mode functions are des¬ 
ignated by r| m ( r;), assuming that the transducers in the array are identical. 
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Equations can be written for each mode analogous to the transducer equations 
that were derived in Chapter 2 for the lumped-parameter models of the various 
transducer types. These equations can be expanded into array equations by replac¬ 
ing the self radiation impedance by the total radiation impedance of each mode, 
including the acoustic couplings between all the modes of all the transducers. If 
the transducers in question have M significant modes and there are N transducers 
in the array, 2NM equations will be required to describe the array performance. 
Array equations in the same form as Eqs. (5.18) and (5.19) apply to each mode of 
each transducer: 


0= (ZF m + Z nli )U m j + N nl Vi, m= 1,2... M, i= 1,2... N, (5.40) 

M 

Ii= X NmUmi + Y ° Vi - (5-41) 

m=l 


In these array equations is the mechanical impedance and N m is the transduc¬ 
tion coefficient of the m th mode; these parameters are usually the same for each 
transducer in an array, but they differ from mode to mode. The quantity Z m ; is 
the total radiation impedance of the m th mode of the i th transducer which can be 
written as an extension of Eq. (5.34) by summing over all the transducers in the 
array: 


M N 


u„ 


Urr- 


n=l j=l 


-Timij 9 


(5.42) 


where 

Z nmiJ = -4- // Pnj (T 1 )U; i t lm (T 1 )dS i , (5.43) 

U nj U mi JJ 


and p n j(ri) is the pressure produced by the n th mode of the j th transducer. Z nm ;j 
is the mutual radiation impedance between the n th mode of the j th transducer and 
the m th mode of the i th transducer. For example, Z nn ;j is the mutual impedance 
between the i th and j th transducers, both vibrating in the n th mode, Z nm j; is the 
mutual impedance between the n th and m th mode of the i th transducer, and Z nlnl is 
the self impedance of the i th transducer vibrating in the n th mode. The following 
reciprocal relations hold: 


Znnij — Z nn jj, Z nrn j j — Z mn ji, Zi nn jj — Z nm ij, 

and when the n th mode is symmetric and the m th mode is anti-symmetric, Z nm ;i = 
0, but Z nm ;j 7 ^ 0, because modes of opposite symmetry cannot excite each other 
on the same transducer, but they can excite each other on different transducers. 

A specific example may be the best way to clarify these concepts. Consider 
an array of two identical transducers with square radiating faces as shown in 
Fig. 5.17. 
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1 


3 



2 Piston Modes 


4 Rocking Modes 


FIGURE 5.17. Two transducers each vibrating in a piston mode and a rocking mode. For 
analysis the two can be considered as four transducers with acoustic interactions between 
them as shown by the dashed arrows. 


Both are driven electrically to excite only the piston modes, but unsymmetri- 
cal acoustic forces can also excite rocking modes in which the square surfaces 
rotate about a nodal line that bisects the surface. It can be seen from Fig. 5.17 
that the pressure distribution across the surface of each transducer would excite 
the rocking mode with a node perpendicular to the line between the centers of 
the transducers but would not excite the other rocking mode with a node parallel 
to that line. In this array of two transducers, each with two modes, there are 16 
self and mutual impedances given by Eq. (5.43); some are equal to each other and 
some are zero. Numbering the piston and rocking modes 1 and 3 for the first trans¬ 
ducer, and 2 and 4 for the second transducer permits these Z nm y to be written with 
only two subscripts, that is, Zy with i, j = 1, 2, 3, 4. (see Fig. 5.17). For example, 
Z 1211 , the mutual impedance between the first mode of the first transducer and the 
second mode of the first transducer, becomes Z 13 . Using this simplified notation 
all the radiation impedances for this array of two transducers are: 

Zn= Z 22 ; the self impedances of the first and second transducers in the piston 
mode. 

Z33= Z44; the self impedances of the first and second transducers in the rocking 
mode. 

Z 13 = Z 31 = Z 24 = Z 42 = 0, the mutual impedances between the piston and rock¬ 
ing modes of the same transducer (the piston mode function is a constant which 
is symmetric, while the rocking mode function is a linear function of position on 
the square radiating face which is antisymmetric about the center—which makes 
these impedances vanish). 

Z 12 = Z 21 ; the mutual impedances between the piston modes of the two trans¬ 
ducers. 

Z34 = Z43; the mutual impedances between the rocking modes of the two trans¬ 
ducers. 

Z 14 = Z41 = Z23 = Z32; the mutual impedances between the piston mode of one 
transducer and the rocking mode of the other transducer. 

The symmetry of this array makes the velocity and the total radiation impedance 
for the piston and rocking modes the same for each transducer. Designating the 
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piston mode velocity amplitude by U i and the rocking mode velocity amplitude 
by U 3 , the total radiation impedances are 


-33 -^43 


U7 Z|4 ' 

(5.44a) 

u, 7 

uZ 14 - 

(5.44b) 


These impedances depend on the relative velocities of the two modes which is 
determined by the array equations. In this case Eq. (5.40) becomes for the two 
modes 

0 = (Z E + Z n + Z i2 )Ui + Z 14 U 3 + NiVi, (5.45a) 

0 = (Zf + Z 33 + Z 43 )U 3 + Z 14 Ui, (5.45b) 

where Zf and Zf are the internal mechanical impedances of the piston mode and 
the rocking mode. The quantity Ni is the transduction coefficient that drives the 
piston mode when the voltage Vj is applied, but N 3 = 0 because the transducer is 
designed to make V 1 drive only the piston mode. The rocking mode is driven only 
by acoustic coupling, as can be seen from Eq. (5.45b), which gives 


U 3 


-Z, 4 Ui 
zf + z 33 + z 43 


(5.46) 


showing that Zj 4 is the mutual impedance that excites the rocking mode. 
Combining Eqs. (5.44b) and (5.46) gives 

Z 3 = R 3 + j X 3 = —Z 3 e = —R 3 e -j x 3 e , 


which shows that the radiation resistance of the rocking mode is negative (as ex¬ 
pected) for an elecUically-undriven mode. The power associated with each rocking 
mode is also negative: 

w 3 = W 4 = 1/2U 3 U*R 3 = - 1 / 2 |U 3 | 2 R 3 e , 

showing that the rocking modes absorb power from the sound field produced by 
the elecUically-driven piston modes. 

The acoustic power radiated by the piston modes for a fixed-voltage drive is 
affected by the rocking modes in two ways. The piston mode velocity is changed 
as determined by Eqs. (5.45a,b), and the total radiation resistance of the piston 
modes is changed as shown by Eq. (5.44a). Thus the power radiated by each piston 
mode in the presence of the rocking mode is 

/U 3 

Ri 1 + R12 + Re ( — Zi 4 

In a larger array where the velocities were not all the same, the changes in pis¬ 
ton mode velocities caused by the rocking modes would result in beam pattern 
distortion as well as reduction of power. 


Wi = W 2 = V2U1U1R1 = V2U1U* 
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The formal analysis outlined above is a systematic way of including the effects 
of non-FVD transducers in arrays. Very little numerical work has been done on 
this type of array problem, and finite element modeling (FEM) might be the most 
practical approach (see Section 5.6). 


5.5. Volume Array s 

The arrays considered so far contain transducers with radiating surfaces that con¬ 
form approximately to the array surface, such as an array of Tonpilz transducers 
whose radiating faces form a portion of a cylindrical surface as shown in Figs. 5.1 
and 1.14. These are called surface arrays, and, although the transducers influence 
each other acoustically, there is no scattering among them. But some transducers, 
for example, flextensional transducers, cannot form a surface array unless stacked 
in a line. When these transducers are mounted in an open structure they form an 
array that will be called a volume array. Even when an array is constructed by 
mounting such transducers on a closed surface it has characteristics that are more 
like a volume array than a surface array, because of the scattering among the trans¬ 
ducers. Fig. 5.2 illustrates surface and volume arrays. 

In volume arrays the interactions are more complicated than in surface arrays 
because of scattering. The field of an individual transducer in a surface array can 
be calculated assuming that the other transducers are clamped and form part of 
the surface; thus there is no scattering from the other transducers. But in a vol¬ 
ume array the field of an individual transducer is strongly affected by the presence 
of other transducers even when they are clamped, because the other transduc¬ 
ers scatter the field of the first. For transducers close together the scattered fields 
can contribute significantly to the far field and exert asymmetrical forces on each 
transducer that can excite modes that are not excited by the electrical drive. Thus 
transducers that can be considered to have FVD when used alone or in surface 
arrays may show their non-FVD characteristics when used in volume arrays. 

The analysis of such arrays is probably best done by FEM, and even that might 
be difficult for large arrays. However, the principles involved can be illustrated an¬ 
alytically by considering small spherical sources driven electrically in the mono¬ 
pole mode. Scattering of the radiated spherical wave field by another sphere can 
be approximated as scattering of a plane wave by a rigid sphere if the two spheres 
are not too close together. Consider two pulsating spheres of radius a with centers 
separated by distance d as shown in Fig. 5.18, and let pi be the pressure radiated 
by the first sphere which is given by Eq. (10.15b) with Q = 47ta 2 ui: 

7 e-J'W 

PiOi) = jpckaVi-, (5.47) 

r i 

where rj is the distance from the center of the first sphere and iqis its normal 
velocity. When this spherical wave reaches the second sphere only a small part of 
the spherical wavefront is intercepted, and, if d is large enough, this part can be 
approximated by a plane wave. Scattering of a plane wave by a rigid sphere is a 
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P1212 



FIGURE 5.18. Scattering of the field of one pulsating sphere by another sphere in a volume 
array. Each pj, P 22 etc. represents a spherical wave. 


problem with a known solution [41], and, for ka 1, the scattered pressure can 
be put in the form 

e-jkr 2 

Pnfe) = pi(d) 8 0 --, (5.48) 

kr 2 

where r 2 is the distance from the center of the second sphere and 80 = (ka) 3 /3. Such 
multiple scattering continues indefinitely with reduced scattered pressure at each 
step. For example, P 121 is P 12 scattered from the first sphere, P 2 is the pressure 
radiated by the second sphere, P 21 is the scattering by the first sphere of the wave 
radiated by the second sphere, etc. (see Fig. 5.18). 

The total radiation impedance of the first sphere is the integral of the total pres¬ 
sure over the surface of that sphere divided by its normal velocity: 

Zi = — it [(P1+P12+P12H-)+(P2+P2iH-)]dSi =ZiH—-Z12, (5.49) 

Ui JJ Ui 

Si 

where 

Zn = 1 // [pi(ri = a)+pi 2 (r 2 = d)+pi 2 i(ri = a)-t-]dSi, (5.50) 

Si 


which shows explicitly that the pressure components are to be evaluated on the 
surface of the first sphere. For ka 1, the integrals are approximated by multi¬ 
plying by the spherical area which gives, after using Eqs. (5.47) and (5.48), 


Zn = 47 ta 2 jpc(ka ) 2 


e -j ka e - 2 jkd ^ e -jk( 2 d+a) 

ka 0 (kd ) 2 k 3 d 2 a 


(5.51) 


The first term in Eq. (5.51) is the self radiation impedance for a pulsating sphere 
with ka <$C 1. The second term is a small correction to the self impedance caused 
by scattering from the second sphere, and the third term is a still smaller correction 
caused by re-scattering from the first sphere. In a similar way the mutual radiation 
impedance between the two spheres is 
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Zl2 



= d) +p 2 i(ri = a) H-]dSi 


= 47ta 2 jpc(ka) 2 


g-jkd e -jk(d+a) 

kd 0 k 2 da 


(5.52) 


The first term in Eq. (5.52) is the mutual radiation impedance neglecting scatter¬ 
ing. It has the same dependence on separation between the spheres as was found 
in Eq. (5.23) for two small pistons of arbitrary shape in a rigid plane. The sec¬ 
ond term is a small correction to the mutual impedance caused by scattering of 
the radiated pressure from the second sphere by the first sphere. The assignment 
of scattering terms to self or mutual impedance is such that all the terms in Z\\ 
originate from the first sphere, while all the terms in Z\i originate from the sec¬ 
ond sphere. In larger arrays the impedances would contain additional terms arising 
from direct radiation and scattering from other spheres. 

It should be pointed out that the analysis in this section assumed that the spheres 
were FVD transducers capable of vibrating only in the monopole mode. Transduc¬ 
ers of practical size in a realistic volume array would probably be vibrating in the 
dipole mode as well as the monopole mode, as a result of the nonuniform pres¬ 
sure on their surfaces. Volume arrays of non-FVD transducers probably present 
the ultimate challenge for array analysis. 

This example of scattering effects on radiation impedance serves mainly to il¬ 
lustrate qualitatively the physical nature of the problem. In most volume arrays 
the transducer separations would be small, and the simplified scattering calcu¬ 
lation above would be quantitatively useless. Thompson has done a more exact 
analysis of scattering and acoustic coupling between spherical radiators [42, 43], 
All the scattering events, and excitation of other modes, can be included by finite 
element numerical modeling. 


5.6. Near Field of a Projector Array 

Most array structures are complicated enough that analytical modeling cannot be 
expected to give detailed results accurately, but it can provide approximate quanti¬ 
tative guidance as to how well a proposed array concept might perform. An analy¬ 
tical approach might also miss important features, such as excitation of unexpected 
modes, that a finite element approach would reveal. Since finite element modeling 
can be applied to both the transducer structure and the sound field, at least for 
small arrays, it is probably the best way to obtain reliable quantitative data for an 
array design. Such FEM information based on small arrays can also guide the for¬ 
mulation of analytical approximations for application to large arrays that would 
be too time consuming by FEM. 

The basics of the FEM approach to transducer and array analysis will be given 
in Section 7.4; here only an example of results for a small array of 16 close-packed 
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FIGURE 5.19b. Displacement contours on the 16 element array. 


piezoelectric Tonpilz transducers with square radiating faces vibrating in water is 
given in Figs. 5.19a,b. 

The contour plots in Fig. 5.19a show the pressure magnitude, while those in 
Fig. 5.19b show the normal displacement magnitude, on the surface of the array. 
Both plots are symmetrical about the two lines that bisect the array and about the 
two diagonals because all the transducers are driven in phase with the same volt¬ 
age magnitude. This symmetry was used to reduce the size of the computation to 
one quadrant of the array with appropriate boundary conditions on the sides of 
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the quadrant that join the rest of the array. Although each transducer has the same 
electrical drive, each is affected differently by the sound pressure as can be seen 
from the pressure distribution in Fig. 5.19a. As a result, the displacement distri¬ 
butions differ from each other and depart considerably from the uniform piston 
motion that is usually desired. The individual transducer faces can bend and rock 
independently of each other under the influence of the piezoelectric drivers and the 
different pressure distributions, which causes discontinuities in the displacement 
at the small gaps where the edges of the transducer faces meet. 

Figure 5.19a can be described quantitatively quite easily because the pressure 
is a smooth function of position on the array. The pressure is maximum at the 
center, falls slowly to 80% about halfway toward the center of an edge, falls to 
60% at three quarters of the way and to about 10% at the edge. Near the corners 
the pressure falls to zero, and at the corners it is out of phase with about 20% of the 
maximum pressure amplitude. The displacement contours in Fig. 5.19b are not as 
easy to summarize quantitatively, but the displacement is in phase over the entire 
array and the variations are not as great as the pressure variations. The maximum 
displacement occurs at the center of the array and also on the inner corners of 
the outside transducers. A displacement minimum occurs near the center of each 
transducer. For the inside transducers the minimum value is about 65% of the value 
at the center of the array, for the outside transducers at the corners the minimum 
is about 55%, and for the others on the outside it is about 60%. 

It can be seen from Fig. 5.19a that the pressure distribution on the corner trans¬ 
ducers is likely to excite a rocking mode with a diagonal node, while on the side 
transducers a rocking mode with a node parallel to the side of the array is likely to 
be excited. The displacement distributions in Fig. 5.19b are approximately consis¬ 
tent with this interpretation, since a mixture of piston mode and rocking mode can 
be seen. But this situation is more complicated than the case of piston and rocking 
modes analyzed in Section 5.4.2, because a bending mode is also involved in the 
motion of these transducers. 


5.7. The Nonlinear Parametric Array 

In Chapter 2 we mentioned some of the mechanical and electrical nonlinear mech¬ 
anisms that exist in electroacoustic transducers, and in Chapter 9 we will analyze 
some of their effects. The process of sound propagation through water also has 
nonlinear characteristics that have significant effects if the sound pressure ampli¬ 
tude is high enough. We have ignored these characteristics in calculating sound 
fields, because in the normal operation of transducers the amplitudes are not high 
enough for acoustic nonlinear effects in the medium to be significant. However, 
under certain conditions the acoustic nonlinearities do have effects that can be 
useful and important [44], 

In this section we will describe a special type of projector array, the parametric 
array, that exists only because of the nonlinearities in the medium. The nonlinear 
mechanisms cause a high amplitude sound wave to generate other sound waves 
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with frequencies at the harmonics of the original wave. However, when two high 
amplitude sound waves of different frequencies propagate in the same region they 
each generate harmonics, and they also interact to generate sound waves with fre¬ 
quencies equal to the sum and difference of the primary (i.e., the original) frequen¬ 
cies. These new waves do not come from the transducer that radiates the primary 
waves; they are generated in the medium, and their amplitude can be significant 
when the near fields of the primaries form well-collimated, overlapping, high am¬ 
plitude beams that can interact with each other over a considerable distance. We 
will give a simplified physical description of difference frequency generation in 
the near field and an approximate calculation of the far field of the difference fre¬ 
quency component. 

Westervelt [45] recognized that the most interesting of the new waves generated 
by nonlinear effects in the medium might be the difference frequency component, 
which, because of its low frequency, would be absorbed much less than the other 
waves and, hence, propagate farther. His analysis showed that the far field of the 
difference frequency component would have very narrow beams with very low 
side lobes compared to conventionally radiated beams, characteristics that could 
have significant practical value. These results can be predicted by starting with 
an approximate form of the wave equation that includes the most important non¬ 
linear terms. Then an approximate solution of this nonlinear wave equation shows 
the existence of, and gives the amplitude of, the difference frequency pressure gen¬ 
erated in the near field by these nonlinear mechanisms. The near field difference 
frequency pressure can then be regarded as an acoustic source, and its far field 
can be calculated by ordinary linear acoustics. The following analysis is based on 
Westervelt [45], Beyer [44], and Kinsler, Frey, et al. [12], 

After simplification of various nonlinear terms an approximate wave equation 
for the acoustic pressure can be written in the form 


c 2 (l 




_P_ a^_ 

pc 2 9t 2 


(P 2 )- 


(5.53) 


Equation (5.53) is the linear acoustic wave equation except for the dissipation term 
proportional to x and the nonlinear term proportional to p. x is related to the shear 
and bulk viscosities of the medium and p = 1 + B/2A where B/A is the nonlinear 
parameter of the medium (B/A«5 for sea water [44]). Although x and P are never 
zero, the terms containing these parameters are negligible under many conditions, 
and then this nonlinear wave equation reduces to the lossless linear wave equation. 
Note also that if only the term containing P is neglected, the equation is linear and 
has familiar solutions that represent damped plane waves given by 

p(x, t) = P 0 e- ax eJ (a,t - kx) , (5.54) 


where k = cu/c and a, the absorption coefficient, is approximately equal to 
tu 2 x/2c. It is necessary to include damping in the wave equation when analyzing 
nonlinear effects, because damping is one of the factors that determines the size of 
the nonlinear interaction region. Note that the approximate absorption coefficient 
depends on frequency squared. 
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Now consider a transducer driven electrically with two frequencies tu a and a>b, 
called the primary frequencies, where cu a — cub i s small compared to cu a or tub. 
Also consider the transducer to be large compared to the primary wavelengths; so 
that it radiates highly directional overlapping beams at both frequencies. Assume 
also that the transduction mechanism is perfectly linear and that the two driving 
voltages produce only two velocities on the radiating surface at the frequencies 
tu a and av When the term containing (3 is neglected, the radiated pressure in the 
near field consists of two damped plane waves, which we now write in real form, 
as will be needed when products occur in the following analysis: 

po = P a e - “ aX cos(a) a t - k a x) + P b e _abX cos(cu b t - k b x) = p a + p b . (5.55) 


We will now keep the term containing p and find an approximate solution of 
Eq. (5.53) by the perturbation method, a method of finding approximate solutions 
of nonlinear equations that will be explained more fully in Chapter 9. In this case, 
where the nonlinear term in Eq. (5.53) is proportional to p, it is convenient to 
assume the solution in the form of a perturbation series in powers of the small 
quantity 8 = P/pc 2 as follows; 

p = po + Spi + 8 2 p 2 H-, (5.56) 


where po is the zeroth-order solution, 8pi is the first order solution, etc. When 
Eq. (5.56) is substituted into the one-dimensional version of Eq. (5.53), and the 
terms are separated into groups according to powers of 8, we find that the terms 
that do not depend on 8 satisfy the equation 


0+i) 


a 2 po 


9 2 Po 


9x 2 3t 2 


= 0 , 


(5.57a) 


which determines po, the zeroth-order solution already given in Eq. (5.55). Simi¬ 
larly, the terms that depend on 8 to the first power satisfy 


(- 1 ) 


9 2 Pi 


9 2 Pi 


9x 2 9t 2 


d 2 Po 
9t 2 ’ 


(5.57b) 


which determines pi and the first-order solution, Sp j. The equations that determine 
the higher-order solutions, p 2 , etc., can be found in the same way, but will not be 
needed here. 

Use of the perturbation method has replaced the nonlinear Eq. (5.53) by a set of 
linear equations, Eq. (5.57a,b • • •) which can be solved one after the other, since 
the second equation depends on the solution of the first, etc. When po is used in 
Eq. (5.57b) we get an inhomogeneous equation with seven terms on the right- 
hand side involving time derivatives of p a and pb. These terms are source terms, 
each of which contributes part of the complete solution of Eq. (5.57b). The source 
terms involving only p a or pb contribute harmonics of to a and o>b to the solution, 
while the terms involving both p a and pb contribute sum and difference frequency 
components. Here we are only interested in the difference frequency component. 
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and define pm as the part of 8pi = (p/pc 2 )pi that gives the first order difference 
frequency pressure. The parts of Eq. (5.57b) that are related to pid are: 




cTPid 

c 2 dt 2 


R g 2 

-4 AA( 2 PaPb) 

pc 4 ot 2 

pPaPb _ 


pc 4 

PPaPb. - 
pc 4 


( a a + “b) X OJj COSfdJdt — kdX) 


2 ax o) 2 ej (a,dt_kdX) 


(5.58) 


where cud = (cub — a> a ) is the angular difference frequency, kq = tUd/c is the 
acoustic wavenumber at the difference frequency, and a = (a a +0tb)/2 is the aver¬ 
age absorption coefficient for the primary frequencies. The last form of Eq. (5.58) 
has been converted back to complex notation for convenience in solving the linear 
equation in which it now appears. 

Equation (5.58) can be solved by considering the inhomogeneous term on the 
right-hand side to represent a virtual acoustic line source vibrating at the frequency 
tUd, phased to end fire by the factor e~ |k<|X and shaded by the exponential factor 
e~ 2ctx . The volume of the source is approximately AL, where A is the area of 
the radiating surface of the projector, and L is the length of the virtual source. 
Under certain conditions L is of the orderl/a, that is, large enough to reduce the 
primary wave amplitudes sufficiently to make nonlinear interaction insignificant 
at the outer end of the virtual line source. 

The right-hand side of Eq. (5.58) is jpcud times the source strength density 
(volume velocity per unit volume) of the virtual line source. The far field can be 
calculated from linear acoustics in the same way that the far field of a uniform 
line source is calculated in Section 10.2.1. The differential source strength, dQ, in 
Eq. (10.21) is equal to the right-hand side of Eq. (5.58) times Adx and divided by 
j pcu,|. and the differential contribution to the far-held pressure from the element 
dx is 


dpid = 


pP a PbtUj e _ 2c[ x c j( U ) rtt —k dX ) e J d a c |.. 

47 tpc 4 R 


(5.59) 


where R = [r 2 + x 2 — 2rxcos 0] 1 “ is the distance from the element to a far-held 
point at distance r from the center of the projector at the angle 0 as shown in 
Fig. 5.20. 

The time factor is retained in this case to make clear that the difference fre¬ 
quency far held is being calculated. Integrating Eq. (5.59) from 0 to L with R 
approximated by r in the denominator and by (r — x cos 0) in the exponent gives 


Pidfr, 0,t) 


pP a P b cu 2 A eifuMt—kdO 
47 tpc 4 r 


L 

J e -jx[kd(l-cos 0)—j2a] ( j x 
0 


pP a P b CU 2 A e j(cu d t—k d r) 

47 tpc 4 [k(i(l — cos 0) — j2a] jr 


(5.60) 
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FIGURE 5.20. Coordinates for calculating the difference frequency farfield of a parametric 
array. 


where the approximation of the integral holds for L large. We have also neglected 
the term T0 3 pid/9r3x 2 in Eq. (5.58), which is equivalent to neglecting the ab¬ 
sorption of the difference frequency wave as it propagates to the far field, as is 
usually done when calculating far fields. It is convenient to write this result as the 
magnitude 


IPtd(r, 0)1 


pP a PbO) 2 A 1 

87 tpc 4 ar [i + (k d /a) 2 sin 4 (0/2)] 1/2 ’ 


(5.61) 


where the factor [1 + (k d /a) 2 sin 4 (0/2)] -1 / 2 is the directivity function normalized 
to unity at 0 = 0. The directivity function shows that the full beamwidth at - 3dB 
intensity is 4sin _1 (a/k d ) 1 / 2 , and that there are no side lobes as 0 increases from 
0° to 90°. Under typical conditions the beamwidths are a few degrees [12], 

The result in Eq. (5.61) is essentially the same as that from Westervelt’s original 
model in which the nonlinear interaction that generates the difference frequency 
occurs entirely in the near field of the projector. This model was discussed here 
as an example of a mechanism that generates a difference frequency, but it does 
not include other mechanisms that are also important. Later models that include 
additional nonlinear absorption of primary energy as well as nonlinear generation 
of difference frequency in the far field of the projector, are necessary for accurate 
determination of the difference frequency source level [44, 46, 47, 48, 49, 50]. 

Moffett and Mellen [46] have combined all the important features of these later 
models into a comprehensive model that has been used by Moffett and Konrad 
[51] and Moffett and Robinson [52] as the basis for a parametric array design 
procedure. This procedure provides design curves for determining the difference 
frequency source level for different downshift ratios, (i.e., the ratio of the mean 
primary frequency to the difference frequency). Figure 5.21 is one set of such 
curves for a downshift ratio of 5, (i.e., the difference frequency is 1/5 the mean 
primary frequency [51]). 

The difference frequency rms source level, SL, is found from 


SL = SLo + G, 

where SLo is the rms source level of one primary frequency component (the two 
primaries are assumed to have the same source level) and G (the parametric gain) 
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FIGURE 5.21. Parametric gain G for scaled primary source level SLq and down shift ratio 
of 5 [51], 



is the ordinate of Fig. 5.21. The abscissa of Fig. 5.21 is the scaled primary source 
level, 

SL* = SL 0 + 20 ]ogf 0 , 

where fo is the mean primary frequency expressed in kHz. The parameter on the 
curves of Fig. 5.21 is aRo, where a is the absorption coefficient in dB/m at fo, and 
Ro = Afo/c is the Rayleigh length, with A the area of the projector and c the sound 
speed. 

As an example, consider a square piston transducer 0.5 m on a side radiating 
primary frequencies of 90 and 110 kHz with a difference frequency of 20 kHz 
(down shift ratio of 5). Using A = 0.25 m 2 and a = 0.03 dB/m in seawater at 
100 kHz gives aRo 0.5 dB. Also consider that the primaries have equal rms 
source levels of SLo = 237 dB//|j.Pa • m, giving a scaled source level of SLq = 
277 dB//jj.Pa-m- kHz. From Fig. 5.21 the parametric gain is G = —28 dB, and 
the difference frequency source level is, therefore, 209 dB//|ipa • m. The source 
level predicted by the incomplete model in Eq. (5.61) is about 9 dB higher, mainly 
because it does not include nonlinear absorption of the primary beams. 

With the same primary source levels and greater downshift ratios of 10 and 
20 the difference frequency source levels would be reduced to 197 and 186 
dB//|j.Pa- m at 10 and 5 kHz, respectively [51]. The decrease is lldB per octave 
of difference frequency, whereas Eq. (5.61) predicts 12 dB per octave. 

Westervelt [45] also pointed out that a small-amplitude plane wave interacting 
with a high-amplitude near field wave of a different frequency would result in 
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sum and difference frequency components, and that this could be the basis for a 
parametric receiving array. This type of acoustic receiver has been studied [53, 54], 
and design procedures have been given [51]. 
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Hydrophone Arrays 


The goal of both passive and active sonar systems is reliable long- range detection 
and ranging capability, but the basic considerations that influence performance of 
the two types of sonar are quite different. The receiving array in passive systems 
such as towed arrays or wide aperture ranging arrays must be able to detect signals 
with unknown frequency content, and therefore must operate over a frequency 
band much greater than the band of a typical active system. And they must do so in 
the presence of interfering noise. Chap. 4 shows that there are many ways to design 
hydrophones with adequate broadband sensitivity that are small, lightweight, and 
inexpensive compared to the high-power projectors needed for active sonar. But 
the main problem in passive sonar is control of the interfering noise, especially in 
ship-mounted arrays. 

In small active sonar systems, such as depth sounders or fish finders, it is quite 
feasible to use the projector array as the receiver, since the frequency of the 
received echoes is known to be the same as the transmitted frequency or only 
slightly Doppler shifted. But in many naval active sonar systems where high per¬ 
formance is critical there is much to be gained by use of a separate receiving array. 
A separate receiving array, either hull mounted or towed, can be made larger than 
the projector array and, therefore can have more directionality to aid in bearing 
determination and noise discrimination; it can also be designed to include noise 
reduction measures which may not be compatible with a projector array. When 
separate passive and active sonar systems are available the best results are some¬ 
times achieved by using the passive array, rather than the active array, to receive 
the echoes from active transmissions [1]. 

Array considerations such as size, geometrical arrangement, phasing, and shad¬ 
ing will be discussed in Sects. 6.1 and 6.2. They are important for reducing noise, 
but adequate noise control often requires broadening the concept of a receiving 
array to include components other than the hydrophones, such as the inner and 
outer decouplers. The subject of underwater noise characterization and control is 
too large [1, 2, 3, 4, 5] to be covered thoroughly here, but we will indicate the 
important characteristics of the major types of noise that interfere with reception 
of underwater sound and briefly discuss the major methods of noise reduction. 


262 
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Part of the noise that limits receiving array capability is internal noise arising 
from thermal agitation in the hydrophone materials. This noise is a transducer 
characteristic that was discussed in Sect. 4.7 as part of hydrophone design; it is 
incoherent and too small to be important in most ship-mounted arrays, but could 
be important in fixed or drifting arrays at very low frequency where it could exceed 
ambient noise. Ship-mounted hydrophone arrays must contend with several other 
types of noise in addition to the ambient noise; flow noise resulting from motion 
through the water, structural noise excited by flow and by machinery, and acoustic 
noise from the propulsor (see Sect. 6.3). Ambient noise can be reduced by array 
directivity, using knowledge of the noise correlation and noise directionality to 
optimize array design. Flow noise can be reduced by hydrophone features such 
as size, and by separating the hydrophones from the flow. This separation can be 
achieved either by placing the hydrophones inside a water-filled dome or covering 
them on the outside with an acoustically transparent layer (the outer decoupler) 
analogous to a wind screen on a microphone. Structural noise comes from the 
inside and can be controlled by layers of material that both absorb noise and reflect 
it away from the array (the inner decoupler) (see Sect. 6.4). Structural noise might 
also be controlled to some extent by ship design, but that approach is usually 
incompatible with other ship functions. 

The problems of noise control and the weight associated with the inner and outer 
decouplers required for large arrays of pressure sensors have led to consideration 
of arrays of vector sensors. Since these sensors respond to acoustic particle veloc¬ 
ity or acoustic intensity, rather than pressure, the relevant noise characteristics are 
different and might be easier to control in some cases. Several types of individual 
vector sensors were described in Sect. 4.5, and in Sect. 6.5 vector sensor arrays 
will be discussed. 

Before beginning quantitative discussion of hydrophone array design and noise 
control we will qualitatively describe several types of arrays. One way of con¬ 
trolling noise is to remove the array from the vicinity of the noise sources. This 
is usually done in hull-mounted arrays when they are installed near the bow of a 
ship as far from the propulsor and the propulsion machinery as possible, but this 
approach can be carried much further by towing an array behind the ship. Tow¬ 
ing is especially feasible for line receiving arrays that can be made thin to reduce 
drag and flexible to facilitate retrieval and onboard storage. Such arrays can also be 
made long enough to achieve high directionality at low frequency in the horizontal 
plane, and the beam can be steered for searching in that plane. 

In towed arrays the hydrophones, cables, preamps, and interior fluid are en¬ 
cased in a flexible hose that maintains the hydrophone spacing and waterproofs 
the whole assembly. If vector sensors are used, the hose and interior structure must 
also be able to maintain the individual sensor orientation, otherwise the orienta¬ 
tion must be measured. Towed arrays can be completely removed from the flow 
and structural noise of the towing ship, and, at a sufficient distance, they are also 
removed from the ship’s radiated noise when the acoustic beams are steered away 
from the ship. But the flow produces turbulent pressure fluctuations on the outside 
of the hose and excites vibrations in the hose wall and the interior components. 
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especially for small diameter arrays. Some of the hydrophone materials discussed 
in Chap. 4, such as 0-3 ceramic-polymer composites and piezoelectric polymers 
such as PVDF, can be used for long, slender, flexible hydrophones to reduce high 
wavenumber noise in towed arrays by area averaging. 

Passive arrays can be used to determine the bearing of a sound source, but they 
cannot determine the range of the source, unless more than one array is used. Two 
arrays can determine range by triangulation if their separation is sufficient to give 
a reliable estimate of the difference in bearing at the two array locations. Three 
arrays can determine range by measuring phase differences that determine the 
curvature of an incoming wave front, which can be done with separations small 
enough to fit three arrays on one submarine. However, there are several critical 
requirements for successful wavefront curvature ranging: precise positioning of 
the arrays, identical characteristics for each of the three arrays, sufficient distance 
between the arrays, and good noise control. Maximizing the separation between 
arrays unavoidably places the aft array near the machinery and propulsor noise 
sources and also near structural features that differ from those near the mid and 
forward arrays. Dealing with these conflicting requirements involves detailed the¬ 
oretical and experimental analysis of the expected noise characteristics and opti¬ 
mum use of all noise control measures [1], 

Passive arrays mounted on torpedoes face special problems, because the small 
size and high speed of the vehicle makes it difficult to achieve sufficient aperture 
and to separate the array from structural noise sources. Since the range require¬ 
ments for torpedo operations are modest, higher frequencies that are compatible 
with the small size of the vehicle can provide effective sonar performance. 

Arrays of drifting sensors and arrays for autonomous vehicles are other special 
cases with individual requirements. Robust array design is especially important for 
long towed arrays, fixed arrays, and drifting arrays. Means of detecting, locating, 
and compensating for individual hydrophone failures are important, as well as 
array configurations that minimize sensitivity to individual failures. 


6.1. Hydrophone Array Directional and Wavevector Response 

6.1.1. Directivity Functions 

Hydrophones are used mainly at frequencies below their fundamental resonance 
where their dimensions are small compared to the acoustic wavelength and their 
response is omnidirectional. To obtain the high degree of directionality required 
for determining the bearing of a received signal, it is usually necessary to use 
a large array with dimensions of at least several wavelengths. The hydrophone 
spacing must be less than one-half wavelength at the highest frequency to avoid 
grating lobes in steered arrays, unless unequal spacing is used (see Sects. 5.13 and 
6.1.2). Thus large arrays must contain a large number of hydrophones. 

Many of the results in Sect. 5.1 for the far-field directivity patterns of pro¬ 
jector arrays also apply to hydrophone arrays because of acoustic reciprocity 
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FIGURE 6.1. Plane wave signal incident from direction 0, 4> on a rectangular array of 
hydrophones lying in the x, y plane. 


(see Sect. 11.22). In the receiving case, a plane sound wave approaches the ar¬ 
ray from an unknown direction and exerts a force on each hydrophone. The force 
is converted by the transduction mechanism in the hydrophone to a voltage and 
detected by the electronic components of the system. The main beam of the di¬ 
rectivity pattern must be steered through all directions of interest to determine the 
presence of a signal and its bearing. To analyze array performance the signal will 
be assumed to be a plane acoustic wave of amplitude pj arriving from the direction 
given by the angles 0 and as shown in Fig. 6.1. 

The plane wave can be expressed as 

p(x, y, z)e JU,t = Pi e> fex+kyy+kzzlgjun = Pie j (k-r+an), 

where r = ix + jy + kz is the position vector and k is the wave vector with 
components 

k x = ksin0cos cf), k y = k sin 0 sin and k z = kcos0, 

and magnitude k = cu/c = [k~ + k^ + k^] 1 ' , where k is called the wave number, 
and c is the sound speed in water (see Chap. 10). Later we will encounter waves 
traveling with speeds that differ from c; for example, flexural waves in a plate with 
speed c p and wave number cu/c p . We will consider first the directional response to 
acoustic waves and use the wavevector components above in terms of the angles 
that define the direction of the plane wave. In Sect. 6.1.4 we will discuss the more 
general wavevector response in terms of the components k x , k y , and k z . 

The acoustic signal is assumed to produce the same pressure amplitude at each 
hydrophone in an array, but the phases vary depending on the hydrophone location 
and the direction of arrival of the signal. The pressure on a single hydrophone 
located at x,y in a planar array lying in the plane z = 0, as shown in Fig. 6.1, is 

p(x, y, 0) = pie i ksin 0 ( xcos 4+y sin 4>). (6. 1} 

The voltage output from the hydrophone at x, y when added to the outputs of all 
the other hydrophones gives the array output for any geometrical arrangement of 
any number of hydrophones in the planar array. 
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For a rectangular array of N by M identical, omnidirectional hydrophones with 
x- and y-spacings D and L, as shown in Fig. 6.1, the hydrophone designated by n, 
m is located at x = nD, y = mL where n = 0, 1, 2 • • • N— 1 and m = 0, 1, 2 • • • M— 1, 
and Eq. (6.1) gives the pressure on that hydrophone as 

p nm = pjelksinetnDcosch+mLsinch) (6. 2 ) 


The sum of the individual hydrophone outputs is the simplest form of the array 
output. It gives the unsteered, unshaded beam, and when normalized by dividing 
by the number of hydrophones and expressed as a voltage, by use of the effective 
hydrophone sensitivity Mo, it is: 


v a< 0 -« = SsZ v ""'=SsI>'" 


_ * (1 V ' gjknD sin 9 cos 4> X ' gjkmL sin 0 sin cf> 


The voltage output of the hydrophone at the location n, m is V nm = Mop nm where 
Mo is the product of the diffraction constant and the low-frequency sensitivity 
as discussed in Sect. 4.6. The individual voltage outputs usually go to a preamp 
and to a phase shifter for steering the beam before all the channels are combined 
(see Sect. 6.1.2). Equation (6.3) can easily be generalized to include individual 
hydrophone directivity by using the product theorem (see Sect. 5.1.1) and multi¬ 
plying by the hydrophone directivity function. 

The summations in Eq. (6.3) are geometric series identical to those in Eq. (5.5), 
showing that the receiving array beam pattern is the same as the projector array 
beam pattern in Eq. (5.6) as required by acoustic reciprocity. The summations 
combine all the phase information from the individual hydrophones to give the 
magnitude of the array voltage output as a function of the direction of the incident 
wave as follows: 


sin(NkD sin 0 cos 4>/2) sin(MkLsin 0 sin cf>/2) 

N sin(kD sin 0 cos cf>/2) Msin(kLsin0sin<j)/2 

(6.4) 

As in Sect. 5.1 the second and third factors in Eq. (6.4) give the normalized 
patterns in planes parallel to the sides of the array for <j) = 0 and 90 degrees. Each 
of these factors is the pattern of a line array; thus the pattern of the rectangular 
array is the product of two line array patterns, a result that is sometimes called 
the second product theorem [6], Other array geometries are often used, and their 
directional characteristics can be determined from Eq. (6.1). For example, the re¬ 
sults for circular projector arrays in Sect. 5.1.2 are also applicable to hydrophone 
arrays. 

For hydrophone spacing of about one-half wavelength (A/2), or less, the beam 
width and directivity factor approximations for large, continuous line and rectan¬ 
gular radiators (see Sect. 10.2) can be used for discrete arrays with ND the length 


|V A (0> 401 = [ Pi M 0 ] 
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of the line and NMDL the area of the rectangle. The approximate directivity fac¬ 
tors are: 


Df ~ 2ND/A, for a line of N hydrophones, 

Df ~ 47tNMDL/A 2 , for a rectangle of NM hydrophones, 

and the directivity indices are DI = 10 log Df. Better approximations for these 
directivity factors are given by Burdic [7] and Horton [7a], 

Equations (6.3) and (6.4) assume that the incident signal pressure and the scat¬ 
tered pressure, which is accounted for by the diffraction constant, are the only 
pressure fields acting on each hydrophone in the array. However, the incident 
pressure makes each hydrophone vibrate and radiate a pressure field that inter¬ 
acts, via the mutual radiation impedances, with all the other hydrophones in the 
array as discussed in Chap. 5. But these interactions are not important unless the 
hydrophones are being used near their resonance frequency. 

The array output for a plane array with a continuous, separable distribution of 
sensitivity per unit area, mi(xo)m 2 (yo), can be written in terms of Fourier trans¬ 
forms: 


Va = P, II mf (x 0 )m 2 (y 0 )e’ ksin e ^ x ° cos ^ +y ° sin ^dx 0 dy 0 , (6.5) 


or as 


CXJ LXJ 

V A = Pi J m 1 (xo)eJ kX( > sin0cos<i5 dxo J m 2 (y o )e' k y') sin0sintt> dy o . (6.5a) 


Thus the directivity pattern of a plane or line array is the Fourier transform 
of the sensitivity function. Equation (6.5a) shows again that the pattern function 
of the array is the product of two separate pattern functions of which Eq. (6.4) 
is an example. This Fourier transform relationship between pattern functions and 
sensitivity functions, which was first recognized by Michelson [8], allows patterns 
to be calculated easily in some cases using known Fourier transforms. 


6.1.2. Beam Steering 

Progressive phase shifting (or time delaying) of the hydrophone outputs steers a 
received beam just as phase shifting the applied voltages steers a projected beam 
(see Sect. 5.1.4). A necessary part of passive sonar search is continually steering 
the beam, or simultaneously forming multiple beams, to cover all the directions 
of interest. The major beam of the array can be steered to the direction 0o, 4>0 by 
phase shifting the output of the nm th hydrophone by the amount 

p nm = —nkD sin 0q cos 4>q — mkL sin 0q cos cJjq. 
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It can be seen from Eq. (6.3) that these phase shifts cause the exponents to 
vanish when 0 = 0o and 4> = 4>o which makes all the hydrophone outputs add in 
phase and form the major beam in that direction. With these phase shifts Eq. (6.4) 
becomes 

|V A (0, 4>)| = [ Pi M 0 ] 

where 

kD 

X = — [sin 0 cos (j) — sin 0o cos <j)o], 
and 

kL 

Y = — [sin 0 sin c[> — sin 0o sin <j)o]. 

The main beam and side lobes change significantly as the beam is steered resulting 
in a different directivity factor for each steering direction. 

For an array on a curved surface the output of each hydrophone can be phase 
shifted to make the array directional response approximate that of a planar array 
tangent to the curved array and given by Eq. (6.4). The phase shifts must be pro¬ 
portional to the perpendicular distance from each hydrophone to the plane; for 
example, for a cylindrical array of radius a each vertical column (or stave) of hy¬ 
drophones must be phase shifted by ka(l-cosPj) where P ; is the angle from the 
center of the array to the i th hydrophone (see Fig. (6.2)). 

The same phasing to a plane can be done for arrays of any shape, such as those 
that conform to the hull of a ship. Cylindrical arrays intended for passive search 
usually have staves of hydrophones extending all, or most, of the way around the 
circumference of the cylinder. Usually about 120° of the cylindrical surface is 
used for each beam. For more than 120° the inverse shading resulting from the 
projected hydrophone locations would raise the side lobes (see Sec. 6.1.3) and 
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Cylindrical Array 

FIGURE 6.2. Top view of cylindrical array with 13 staves being phased to a plane to form 
a beam. 
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need to be compensated by additional shading. The acoustic beam from one set of 
staves can be steered in azimuth by electrically switching to another set of staves, 
displaced by one or more staves. The beam can also be steered in depression angle 
by phase shifting as would be done for a plane array. When a spherical array is 
phased to a plane, beam steering can be done in both azimuth and depression angle 
by switching to different sets of hydrophones. 


6.1.3. Shading 

Shading a receiving array means adjusting the amplitudes of the hydrophone out¬ 
puts to achieve a desired change in the directivity pattern. Since the side lobes al¬ 
low noise and reverberation to mix with the signal from the steered direction, the 
reduction of side lobes is usually the main objective of shading. Shading an array 
such that the sensitivity decreases from the center toward the sides results in lower 
side lobe levels and a wider main beam, compared to a uniformly-shaded array. 
Shading that increases the sensitivity from the center toward the sides, called in¬ 
verse shading, increases the side lobes and decreases the main beam width. Thus, 
each application requires consideration of whether main beam width or relative 
side lobe level is more important [9]. Shading is accomplished by multiplying the 
magnitude of the signal in each channel by a shading coefficient, a nm . Then the 
shaded array output, including progressive phasing to steer the beam, is a general¬ 
ization of Eq. (6.3) which can be written as 

V A (0,4>) = 

N-1M-1 

lv M)Pi \ ’ \ ’ ^j[knD(sin 0 cos (f)—sin 0 q cos 4>o)+kmL(sin 0 sin 4>—sin 0 q sin 4 )q)] 

NM nm 

n=0 m=0 

(6.7) 


For a line array on the x-axis, i.e., for M = 1, a n o = a n and cf> = 4) 0 = 0, Eq. (6.7) 
becomes 


V A (0) = 


MoPi gjknDtsine—sine 0 ) 

N ^ n 


(6.7a) 


Neither of these expressions can be summed in a simple analytical way as was 
done for Eq. (6.3), but they can be written in other ways that are more convenient 
for some purposes. For example, consider a line array containing an odd number 
of hydrophones and, except for the center one, consider them in pairs consisting 
of the two adjacent to the center, the next two beyond them, etc. If the array is 
symmetrically shaded the shading coefficients associated with each pair are the 
same, and the response of each pair is proportional to 2 cos[mkD(sin 0 — sin 0o)]. 
Then Eq. (6.7a) can be written 


Mpp, 

(2M+ 1) 


M 

y. G m a m cos[mkD(sin 0 — sin 0o)L 

m=0 


V A (0) = 


(6.7b) 
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where the number of hydrophones, N, is now written as 2 M + 1, and eo = 1, 
e m = 2 for m > 0. A similar expression holds for an array containing an even 
number of hydrophones. Pritchard [10] used these expressions to calculate the 
directivity factor of line arrays in series form. Thompson [11] used similar expres¬ 
sions to synthesize large array directivity patterns with certain features by squar¬ 
ing, cubing, etc. the directivity patterns of small arrays with the same features. 

Pritchard [10] and Davids et al. [9] gave detailed discussions of optimum shad¬ 
ing of receiving arrays based mostly on the Dolph method [12] of shading using 
Chebychev polynomials. This method is optimal in the sense that it gives the nar¬ 
rowest main lobe possible for a line array of equally-spaced point hydrophones 
when all side lobes are made equal at a specified level relative to the main lobe. Or, 
equivalently, for a specified main lobe width the method gives the lowest possible 
side lobes with equal relative levels. Pritchard’s results showed the relationships 
among main lobe width, relative side lobe level, directivity index, and number 
and spacing of hydrophones. Urick [13] compares the Dolph-Chebyshev shading 
with several other types of shading. Albers [6] describes the Dolph procedure in 
detail with numerous illustrations. Other methods of shading are also used; for 
example, binomial shading, in which the amplitudes are proportional to the coef¬ 
ficients of a binomial expansion, gives the narrowest main lobe possible with no 
side lobes at all; Gaussian shading does the same. Taylor shading [14] is a mod¬ 
ification of Dolph-Chebyshev shading in which the outermost side lobes roll off 
smoothly. Wilson [15] gives a clear comparison of the effects of varying the shad¬ 
ing, the spacing, the phasing and the number of hydrophones. Figures 6.3 through 
6.7 give examples of steering and shading a 12-hydrophone line array with A/2 
spacing with self-explanatory captions. 
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FIGURE 6.3. Unshaded 12 element A/2 spaced array. 
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FIGURE 6.4. Unshaded 12 element A/2 spaced array steered to 45°. 
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FIGURE 6.5. Dolph-Chebyshev shaded 12 element A/2 spaced array, for —37 dB side lobes 
[9], Coefficients: 1, 0.901, 0.719, 0.502, 0.296, 0.155. 


Pritchard [16] also gave a simple approximation for the directivity factor of 
a steered line array of 2M + 1 uniformly spaced and symmetrically shaded hy¬ 
drophones based on Eq. (6.7b). It can be written as 

M 

D f = (2D/A)/ ^ e m b 2 m , 

m=0 


( 6 . 8 ) 










272 6. Hydrophone Arrays 


0 
-5 
10 
-15 

m-20 

"D 

^-25 
jj-30 
-35 
-40 
-45 
-50 

0 10 20 30 40 50 60 70 80 90 

Angle (Deg) 

FIGURE 6.6. 12 element A/2 spaced array with binomial shading. Coefficients: 1, 0.714, 
0.357, 0.119, 0.024, 0.002. 
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FIGURE 6.7. 12 element A/2 spaced array with Taylor shading for 25 dB side lobes. Coef¬ 
ficients: 1, 0.91, 0.77, 0.58, 0.44, 0.40. 


where the b m are the symmetric shading coefficients normalized such that 
Xm=o = 1. For a uniform array (i.e., no shading) the normalization 

condition makes all the b m = (2 M + l) -1 and Df = (2D/A )(2M + 1) 2L/A 
where L is the length of the line array. Since the unsteered line array beam has 
an omnidirectional toroidal shape in the plane perpendicular to the array, the main 
beam shape changes drastically as the beam is steered, from toroidal to conical to 
a broad searchlight beam at end-fire. For moderate steering Df does not change 
much and Eq. (6.8) is a useful approximation, but at end-fire Df is approximately 
twice the value at broadside, (i.e., twice the value given by Eq. (6.8)) [7, 16]. 
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The approximation in Eq. (6.8) is convenient for quick estimates, but with cur¬ 
rent computers Eqs. (6.7) or (6.7a) can be used to calculate complete directivity 
patterns and accurate directivity factors. For example, combining acoustic reci¬ 
procity with the definitions of directivity factor in Eq. (1.20) and intensity in 
Eq. (10.19), and using Eq. (6.7a), the directivity factor of a line array of N shaded 
omnidirectional hydrophones steered to the direction 0o can be obtained in the 
following form for convenient computation: 


Df(9o) = 


N—1N—1 

zz a n a m 

n=0 m=0 


N—1N—1 

^ ^ a n a m cos[(n — m)kD sin 0o] 
n=0 m=0 


sin[(n — m)kD] 
(n - m)kD 


(6.8a) 


Forhalf-wavelength spacing, (kD = 7t), Eq. (6.8a) reduces to Zn=o Zm=o a n a m/ 
ZZ a n- which does not depend on the steering angle. For no shading, (all the a n 
equal) Eq. (6.8a) takes the more convenient form with q = (n - m): 


D f (0 O ) = 


N 


N—1 


1 + ^ (N - q) cos(qkD sin 0 q) 


q=1 


sin(qkD) 

qkD 


(6.8b) 


which reduces to N when kD = K. This result was given by Burdic [7] as the array 
gain for isotropic noise (see Sect. 6.2 for discussion of array gain) and by Horton 
[7a] for 0o = 0. 

The directivity of small hydrophone arrays can be increased significantly by 
superdirective shading, which requires making some of the shading coefficients 
negative. Such arrays have a significantly narrower main beam and higher directiv¬ 
ity factor than the same array with all positive shading coefficients, but of course 
the main beam response is reduced. A more general definition of superdirectiv¬ 
ity includes any directional radiator that is small compared to the wavelength for 
example, the dipole modes of a sphere or cylinder. Simple examples of superdi¬ 
rectivity are given by a pair of small hydrophones separated by a small distance, 
D « A, with the outputs subtracted. Equation (6.7a) with 0o= 0, 0 = 90° — «, 
at = 1, a 2 = — 1, and with the hydrophones located at D/2 on each side of the origin 
gives the effective sensitivity of the pair as 2Mo sin[(kD/2) cos a] ~ MokD cos a 
for kD 4C 1 ■ Thus the directivity pattern is given by cos a, the dipole pattern, which 
has Df = 3, DI = 4.8 dB and sensitivity of MokD, which decreases with frequency 
by 6 dB per octave (see Sect. 4.5.1). If there was a small phase shift of kD between 
the two hydrophones before subtracting, the result would be MokD(cosa + 1), 
which is the cardioid pattern (see Fig. 4.30) with Df = 3 and DI = 4.8 dB and sen¬ 
sitivity of 2MokD. The same hydrophone pair with the same separation and with 
outputs added would be nearly omnidirectional with Df «1, DI« 0 and sensitivity 
of 2M 0 . 
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Pritchard [ 10, 17] discussed the maximum directivity of line arrays and showed 
that applying the Dolph method to the case where the hydrophone spacings are 
small compared to the wavelength leads to the situation where at least one shad¬ 
ing coefficient approaches zero. For spacing less than a quarter wavelength the 
optimum pattern (in the Dolph sense) requires some of the coefficients to be neg¬ 
ative, and such patterns are superdirective. One of Pritchard’s specific examples is 
an array of five hydrophones with A/8 spacing, or a total length of A/2; the shad¬ 
ing coefficients are +5, —16, +24, —16, +5, and the DI is 4.9 dB [10]. Equation 
(6.8) applied to a five-hydrophone array of total length A/2 with uniform shading 
gives Df = 1.25 and a DI of about 0.9 dB, showing that the superdirective shad¬ 
ing increases the DI by about 4dB. Note the large variation in the superdirective 
coefficients, and that the sum of all the coefficients is only about 3% of the value 
it would have if there were no sign reversals, and the sensitivity is about 30 dB 
below that for a conventionally shaded array. 

The disadvantages of superdirective arrays are a low sensitivity to plane wave 
signals, high side lobes, narrow band performance, and increased susceptibility to 
incoherent noise because of the phase reversals. Superdirective arrays have found 
little use for these reasons. The effect of ambient noise on superdirective arrays 
will be considered in Sect. 6.4.1. 

Grating lobe control is very important in receiving arrays where it is usually 
desirable to make the bandwidth as broad as possible. Much of the discussion of 
grating lobe control in Sect. 5.1.3 is also applicable to receiving arrays, but use 
of the individual hydrophone directivity is quite limited because the hydrophones 
are usually omnidirectional over most of the band. Nonuniform spacing of the 
hydrophones, such as the logarithmic array discussed in Sect. 5.1.4, would also 
be effective in receiving arrays. And it should be reiterated that shading does not 
reduce grating lobes relative to the main lobe. Grating lobes are also important for 
high wavenumber noise and will be discussed and illustrated further in the next 
section from this more general point of view. 


6.1.4. Wavevector Response of Arrays 

Equation (6.4) for the response of a plane rectangular array of omnidirectional 
pressure sensitive hydrophones, with ksin0 cos (|) replaced by k x and ksin9 sin c|) 
replaced by k y , is a more general form of the array response that can also be ap¬ 
plied to nonacoustic plane pressure waves with wavevector components k x and k y : 


| V A (k x , k y )| = p 0 Mo(k x , ky) 


sin(Nk x D/2) 

sin(Mk y L/2) 

N sin(k x D/2) 

M sin(k y L/2) 


(6.4a) 


In Eq. (6.4a) po is the pressure amplitude, and the sensitivity. Mo, depends on 
k x and k y unless the individual hydrophones are small compared to the wave¬ 
lengths associated with k x and k y . Similarly, Eq. (6.6) with X = (D/2)(k x - ko x ) and 
Y = (L/2)(k y - ko y ) gives the response when the array is steered to a wavevector 
with components ko x and ko y . The nonacoustic waves of interest for ship-mounted 
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FIGURE 6.8. Wave number response of a line array with spacing D between hydrophones, 
(a) unsteered (b) steered to acoustic end fire, k ox = 71/D. The minor lobes between the 
grating lobes are omitted. 


arrays usually occur as flexural wave noise and flow noise (see Sects. 6.3.2 and 
6.3.3) which have lower propagation speeds than acoustic waves. Therefore at a 
given angular frequency, eu, the noise wavenumbers, cu/speed, are higher than the 
acoustic wavenumber and the noise wavelengths are smaller. The wavenumber re¬ 
sponse of an unsteered line array is illustrated qualitatively in Fig. 6.8a. The major 
lobe appears at k x = 0, with grating lobes at k x = 27tn/D (n = ±1, ±2 • • •) that is, 
when D is an integral number of wavelengths. 

The minor lobes that occur between the grating lobes are omitted for this dis¬ 
cussion in order to simplify the figure. When the major lobe is steered by l<o A all 
the grating lobes are also shifted by ko x ; Fig. 6.8b is a specific example where 
the steering wavenumber is ko x = 7t/D. As the major lobe is steered from ko x = 
0 to ko x = Jt/D, all the grating lobes shift by7t/D and may receive noise com¬ 
ponents that are present with wavenumbers in this range. For example, if noise 
was present at k x = 57t/2D, it would be received on the first grating lobe when the 
major lobe was steered to ko x = 7t/2D. This corresponds to steering the acoustic 
beam by 0o = 30° at the frequency where D is half the acoustic wavelength, 
since ksinOo = ko x . The wavevector response of arrays will be discussed further 
in Sect. 6.4.2 for two-dimensional arrays and flexural wave noise. 

Interest in the wavevector characteristics of noise has led to the development 
of two special purpose arrays. One is the wavevector filter for measuring the 
wavevector characteristics of a noise field [5, 18, 19]; the other is a projector ar¬ 
ray for generating a pressure field with known nonacoustic wave numbers [20], 
Wave vector filters have been used to measure the characteristics of the turbulent 
boundary layer (TBL) [19], to separate TBL noise from acoustic and flexural wave 
noise [21] and to determine characteristics of flexural waves on experimental hull 
simulators [1], The wave number generator has been used to evaluate the prop¬ 
erties of baffles and decouplers at known wavenumbers corresponding to noise 
wavenumbers expected in hull-mounted arrays [1], 
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6.2. Array Gain 

The directivity factor, Df, and directivity index, DI = 10 log Df, are defined in 
Chapter 1 as measures of how well a projector or an array of projectors concen¬ 
trates acoustic radiation in the direction of the main lobe. Specifically, the direc¬ 
tivity factor is the ratio of the radiated intensity in the direction of the main lobe 
to the radiated intensity averaged over all directions. In receiving arrays, similar 
definitions of directivity factor and directivity index are useful as measures of the 
array’s ability to discriminate against plane waves coming from directions other 
than the main lobe direction. For receiving arrays, the directivity factor that fol¬ 
lows from acoustic reciprocity is the ratio of the power response to a plane wave 
arriving on the main lobe (MRA) to the average power response to plane waves of 
the same pressure amplitude arriving from all directions (see Sect. 11.2.2). Since 
the ability of receiving arrays to discriminate against noise is of critical impor¬ 
tance, the directivity factor of a receiving array is often expressed differently, as 
the increase in signal-to-noise ratio of the array over the signal-to-noise ratio of 
one omnidirectional hydrophone [13]. When the signal is a plane wave arriving on 
the main lobe and the noise is an isotropic, incoherent mixture of plane waves, this 
definition is equivalent to the other definition. In the simplest case the array sums 
the signal coherently and the noise incoherently, resulting in an increase in signal- 
to-noise ratio. But a more general measure of noise discrimination capability is 
needed, one that can account for partial coherence in both the noise and the signal. 
The array gain, AG, defined as 10 times the logarithm of the increase in signal- 
to-noise ratio of the array over the signal-to-noise ratio of one array hydrophone 
alone, is such a measure [13]. It can be expressed in terms of the statistical prop¬ 
erties of the signal and noise fields, and, like the directivity index, it depends on 
frequency or on a specified frequency band. The array gain can be written as 

(S 2 )/(N 2 ) 

AG = 10log \ I' ) , (6.9) 

(s-)/(n-) 

where (s 2 ) and (n 2 ) are the mean square (i.e., time average of the square) signal 
and noise outputs of a single hydrophone alone, and (S 2 ) and (N 2 ) are the mean- 
square signal and noise outputs of the array. In this definition it is not necessary 
for the individual hydrophones to be omnidirectional or to have any other special 
characteristics, as long as the single hydrophone and the hydrophones in the array 
are identical. Note that specifying array geometry, steering, and frequency deter¬ 
mines the directivity index, but the same array geometry with the same steering 
and frequency has different array gains depending on the coherence of the signal 
and noise fields. 

The array signal and noise outputs can be written in terms of the single hy¬ 
drophone outputs as 

s = X a i s i and ( s2 ) = XZ a i a i( s 4 

i i j 


(6.10a) 
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N = 2>n, and |n 2 ^ = ( n i n j), (6.10b) 

i i j 

where the a; are amplitude shading coefficients and the summations extend over all 
the hydrophones in the array. The quantities (s£Sj) and (n;nj) are cross-correlation 
functions defined by [22] 


T 

(siSj)= lim i f Vi(t)Vj(t-Xij)dt, 

' T— >oo T J 

0 

where V; and Vj are the outputs of the i th and j th hydrophones, which are sepa¬ 
rated by a distance d;j, and Ty is a time delay introduced between those outputs. 
For discussing beam steering of arrays it will be convenient to use phase shifts 
between the received signals, <})ij, rather than time delays. Then the normalized 
cross-correlation function is defined as [13] 


Pij(dij> toj) 



( 6 . 11 ) 


For example, when the signal is a plane wave of wavenumber k arriving at 
the angle 0 from the line between the i th and j th hydrophones (see Fig. 6.9) the 
outputs of the two hydrophones are proportional to s; = Voe ja,t and sj = 
Voe j(a,t+kdi j cos 0+c N). Taking the product of the real parts, and time averaging (see 
Appendix A.3) gives (sjSj) = cos(kd;j cos 0 + 4>ij) and (s?) = (s = jV ( 2 , 
which leads to the normalized cross-correlation function: 


Py (dij, 4>ij) = cos(kdy cos 0 + 4>y). (6.12) 

When the signal is the sound radiated from a complicated vibrating structure 
such as a ship, it is often only partially coherent [23]. Partial coherence in the 
signal can also be caused by random variations in the medium, especially in very 
large arrays where the transmission path from source to hydrophone is not exactly 
the same for all hydrophones. 



FIGURE 6.9. Coordinates for calculation of the cross correlation function for two hy¬ 
drophones receiving a plave wave signal. 
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The normalized cross-correlation function of the noise received from the i th and 
j th hydrophones is defined in the same way: 


Pij(dij> 4hj) — 



(6.13) 


Examples of specific noise fields will be given in Sect. 6.3.1. Urick [13] gives 
cross-correlation functions for single-frequency and flat-bandwidth plane wave 
signals and isotropic noise. The normalized cross-correlation functions will be 
called spatial correlation functions or just spatial correlations in the following. 

The signal and noise fields are usually homogeneous over the surface of an 
array, and therefore have the same mean-square values at the location of every 
hydrophone in the array; thus we assume that 


(s?) = (s 2 ), i = 1,2--- , (6.14a) 

(n 2 ) = (n 2 ), i= 1,2--- . (6.14b) 


With this simplification the array gain can be written in terms of the spatial corre¬ 
lation functions as follows: 


ZZatajPij 

AG = 10,08 ih*i- (615) 

i j 

The signal can usually be considered completely coherent, and in some cases 
the noise can be considered completely incoherent, for example, the internal hy¬ 
drophone noise is completely incoherent. Since this is a useful case for comparison 
with other situations we consider an unshaded (a* = 1) planar array with no beam 
steering (c[>ij = 0) and a plane wave signal arriving from the broadside direction 
(0 = 90°); then for the coherent signal and the incoherent noise the spatial corre¬ 
lations are: 

Py = 1 for all i, j, 
and 

P”i=l, Pi',-0 fori Ai. 

For these spatial correlations, and an array of N hydrophones, the sum of the 
signal correlations is N 2 and the sum of the noise correlations is N regardless of 
how the hydrophones are arranged. Then the array gain is given by Eq. (6.15) as 

AG = 10 log N. 

We have seen from Eq. (6.8b) that the directivity factor for a line of N unshaded, 
omnidirectional hydrophones is equal to N, making DI = 10 log N, when l<D = jt. 
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Thus the directivity index is numerically equal to the array gain at the frequency 
where the array spacing is one-half wavelength for a line array in incoherent noise. 
However, in general, the directivity index and the array gain are not the same. The 
directivity index depends on frequency and array parameters such as the number 
of hydrophones and their spatial arrangement, while the array gain depends on 
signal and noise characteristics as well as frequency and array parameters. The 
directivity index and the array gain are different measures of array performance 
that may be numerically equal for isotropic, incoherent noise for certain array 
geometries and certain frequencies. 

Another simple comparison case occurs when the signal is coherent and the 
noise is partially coherent with a constant spatial correlation of p n < 1 for i ^ j, 
that is, 

Pii = 1, P|] = Pn, fori Ai- 

Again, the sum of the signal correlations is N 2 , while the sum of the noise corre¬ 
lations is N + (N 2 — N)p n , and, from Eq. (6.15) the array gain is 


AG = 10 log 


N 

1 + (N — 1) p n 


This result shows that the array gain is close to zero dB for coherent noise (p n 
1), close to lOlogN for incoherent noise (p n ~ 0), and approximately 10 log(l/p n ) 
for large N and intermediate values of p n . The last case shows that a small degree 
of noise coherence, if it is independent of the distance between hydrophones, could 
seriously limit the array gain, for example, for p n = 0.1 the array gain would be 
limited to 10 dB no matter how large the array. However, real noise is either inco¬ 
herent or partially coherent with values of p" that are close to unity for closely 
spaced hydrophones, and that rapidly diminish as the hydrophone separation 
increases. The effect of the partial coherence is to make the array gain less than 10 
log N for the usual array spacings of a half wavelength or less. Sect. 6.3.1 gives ex¬ 
amples of spatial correlation for specific types of partially coherent ambient noise, 
and the corresponding array gains are calculated in Sect. 6.4.1. 


6.3. Sources and Properties of Noise in Arrays 
6.3.1. Ambient Sea Noise 

Dynamic pressure variations in the sea arise from many different mechanisms 
[2], and pressure sensitive hydrophones respond to all of them. Pressure changes 
caused by tides and surface waves, oceanic turbulence and seismic disturbances 
such as microseisms all contribute to ambient noise in the sea, but the frequency is 
too low to make these sources important in most sonar applications. The thermal 
sea noise caused by molecular fluctuations in the water is incoherent and only 
important for passive arrays that operate above about 40 kHz (see comparison of 
various types of ambient sea noise in Fig. 6.10). 
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Frequency (Hz) 

FIGURE 6.10. Average deep-water ambient noise spectra. From Reference 13 (Fig. 7.5) 
with permission from Peninsula Publishing, Los Altos, CA. 


For most passive arrays the dominant sources of ambient noise are ship traffic 
and the turbulence, splashing, and bubbles caused by surface waves. Both radiate 
acoustic waves, but with different directional and coherence characteristics. Ship¬ 
ping noise is important from 10 to 500 Hz; it can arise from individual nearby ships 
and, at the lowest frequencies, from the combined effects of many distant ships. 
Noise generated by wind depends strongly on frequency and wind speed [24], 
Geographical variations in shipping density and changes in wind speed make these 
major sources of ambient noise quite variable with respect to both time and loca¬ 
tion, and the curves of Fig. 6.10 should be considered as averages. Intermittent 
noise sources—such as whales, other biological organisms, and storms—increase 
the variability of ambient noise [2, 13, 25, 26, 27]. 

Ambient noise has been found to be significantly directional in certain fre¬ 
quency ranges. The low-frequency noise arrives mainly from horizontal directions 
as would be expected if it came from distant shipping and storms. Under some 
conditions higher-frequency noise arrives from near vertical directions with an in¬ 
tensity pattern of approximately cos 2 0, with 0 measured from the vertical. This is 
consistent with the noise originating at the surface [13, 28] and radiating a dipole 
directional pattern as expected for sources located at the air-water interface. The 
spatial coherence of ambient noise in deep water has been measured [29], and 
simple analytical models have been developed that illustrate the combined effects 
of directionality and coherence [30, 31]. 

The directionality of the noise, as well as its spatial coherence, influence the 
noise output of an array. We will compare two simple models of ambient noise 
fields: an isotropic noise field, where the noise intensity is the same from all di¬ 
rections, and a directional noise field representing sea surface noise where the 
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intensity has a cos 2 0 directionality. The isotropic case is considered mainly for 
its simplicity since sea noise is probably never isotropic, although in some cases it 
has an isotropic component. For isotropic noise the single-frequency spatial cor¬ 
relation function depends only on one geometrical variable, the distance between 
hydrophones, and is given by [30, 31] 

p'j = sin kdij/kdy, (6.16) 

where d;j is the distance between the i th and the j th hydrophones and k = 2 ji/A 
(see Fig. 6.11). The factor cos 4>ij is included in the spatial correlation of the noise 
when a phase shift of 4hj is introduced between the i th and j th hydrophone outputs 
[13], Equation (6.16) and Fig. 6.11 show that for a line array with uniform A/2 
spacing in isotropic noise all the p2 = 0 for i ^ j, and the array gain is 10 log N 
as it is for completely incoherent noise. 

For directional surface noise with cos 2 0 directionality, the single-frequency 
spatial correlation function depends on the orientation of a pair of hydrophones 
with respect to the surface as well as on their separation. Fig. 6.12 shows the 
geometry and illustrates the case where the pair of hydrophones is oriented paral¬ 
lel to the surface. 

The result for the spatial correlation, shown in Fig. 6.13 [30], is 

Py =2Ji(kdij)/kdij, (6.17) 

where Ji is the first-order Bessel function, and the factor cos cpy is included when 
phase shifts are used. For both isotropic and surface noise the spatial correlation 
equals unity when i = j and dy = 0, and diminishes rapidly as djj increases as 
shown in Figs. 6.11 and 6.13. Note that the surface noise coherence is slightly 
higher than that for the isotropic noise for small hydrophone separations but di¬ 
minishes more rapidly for larger separations. 

It is interesting to note that the spatial correlation function for isotropic noise 
in Eq. (6.16) has the same dependence on hydrophone separation as the mutual 



FIGURE 6.11. Spatial correlation for isotropic noise [30]. 
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Noise source on 
surface in xy plane 


FIGURE 6.12. Each small portion of the sea surface in the xy plane is a noise source which 
radiates into the water with a cos 2 0 intensity pattern. A pair of hydrophones is shown 
oriented parallel to the surface at depth z. 



FIGURE 6.13. Spatial correlation for surface noise with cos 2 0 directionality and with the 
hydrophones oriented parallel to the surface [30], 


radiation resistance between small sources given in Eq. (5.23) [23, 31a], Both are 
proportional to sin kdij/kd,j, and, for small kd, where d is the separation of adjacent 
hydrophones, the relationship between them can be written 


Rij/pcAi = (k 2 A 1 /27c)(pS), 

where Ai is the area of one hydrophone. This provides a simple approximation for 
the sum of all the noise correlations for any large rectangular plane array of small 
hydrophones by using Eq. (5.27) to obtain 


' J > J 


sin kd,j 


kdij 


2ttN 2 


k 2 A A ’ 



Sources and Properties of Noise in Arrays 283 


where N is the total number of hydrophones in the array and Aa is the total area 
of the array. Each hydrophone can be considered to occupy an area of d 2 , making 
the total array area equal to Nd 2 . Then the array gain is 

N 2 N(kd) 2 , 

AG = 101 ° g 27tN 2 /N(kd) 2 = 101 ° g ~^T - 101 ° gN - 101 °g [2 */(kd) 2 ]- 

(6.18) 

This result is approximately valid only for kd less than about Jt/2; for kd = 71/2 
the reduction from 10 log N is about 4 dB. For smaller kd the reduction is greater 
since the noise is more correlated. 


6.3.2. Structural Noise 

The ambient noise discussed in the previous section is acoustic noise radiated from 
the surface of the sea or from other distant sources; it is the dominant noise for 
stationary arrays, except for those subject to strong currents. However, for passive 
arrays mounted on ships or towed by ships, the ambient noise may be important at 
low ship speeds, but as the speed is increased other sources of noise increase, and 
usually dominate the ambient noise. Acoustic noise radiated from the turbulence 
and cavitation caused by the propeller reaches the array by various water paths 
such as grazing incidence along the hull, surface or bottom reflection, or rever¬ 
beration. Vibration of the ship structure, excited by both machinery and turbulent 
flow along the hull, is transmitted to the vicinity of the array by flexural waves 
that produce decaying pressure waves in the water near the array. The flexural 
waves may also transmit vibrations to the hydrophones through their mounting 
structure. Finally, flow along the hull results in turbulent boundary layer pressure 
fluctuations close to the hydrophones of a hull-mounted array. These latter types of 
nonacoustic noise present the main noise control problem for hull mounted arrays 
at medium to high ship speeds. 

The basic properties of the machinery and flow-excited structural noise will be 
discussed first in terms of a simple model based on submerged flat plates [32, 3, 
4, 5], Consider first the case of a thin, flat infinite elastic plate with air on one side 
and water on the other as a very simplified model of a ship’s hull. Machinery may 
excite the plate on one side, flow may excite it on the other side, causing flexural 
waves that travel to the array which would typically be mounted in the forward 
part of the ship. The plate might also represent a sonar dome in which case there 
would be water on both sides with the interior water stationary with respect to 
the plate. In either case the vibrating plate produces pressure waves in the water 
that cause noise in a nearby array. These waves differ from acoustic waves, but all 
pressure fluctuations cause noise in a hydrophone, and their characteristics must 
be known in order to control them. 

Flexural waves in a thin plate travel with a speed that depends on the mechanical 
properties of the plate, the frequency, and the media adjacent to the plate. With 
vacuum on both sides, called the free plate case , the wave number is 

k p = (\itv 2 1 d) /4 , 


(6.19) 
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and the wave speed is 


cu/kp = (cu 2 D j — |^tu 2 Yh 2 ^ 12p(l — cr 2 ) 


X 


( 6 . 20 ) 


where D = Yh 3 /12(l — cr 2 ) is the flexural rigidity, (4 = ph is the mass per unit 
area, Y is Young’s modulus, cr is Poisson’s ratio, p is the density, and h is the 
thickness of the plate. With water on one, or on both sides, the plate flexural wave 
speed is reduced by the mass loading of the water, and cannot be expressed in 
a simple form such as Eq. (6.20), but it still increases with frequency in a simi¬ 
lar way. The frequency at which the free plate flexural wave speed, c p , given by 
Eq. (6.20), equals the speed of sound in a given medium (c p = c) is called the 
coincidence frequency for that medium. The type of pressure waves produced in 
the medium depends on whether the frequency is above or below the coincidence 
frequency, which from Eq. (6.20) is given by 


uj c = c" 


[l2p(l - cr 2 )/Yh 2 ] 


1/2 


( 6 . 21 ) 


In many cases the frequencies of interest to sonar are below the coincidence 
frequency; for example, for a 0.0508 m (2 inch)-thick steel plate in water f c = 
tu c /27t is about 5 kHz and for a 1 inch-thick steel plate it is about 10 kHz. 

Below the coincidence frequency flexural waves traveling at speed c x in a 
water-loaded plate produce subsonic pressure waves in the water traveling at 
speed c x parallel to the plate, and with amplitude decaying exponentially with 
distance from the plate [3], The decay factor, at a distance d from the plate, is 
ex Pt — (k 2 —k 2 ) 1/,2 d] = exp[—cu(l/c 2 —l/c 2 ) 1/,2 d], which corresponds to rapid de¬ 
cay for flexural wave numbers well above the acoustic wave number. The evanes¬ 
cent nature of these pressure waves is critical in determining their contribution 
to the noise in hydrophones mounted on or near some part of a ship. It is diffi¬ 
cult to discuss the effects in a general way, because the mechanisms that excite 
flexural waves in a ship structure, as well as scattering from structural inhomo¬ 
geneities such as frames, result in a broad spectrum of wave numbers. However, 
simple models, such as a point or line force, exciting an infinite plate at a fixed 
frequency are useful and indicate that the predominant wavenumbers are the free 
plate wavenumbers in Eq. (6.19). Some simplified calculations of structural noise 
reduction will be discussed in Sect. 6.4.2. 


6.3.3. Flow Noise 

The wavevector-frequency spectrum of turbulent boundary layer (TBL) pressure 
fluctuations has been analytically modeled [33, 34, 35], and also measured in par¬ 
ticular cases. However, it is difficult to avoid contamination by acoustic and struc¬ 
tural noise associated with most experimental arrangements. The TBL on the hull 
of a moving ship can be thought of as a mixture of waves of different frequen¬ 
cies and wavevectors traveling mainly in the direction of flow with a spectrum of 
wavenumbers, k x . A small part of the TBL energy also travels transverse to the 
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flow with wavenumbers, k y , and a smaller part travels out from the hull, including 
a small amount of acoustic radiation [36]. The peak level of the TBL spectrum 
occurs at the wave numbers k x = k c = cu/u c and k y = 0, where k c is the convec¬ 
tive wavenumber and u c is the convective flow velocity. The main features of the 
TBL pressure fluctuations are contained in the Corcos model of the wavevector- 
frequency spectrum [33] which can be written [3]: 


P(kx,k y , to) = P(tu) 


aia 2 k 2 

[:t 2 [(k x - k c ) 2 + (a!k c ) 2 ][k2 + (a 2 k c ) 2 ]} ’ 


( 6 . 22 ) 


where aj and a 2 are constants, and P(cu) ~ p 2 v^/cu (Pa 2 s in MKS) where p is 
the density of water and v* is the friction velocity [3]. P(k x , k y , cu) is a mean- 
squared pressure spectral density with respect to frequency and two wavevector 
components (Pa 2 m 2 s in MKS). 

At low frequency the convective flow velocity is approximately equal to the ship 
speed. Thus, at a speed of 10 m/s (~20 knots) the convective wavenumber is 150 
times higher than the acoustic wavenumber. As shown in Fig. 6.14 the majority 
of the TBL energy is concentrated at high wavenumbers around k c which makes 
this part of the TBL spectrum relatively easy to control by absorption in the outer 
decoupler and by area averaging with large area hydrophones (see Sect. 6.4.3). 

For sonar applications the most troublesome part of the TBL spectrum is the 
low wavenumber region, where k x approaches the acoustic wavenumber, since 
outer decouplers must be transparent to the acoustic wavenumbers that the array 
is designed to receive. Thus a very important feature of the TBL spectrum is the 
ratio of its value at k x = k c , k y = 0 to its value at the acoustic wavenumber, k x = 
k= tu/c, k y = 0. Using Eq. (6.22) this ratio can be approximated for l< l< c by 


P(k c ,0, tu)/P(0,0,u>)« 1 + 1/a?. 


Measurements have indicated that this ratio is about 40 dB [21, 37] which cor¬ 
responds to ai = 0.01. Examples of the wavevector-frequency spectrum are given 
in Fig. 6.14 for a speed of 20 knots using ai = 0.01 and a 2 = 1.0 [3]. 


6.4. Reduction of Array Noise 
6.4.1. Reduction of Ambient Noise 

Since the ambient noise is acoustic the main way of controlling it is phasing and 
shading the array. It is also possible to use baffles to reflect or absorb noise com¬ 
ing from certain directions, (e.g., to keep surface noise from reaching a submarine 
array). If the ambient acoustic noise is completely incoherent the array gain is 
10 log N, but the noise is often partially coherent which makes the gain less than 
10 log N for typical array geometries. This reduction will be illustrated by 
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FIGURE 6.14. Turbulent wall pressure spectra for flow speed of 20 knots as a function of 
(a) k x (ky = 0) and (b) ky (k x = 0) for different frequencies [3]. Note use of cgs units 
on this figure. (Figs. 6.4 and 6.5 of [3] with permission from the Seoul National University 
Press.) 
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calculating the array gain for a line array of N hydrophones lying parallel to the 
ocean surface, simulating a towed array at low speed where ambient isotropic 
noise or directional surface noise might dominate. Approximate spatial correla¬ 
tion functions for these two types of ambient noise have been given in Eqs. (6.16) 
and (6.17). 

To further simplify the illustration we choose a frequency such that the sepa¬ 
ration between adjacent hydrophones, d, is one quarter wavelength (kd = Jt/2), 
and include only nearest- and next-nearest neighbor correlations. The two hy¬ 
drophones at the ends of the line each have one next neighbor and one next-nearest 
neighbor, the two hydrophones next to the ends have two next neighbors and one 
next-nearest neighbor, and the other (N - 4) hydrophones have two next neighbors 
and two next-nearest neighbors. For the isotropic noise field in Eq. (6.16) with 
kd = %/2 the next neighbor correlation is p| 1 j (jt/2) = 2/tt and the next-nearest 
neighbor correlation is pjj(tt) = 0. Thus, including the N values of pR = 1, the 
sum of the noise correlations is 

zz pS=N + 2(N-l)(2/7c). 

i j 

For a plane wave signal from the broadside direction (0 = 90°) with no beam 
steering (c|Dij= 0), each signal correlation is unity, and the sum of the signal 
correlations is N 2 . Thus, from Eq. (6.15), the array gain is 

N 2 N 

AG = 10log-10log-= 10logN — 3.6 dB, 

S N + 2(N- 1)(2/Jt) S l+4/7t S 

where the last form of the result, for large N, can be easily compared with 10 log 
N for the case of perfectly incoherent noise. We see that the partial coherence 
associated with the isotropic noise field reduces the array gain by 10 log(l+4/7t) 
= 3.6 dB. For isotropic noise this result is the same for any other orientation of 
the array with respect to the surface. Note that if the array spacing was less than 
kd = 7t/2 the noise correlations, and the loss of array gain, would be greater. On 
the other hand, for half-wavelength spacing with kd = 7t, the noise correlations 
would all be zero with no loss of array gain. 

We will now calculate the array gain for the same horizontal line array in the 
directional surface noise field with the spatial correlation given in Eq. (6.17). In 
this case Fig. 6.13 shows that both nearest neighbor and next-nearest neighbor 
correlations are positive for kd = Till with p(tt/2) ~ 0.8 and p(7t) 0.2; the more 

distant correlations are small and will be neglected to simplify this example. For 
each of the two end hydrophones the sum of the correlations is (1+ 0.8 + 0.2), for 
each of the two next-to-end hydrophones the sum is (1 + 1.6 + 0.2) and for each of 
the other (N - 4) hydrophones the sum is (1 + 1.6 + 0.4). The sum of all the noise 
correlations being included is then (3N - 2.4), the sum of the signal correlations 
is again N 2 , and the array gain is 

N 2 N 

-ss 10log — = 10logN — 4.8 dB. 

3N - 2.4 6 3 


AG = 10 log 
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The loss of array gain is greater in this case than for isotropic noise because the 
main beam of the unsteered horizontal array is pointed at the most intense part of 
the directional surface noise. Barger [31] gives similar results as a function of kd 
for N = 50. 

The array gain can be increased significantly by steering the beam away from 
the direction of maximum noise. For example, consider a signal arriving parallel 
to the array (0 = 0°) with the beam steered to end-fire (4>ij = — kd;j), for which 
the signal correlations still sum to N 2 . But now the noise correlations are changed 
by the factors cos cjDij to 

p(jt/2) = 0.8 cos(7t/2) = 0 and p(7t) = 0.2 cos 7t = — 0.2, 
and they sum to 0.6 N+ 0.8. Under these conditions the array gain is increased to 

N 2 N 

AG = 10log-» 10log— = 10logN + 2.2 dB. 

6 0.6N + 0.8 6 0.6 6 

These simple single-frequency examples show how the array gain can be re¬ 
duced from lOlogN by noise coherence, and how, when the noise is directional, 
the array gain can be increased above 10 log N for certain signal reception direc¬ 
tions. When the noise is directional it may be possible to design an array with a 
null in the direction of the noise or to use signal processing techniques, such as 
adaptive beamforming, to reduce noise from one or more directions. Faran and 
Hills [38] developed a method for determining shading coefficients that maxi¬ 
mizes the mean square signal-to-noise ratio at the array output in the presence of 
isotropic noise in the medium or incoherent internal hydrophone noise. 

Noise is especially damaging for superdirective arrays of pressure sensitive hy¬ 
drophones because the differencing of individual outputs reduces signal sensitivity 
more than it reduces sensitivity to partially coherent noise. The effect can be illus¬ 
trated by the example of a line array of five hydrophones with quarter wavelength 
spacing in isotropic noise. First consider uniform shading with all aj = 1; Eq. (6.8) 
gives Df = 2.5 and DI = 4 dB. With pS = sinkd,j/kdij the sum of the noise cor¬ 
relations is 5 + 8/71, the sum of the signal correlations for the broadside beam 
(0 = 90°and cfhj = 0) is 25, and the array gain is 10 log 3.3 = 5.2 dB. If the same 
array is shaded in a simple superdirective manner with aj = 1 for the center and 
the two end hydrophones and a; = — 1 for the other two hydrophones, the 4>jj are 
either 0 or 7t. When the cos cjtij factors are included in the correlations the sum 
of the noise correlations is 5 — 8/71, the sum of the signal correlations is 1, and 
the array gain is reduced to 10 log 0.4 = —2.3 dB. The degradation is worse for 
incoherent noise where the sum of the noise correlations is 5 with both types of 
shading, and the array gain goes from 7 dB for uniform shading to -7 dB for the 
simple superdirective shading. 

Pressure-gradient sensitive and velocity-sensitive hydrophones also have high 
susceptibility to noise because both sensitivities decrease as the frequency de¬ 
creases. The pressure gradient hydrophone, consisting of two small pressure- 
sensitive hydrophones with a small separation, s, with their outputs subtracted 
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provides an example (see Sect. 4.5.1). For a signal on the MRA of the dipole the 
sum of the signal correlations is 2(1 — cos ks). For incoherent noise the sum of the 
noise correlations is 2, and the array gain is given by the ratio as 10 log (1 — cos 
ks) 10 log [(ks) 2 /2], which is negative for small ks (e.g., —23 dB for ks = 0.1). 
Also see Sect. 6.5.2. 


6.4.2. Reduction of Structural Noise 

Sonar arrays are usually mounted in the forward part of a ship as far from the major 
machinery noise sources as possible. In many cases arrays are also protected from 
direct exposure to the flow by being mounted inside a faired dome constructed of 
thin steel or glass-reinforced plastic. In that case the array hydrophones must be 
mounted either on some part of the ship structure inside the dome or on the inside 
of the dome itself. Thus the hydrophones can receive noise from flexural waves 
in the dome walls and in other parts of the ship structure inside the dome. Be¬ 
cause of the evanescent nature of flexural wave noise, mounting the hydrophones 
at even a small distance from a vibrating surface is effective in reducing noise if 
the mounting structure itself can be isolated from the vibration. 

Control of structural noise is especially difficult for submarine arrays that are 
too large to fit in a dome and, therefore, must be mounted directly on the pres¬ 
sure hull. In that case faired protuberances from the pressure hull are necessary, 
and their thickness and weight are critical, because they increase drag, reduce 
speed and influence buoyancy. This type of array consists of several components 
in addition to the hydrophones as shown in Fig. 6.15. 

The low impedance compliant baffle reduces the hull noise reaching the hy¬ 
drophones, but it also reflects the signal with considerable phase change, which 
reduces the signal at the hydrophones. Thus a layer of high impedance mater¬ 
ial (the signal conditioning plate, usually a steel plate) is needed over the baf¬ 
fle to raise the surface impedance and reduce signal degradation [39], The baffle 
and signal conditioning plate together comprise the inner decoupler. The array 
of hydrophones embedded in elastomeric material and the outer decoupler lie 
between the inner decoupler and the water. All these components must fit in 
a space of limited thickness and be optimized together to achieve the required 
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FIGURE 6.15. Model showing all the components of a hull mounted hydrophone array. 





290 6. Hydrophone Arrays 


noise reduction with acceptable weight, thickness, and signal degradation [1], 
The effect of the outer decoupler on flow noise will be discussed in the next 
section. 

The wavenumber-frequency spectrum of the structure-borne noise reaching an 
array mounted on a ship depends on the relative amount of flow and machinery 
excitation, and that depends on the location of the array within the ship’s structure. 
Here we can only illustrate by discussing analytical modeling of highly simplified 
cases such as the excitation of an infinite elastic plate by point or line forces or 
by turbulent flow [3, 5], The objective of the modeling is to determine the noise 
reduction provided by layers of compliant, absorbing materials with an outer steel 
plate (the inner decoupler) placed between a vibrating plate representing the hull 
and an array as shown in Fig. 6.16. 

For a specified vibration of the hull plate the pressure in the water outside the 
signal conditioning plate, (i.e., the noise pressure), is determined as a function of 
frequency for various inner decoupler materials and thicknesses. The effectiveness 
of the inner decoupler can be evaluated by its insertion loss, the ratio of noise 
pressures in the water at the stand-off position of a hydrophone, with and without 
the inner decoupler in place, Pnid/pno- 

The inner decoupler reduces the structure-borne noise reaching the array hy¬ 
drophones, but it also usually reduces the signal pressure [39]. For example, with 
a very soft inner decoupler, which might strongly reduce noise, a plane wave sig¬ 
nal would be reflected with a large phase change, and the resulting total signal 
would be reduced. To minimize signal degradation, the surface impedance of the 
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FIGURE 6.16. Geometry of the model used for flexural wave baffling [41], (E is Young's 
modulus, a is Poisson’s ratio and p is the density). 
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inner decoupler, which faces the hydrophones, must be increased with a signal 
conditioning plate, and the ratio of signal pressures with and without the inner 
decoupler, p s id/Pso, the signal gain, must also be considered. The signal-to-noise 
ratio of an individual hydrophone with and without the inner decoupler can be 
written in terms of the insertion loss and the signal gain as 

(s/n)id/(s/n)o = [(Psid/Pnid)/(PsO/PnO)] = [(Psid/PsO)/(Pnid/PnO)] • (6.23) 

This ratio can be called the signal-to-noise gain of the inner decoupler, and the 
same value applies approximately to each hydrophone in the array. 

In the early calculations of flexural wave insertion loss [40, 41] the baffle layer 
of the inner decoupler in Fig. 6.16 was modeled by a low-sound-speed fluid with 
the inner plate representing the vibrating hull and the outer plate a signal condi¬ 
tioning plate. The pressure in the water is calculated at a point, distant 1 + h' + d 
(see Fig. 6.16) from the vibrating plate, with and without the baffle/signal con¬ 
ditioning plate combination. Calculated results for the insertion loss, with and 
without the signal conditioning plate, are given in Fig. 6.17 for the case where the 
hull plate is driven by a harmonic line force. 

It can be seen that 10-15 dB of insertion loss is obtained in this case over 
frequency bands of about 1 kHz. Many calculations based on models similar to 
Fig. 6.16, comparing various baffle materials and signal conditioning plates, are 
included in the book by Ko et al. [3], The signal gain of the inner decoupler was 
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FIGURE 6.17. Flexural wave insertion losses for line-force excitation at stand-off distance 
d = 0.0254m for a steel plate with thickness h = 0.0508 m. E — E' — 1.9 x 10 10 , a — 
a' = 0.28, p s = p' = 7700 kg/m 3 , £ = £' = 0.1 (material damping factor), p t = 1000 
kg/m 3 , ci = 150 m/s, p D = 1000 kg/m 3 , c 0 = 1500 m/s [41]. 
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also evaluated and combined with the insertion loss to determine the signal-to- 
noise gain of the inner decoupler, as defined in Eq. (6.23) [3], It was also shown 
that the flexural wave insertion loss is numerically similar to the acoustic inser¬ 
tion loss for plane waves at normal incidence, a useful result since the acoustic 
insertion loss is easier to measure [41], 

An array may provide some array gain, in addition to the individual hydrophone 
inner decoupler gain, depending on the coherence and wavenumber-frequency 
spectrum of the noise passing through the inner decoupler (see Sect. 6.4.4). How¬ 
ever, the array gain against structural noise may be degraded if the noise contains 
significant energy at wavenumbers that coincide with array grating lobes. The 
wavevector response of an array, which was briefly discussed in Sect. 6.1.4, plays 
an important part in the overall noise reduction problem for hull mounted arrays. 
For a plane rectangular array, such as that discussed in Sect. 6.1.1, the wavevec¬ 
tor response is illustrated qualitatively in Fig. 6.18 where the central small circle 
represents the major lobe and the other small circles represent grating lobes. 

The minor lobes that lie between the grating lobes are omitted from the diagram 
for simplicity. For array spacing of D in both dimensions, the grating lobes occur 
at k x = ±2mi/D and k y = ±27tm/D where n and m are integers. At the frequency 
where the acoustic wavelength is 2D the acoustic wavevector magnitude is k a = 
(k^ x + k^ y ) 1,/2 = jc/D, which is shown in Fig. 6.18 as a circle of radius 17m _1 
representing acoustic grazing waves at 4 kHz coming from all directions in the 



D 


FIGURE 6.18. Wave vector response of an unsteered square array with spacing D showing 
main lobe and first grating lobes. The three circles with radii 17, 18 and 26 nr -1 represent 
the acoustic wave numbers and free plate wave numbers for 2 inch and 1 inch thick steel 
plates at 4kHz. 
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plane of the array. Acoustic waves from all other directions have values of k a 
inside this circle, with k a = 0 being a broadside wave. When the major lobe is 
steered within the acoustic circle to receive acoustic signals the entire pattern of 
grating lobes is also steered by the same wavenumber in the same direction. 

Now we will superimpose on this array pattern the noise waves that might 
result from flexural waves in the hull and in the signal conditioning plate. We 
will simplify the discussion by using the free plate wavenumbers and ignoring 
the effects of loading by the compliant part of the inner decoupler, the array, the 
outer decoupler and the water. Equation (6.19) was used to calculate the results 
in Fig. 6.19 which compares acoustic wave numbers with free plate wavenumbers 
for 1- and 2-inch-thick steel plates as models of a signal conditioning plate and a 
hull respectively. 

As a specific example consider that k a = tu/c = Jt/D at 4 kHz, then 7t/D = 
17m _1 , 2jt/D = 34m , and so on, in Fig. 6.18. From Fig. 6.19 the plate wavenum¬ 

bers at 4kHz for the 1- and 2-inch-thick steel plates are 26m _1 and 18m _1 , which 
are shown on the array pattern in Fig. 6.18 as circles representing flexural waves 
coming from all directions in the plane of the array. When the array is steered the 
grating lobes move, but the acoustic and flexural wavenumbers are fixed. In this 
example the grating lobes of the unsteered array do not intersect either of the flex¬ 
ural wave circles. But if the array was steered to ko x = + 8m -1 , ko y = 0, the grating 
lobe at k x = — 34 m , k y = 0 would coincide with the flexural wave circle for the 
1-inch plate. If there were flexural waves in the plate traveling in that direction, 
they would be received on the grating lobe and the array noise would increase. 
To minimize such effects the array spacing must be optimized based on detailed 
analysis of the expected wavevector spectrum of the noise [1, 5], The wavevec- 
tor filter and the wavenumber generator are important experimental tools in the 
analysis of such noise problems (see Sect. 6.1.4). 



FIGURE 6.19. Frequency dependence of wave numbers: k a for acoustic, k p i for \" thick 
steel plate, k p 2 for 2" thick steel plate. 
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Inner decouplers must contain compliant material to be effective in reducing the 
structural noise that reaches the hydrophones. If the compliant material consists of 
an air-voided elastomer the decoupler insertion loss would degrade with depth as 
the static pressure compressed the air voids. Thus, in submarine applications, it is 
necessary to use a tuned decoupler that has high specific acoustic impedance at low 
frequency but low impedance over the array bandwidth. The compliant tube baffle 
[1, 42] meets this requirement to some extent. The compliant tube is a long, air- 
filled, closed-end tube with an oval or a flat-sided cross section. The tube material 
may be metal or plastic reinforced with glass or carbon fibers depending on depth, 
frequency, and cost. The width and wall thickness dimensions are determined by 
two conditions: the fundamental width resonance must be near the middle of the 
array band, and the maximum stress in the wall must be less than the yield strength 
of the tube material at the maximum depth. A compliant tube baffle consists of an 
array of such tubes, closely spaced and embedded in rubber. Insertion losses of 
10-20 dB can be obtained over a useful range of depth and over about one octave 
of bandwidth with a baffle containing one layer of tubes. Multiple layers of tubes 
and tubes of more than one size can provide greater bandwidth. 


6.4.3. Reduction of Flow Noise 

The control of flow noise can be analyzed somewhat more completely than the 
control of structural noise, because models of the TBL wavevector-frequency 
spectrum, such as the Corcos model, can be used for noise reduction calculations 
that are relevant to ship-mounted sonar arrays. A sample of such results will be dis¬ 
cussed from the work of Ko, Pyo, and Seong [3] and Ko and Schloemer [43, 44], 
The TBL excitation can be considered to act on the outer surface of a layered ar¬ 
ray structure such as that shown in Fig. 6.15 with the outer decoupler separating 
the array from the water. Since the wavenumbers of the acoustic signals are much 
lower than those of the major part of the flow noise, an outer decoupler consisting 
only of a layer of rubber attenuates the flow noise significantly with very little re¬ 
duction of the signal. Calculated results for the noise reduction (insertion loss) of 
the outer decoupler are given in Fig. 6.20 for several outer decoupler thicknesses. 

These calculations were done without considering the entire structure shown 
in Fig. 6.15. The outer decouplers were attached to a 2 inch-thick signal con¬ 
ditioning plate, and the pressure was calculated at a point within the outer de¬ 
coupler at a distance of 0.5 inch from the signal conditioning plate to simulate a 
small embedded hydrophone. The calculation involves transmission of the TBL 
wavevector-frequency spectrum through the outer decoupler and integration over 
the two wavevector components to obtain the result at each frequency [3, 45]. It 
can be seen that large noise reductions are achieved at rather low frequencies. This 
reduction can be considered to be the insertion loss of the outer decoupler. 

Reduction of the flow noise relative to the acoustic signal can also be achieved 
by the individual hydrophones if they are larger than the flow noise wavelengths 
because of area averaging. This occurs since any pressure wave traveling paral¬ 
lel to the hydrophone surface causes adjacent regions of increased and decreased 
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FIGURE 6.20. Effect of a rubber outer decoupler thickness (hj) on reduction of TBL noise 
for a point hydrophone [3]. (Fig. 7.6 [3] with permission from the Seoul National University 
Press.) 



Frequency (Hz) 

FIGURE 6.21. Effect of hydrophone dimensions (flush mounted) on turbulent flow noise 
reduction [3], (Fig. 6.12 of [3] with permission from the Seoul National University Press.) 


pressure, and the electrical responses from these regions partially cancel in the 
hydrophone output. Thus area averaging causes significant cancellation of those 
flow noise components with wavelengths much smaller than the width of the 
hydrophone. Hydrophones made from thin, lightweight, flexible materials with 
uniform sensitivity, such as the piezoelectric ceramic-polymer composites and 
polyvinylidine fluoride materials discussed in Sect. 4.3.3, are suitable for this pur¬ 
pose. Fig. 6.21 shows examples of the reduction achieved by large-area square 
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FIGURE 6.22. Effect of the dimensions of a hydrophone embedded in an elastomer layer 
2 inches thick [3]. (Fig. 7.10 of [3] with permission from the Seoul National University 
Press.) 

hydrophones with 1-, 5-, and 20-inch sides compared to a point hydrophone. Note 
that this reduction is caused by the size of the hydrophone when no outer decou¬ 
pler is present. 

The hydrophone size noise reduction, in Fig. 6.21, and the outer decoupler noise 
reduction, in Fig. 6.20, are not independent, because the outer decoupler changes 
the wavevector-frequency spectrum of the noise reaching the hydrophone. An ex¬ 
ample of the overall reduction achieved by both an outer decoupler and a large- 
area hydrophone is shown in Fig. 6.22. In this case hydrophones of the same size 
as those in Fig. 6.21 are embedded in a 2 inch thick outer decoupler with a stand¬ 
off distance of 0.5 inch from the signal conditioning plate. It can be seen that 
the outer decoupler increases the noise reduction significantly for the smallest 
hydrophone but does not increase it much for the larger hydrophones. This is ex¬ 
pected because when most of the high wavenumber noise is removed by one of 
these methods the other method cannot reduce it much more. To see this in detail 
compare Fig. 6.20 for the outer decoupler alone with point hydrophones. Fig. 6.21 
for large area hydrophones alone and Fig. 6.22 for both outer decoupler and large 
area hydrophones. 

Finally some array gain against the flow noise also occurs with an embedded 
array behind an outer decoupler. Fig. 6.23 gives results for square arrays of 5 x 5, 
10 x 10, 20 x 20, and 40 x 40 close-packed hydrophones, (i.e., the calculation 
assumed no space between the hydrophones). The individual hydrophones are 2- 
inch squares, embedded in a 2 inch-thick outer decoupler with a standoff of 0.5 
inch as in Fig. 6.22. An additional noise reduction of about 6 dB can be seen 
in each case as the number of hydrophones is increased by a factor of 4. It can 
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FIGURE 6.23. Effect of the number of hydrophones (without interhydrophone spacing) 
embedded within an elastomer layer 2 inches thick [3]. (Fig. 7.11 of [3] with permission 
from the Seoul National University Press.) 


also be seen, by comparison with the curve for hi =2 inches in Fig. 6.20, that 
the additional reduction by the array, compared to the reduction for a one-point 
hydrophone, is most significant at the lower frequencies. 

In the calculations of Fig. 6.23 the grating lobes were eliminated by the perfectly 
close-packed array as discussed in Sect. 5.1.3. These calculations were repeated 
with 3 inch spacings between hydrophone centers giving 1-inch gaps between ad¬ 
jacent hydrophones, and the results did not differ much. Two opposing effects 
occurred when the arrays were spread out. First some additional high wavenum¬ 
ber noise was received on grating lobes, but the high wavenumber noise had al¬ 
ready been reduced by the outer decoupler; secondly the array area was more than 
doubled, which increased its ability to discriminate against the low wavenumber 
noise. 

The book by Ko et al. [3] includes many other calculations of flow noise reduc¬ 
tion by hydrophones, arrays and outer decouplers, including investigation of the 
effectiveness of hydrophones with shapes other than rectangular and hydrophones 
with nonuniform surface sensitivity. 


6.4.4. Summary of Noise Reduction 

A hull-mounted array of the type considered in the previous sections is subject 
to the ambient noise, structural noise, and flow noise discussed in this chapter, as 
well as the internal hydrophone noise discussed in Chap. 4. The relative intensities 
of each type of noise at the locations of the hydrophones depends on frequency, 
ship speed, machinery conditions, location on the hull, and the effectiveness of 
the inner and outer decouplers and the large-area hydrophones; furthermore, the 
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inner decoupler may degrade the signal. The overall array gain depends on the 
relative intensities of the different types of noise at the hydrophones, and therefore 
it depends on the effectiveness of all the noise reduction measures. 

At a particular frequency the acoustic signal reaching each individual hy¬ 
drophone, s, is related to the free-held acoustic signal, so, by the signal gain of 
the inner decoupler, (p s id/p s o) = G s : 

s = G s s 0 , (6.24) 

assuming that the outer decoupler does not degrade the acoustic signal. Consis¬ 
tent with this assumption, the acoustic ambient noise at the hydrophones, n a , is 
also not degraded by the outer decoupler, but it is affected by the inner decoupler 
making n a = G s no a , where no a is the ambient noise in the water. The structural 
noise reaching each hydrophone, when integrated over all wavenumber compo¬ 
nents at the frequency in question, n s , is reduced from its value without the inner 
decoupler, no s , by the insertion loss of the inner decoupler, Ly: 

n s =L id n 0s . (6.25) 


And the flow noise reaching each hydrophone, integrated over all wavenumber 
components, nf, is reduced by the combined insertion loss of the outer decoupler 
and the area averaging of the hydrophone, Lodh : 

nf = L 0dh nof. (6.26) 


The different types of noise are uncorrelated, and the total mean-squared noise 
at each hydrophone, including the internal hydrophone noise, lif,, is 

(n a 2 > + <n s 2 } + (nf 2 ) + <n h 2 > = G s 2 (n 0a 2 > + L id 2 (n 0s 2 ) 

+L od h 2 (nof 2 } + (n h 2 ), 

(6.27) 

where G s 2 , Ly 2 and Lodh 2 are magnitudes squared. 

We will now consider how the individual noise components influence the array 
gain. Note first from the original definition of array gain in Eq. (6.9) that the signal 
gain of the inner decoupler cancels out, except for its effect on the ambient noise, 
as long as we make the reasonable assumption that the inner decoupler signal 
gain is the same at each hydrophone. But the insertion losses of the inner and 
outer decouplers and the area averaging do influence the array gain, except in the 
unlikely case that all types of noise have the same spatial correlation functions. 
Assuming that the signal, as well as each type of noise, has the same mean-squared 
value at each hydrophone, the array gain in terms of spatial correlation functions, 
Eq. (6.15), can be written 


AG = 10 log 
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In Eq. (6.28) the summations are over all hydrophones in the array, pj' is the 
spatial correlation of the signal, and pE a , p?l s p" f and pR h are the spatial correlations 
of the ambient, structural, flow and internal noise at the hydrophones where p2 h 
is incoherent. Note that if any one noise type greatly exceeds the others at the 
hydrophones, Eq. (6.28) reduces to the simple form in Eq. (6.15). Equation (6.28) 
can be written in the more compact form 


AG = 10 log 



(6.29) 


where f a . f s , ff and fh are the fractions of total noise intensity at the hydrophones in 
the form of ambient, structural, flow, and internal hydrophone noise, respectively. 
These fractions depend on the sources of the noise and also on the effectiveness 
of the inner and outer decouplers and area averaging. 

As a simple example consider the case where the ambient, structural, and flow 
noise have the same intensity at the hydrophones after the structural noise has been 
reduced by the inner decoupler and the flow noise has been reduced by the outer 
decoupler and area averaging. Also consider that the internal hydrophone noise is 
negligible. Then f a = f s = ff = 1/3 and fh = 0. We will also assume, for simplicity 
in this example, that both structural noise and flow noise are incoherent with 

Py - Py - 1 for i=j, =0 for i^j, 

Then the array gain, for an array of N hydrophones, becomes 


AG = 10 log 


3ZZP 


S 

ij 


zz p^ a +N + N' 


(6.29a) 


We now return to the first example of array gain calculation in Sect. 6.4.1, with 
a horizontal line array in isotropic ambient noise. But now we consider the array 
to be mounted on a ship and that the same intensities of incoherent structural noise 
and incoherent flow noise are also present at the hydrophones in addition to the 
partially coherent ambient noise. We can use the sum of the ambient noise correla¬ 
tions that was approximated in Sect. 6.4.1 for a line array with quarter wavelength 
spacing using only nearest and next-nearest neighbor correlations. As before, con¬ 
sider that the signal is a plane wave from the broadside direction making the sum 
of the signal correlations equal to N 2 . Under these conditions Eq. (6.29a) gives 

3N 2 N 

AG = 10log-** 10log-= 10logN— 1.5 dB. 

6 N + 2(N — l)(2/7t) + 2N 6 1 + 4/371 6 

Comparing this with the corresponding result in Sect. 6.4.1 we see that the pres¬ 
ence of the additional structural and flow noise has raised the array gain by 2.1 dB 
from 10 log N -3.6 dB to 10 log N -1.5 dB. The increase in array gain results 



300 6. Hydrophone Arrays 


from mixing incoherent structural and flow noise with the partially coherent am¬ 
bient noise, causing a decrease in the average coherence. The array gain depends 
on noise coherence and increases when the average coherence decreases; it does 
not depend on the total intensity of the noise. 

The relationship between all the noise control measures described above can be 
shown in another way by considering the signal-to-noise ratio of the array, which 
does depend on the total intensity of the noise. Using Eqs. (6.9), (6.24) and (6.27) 
the signal-to-noise ratio of the array can be written: 

(S/N) airay = AG+ (s/n) hyd = AG+ 101ogG s 2 + 10 log (s 2 )- 101ogI N , (6.30) 
where 

In = G 2 (n 2 a ) + L id 2 (n 2 s ) + L odh 2 (n 2 f ) + (n 2 ) 

is the total intensity of the noise at the hydrophone given in Eq. (6.27). This ex¬ 
pression shows, for example, that an inner decoupler that reduces the structural 
noise by 10 log L; d 2 dB does not raise the signal-to-noise ratio of the array by that 
number of dB unless structural noise is the only significant noise. 


6.5. Arrays of Vector Sensors 

Vector sensors are used in large numbers, mainly because of the advantages they 
have over pressure sensors for applications such as sonobuoys and acoustic inter¬ 
cept receivers on submarines (see Sect. 4.5 for various types of vector sensors). 
The advantage of vector sensors for these applications is their inherent direction¬ 
ality in a device that is small compared to the acoustic wavelength. The possibility 
that this feature may also be useful in other naval applications, and in oceano¬ 
graphic research, has resulted in a strong interest in vector sensors. For example, 
an American Institute of Physics Conference was held in 1995 called Acoustic 
Particle Velocity Sensors: Design, Performance and Applications [46], followed 
in 2001 by an Office of Naval Research Workshop on Directional Acoustic Sen¬ 
sors [47]. In this section we will discuss some of the features of vector sensor 
arrays that influence their suitability for sonar applications. 

The possible advantage of vector sensors for hull-mounted arrays arises both 
from their directionality and from the conditions under which they are mounted. 
When a plane wave signal is reflected from a surface with low acoustic impedance 
compared to that of water, the pressure at the surface is decreased, but the particle 
velocity at the surface is increased. For an ideally soft surface the normal compo¬ 
nent of particle velocity is doubled while the pressure is reduced to zero on the 
surface. Thus the compliant baffle that is needed for noise reduction in submarine 
arrays reduces the acoustic pressure on the surface and requires a heavy signal 
conditioning plate over the baffle to make the surface suitable for pressure sen¬ 
sors (see Sect. 6.4.2). However, if velocity sensors are used, rather than pressure 
sensors, the compliant baffle may have the advantage of raising the signal. And, 
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since the signal conditioning plate is then not needed, a significant weight reduc¬ 
tion would also be achieved for large arrays. In other words, with velocity sensors, 
the compliant baffle not only provides insertion loss against structural noise, but it 
may also provide signal gain. However, it was shown in Sect. 4.5.1, that a pressure 
sensor gives the same, or greater, output as a dipole sensor for the same maximum 
projection (standoff distance) from an ideal soft baffle. Thus when more realistic 
mounting conditions and more realistic baffles are considered the vector sensor 
advantage in this application appears to be uncertain. This point will be pursued 
in Sect. 6.5.3 using a model of a compliant baffle that is simple, but more realistic 
than an ideally soft baffle. 

Vector sensors can have an important advantage in towed-line arrays by re¬ 
solving the right-left ambiguity inherent in single-line arrays of pressure sensors 
without requiring a time consuming course change by the towing ship. Their di¬ 
rectionality also discriminates against radiated noise from the towing ship, but 
a heading sensor is also required, since line arrays usually twist and change the 
orientation of the sensors. It has also been observed that intensity sensors have 
considerable immunity to ambient noise when it has a significant isotropic com¬ 
ponent [48, 49]. 

Whether these vector sensor advantages are realizable in practice depends 
mainly on noise and the feasibility of controlling noise in each application. It 
has long been known that vector sensors are more susceptible to some types of 
noise than scalar sensors, as was briefly discussed in Sects. 4.75 and 4.76. There 
we showed that the equivalent internal thermal noise pressure in dipole sensors 
is much higher than that in pressure sensors using the same transduction materi¬ 
als because of the decreasing sensitivity of the dipole sensor as the frequency is 
reduced. The fact that the internal noise is incoherent also means that the signal- 
to-noise ratio is lower for a dipole than a single pressure sensor. 

6.5.1. Directionality 

The directional characteristics of vector sensor arrays have been studied in consid¬ 
erable detail by Cray and Nuttall [50]. We will summarize some of their results by 
considering dipole vector sensors with cosine directivity patterns, although other 
types of vector sensors with other patterns, such as cardioids, could also be used 
in arrays. As described in Sect. 4.5.1 the dipole vector sensor consists of two 
pressure-sensitive hydrophones separated by a small distance, s, with their out¬ 
puts differenced. Equation (4.37) shows that the voltage output of the dipole is 
reduced in amplitude by the factor (2jts/A) cos y, compared to one of the pressure 
hydrophones from which it is made, when both are receiving the same plane wave 
acoustic signal arriving at the angle y with respect to the dipole axis. The null in 
the individual dipole pattern at y = 90° makes it necessary to use biaxial or tri- 
axial dipoles, which respond to two or three components of the particle velocity, 
in order to provide beam steering capability over all directions. Fig. 6.24 shows a 
triaxial sensor formed from three orthogonal dipoles using six hydrophones, with 
the acoustic center at the same point for all three dipoles. The amplitudes of the 
voltage outputs of the three dipoles for a plane wave arriving from the direction 
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FIGURE 6.24. A triaxial dipole vector sensor consisting of 6 pressure sensors with each 
pair separated by the distance S. 


0, 4 are given by Eq. (4.37) as (27ts/A)MipiCosy n where Mi is the sensitivity of 
one of the pressure hydrophones, p, is the amplitude of the plane wave, s is the dis¬ 
tance between each hydrophone pair, and y n is the angle between the plane wave 
direction and the n th dipole axis. These angles are given by 

cos y n = cos 0 cos 0 n + sin 0 sin 0 n cos(4> — 4> n ), 

where 0 n and 4n designate the direction of the n th dipole axis. For example, 
for dipole number 1 pointing in the x direction 0[ = 90°, 4>i = 0°, and 
cosyj = sin 0 cos 4; in the same way, cosy 2 = sin 0 sin 4 and cosy 3 = cos0. 
Thus the weighted sum of the outputs of a triaxial sensor has a directivity function 
proportional to 


P(0, (})) = A sin 0 cos 4 + B sin 0 sin 4> + C cos 0. 

The beam of an individual triaxial dipole can be steered in the direction 0 q, 4>o 
by adjusting the outputs of the three dipoles such that the values of A, B, and C are: 

A = sin 0o cos 4o> B = sin 0o sin 4o, C = cos0o. 

Then the resulting directivity function is 

P(0, 4. 0o4o) = cos 0 cos 0o + sin 0 sin 0o cos(4 — 4o) = cos oto, 

where ao is the angle between the direction of an incident plane wave, 0, 4- and 
the steered direction 0o, 4o- Thus when the beam is steered to the direction of the 
incoming wave, (i.e, 0o = 0, 4o = 4), the response of the triaxial sensor reaches 
its maximum value. 

The directivity pattern of an array of uniaxial dipoles in the xy plane, with 
their axes oriented parallel to the z-axis, is given by the Product Theorem as cos0 
times the point sensor array pattern. This array pattern has a null in the xy plane 
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(0 = 90°), the side lobes are reduced and the main lobe width is decreased slightly 
compared to the point sensor pattern. These are all desirable characteristics as long 
as the array is not steered much. For example, 45° steering reduces the main lobe 
by 3 dB, but steering close to endfire is impossible because the dipole null destroys 
the main lobe. However, the same array of triaxial dipoles allows steering in all 
directions. 

Cray and Nuttall considered several approaches to beamforming arrays of vec¬ 
tor sensors and presented results showing the increase in directivity index that can 
be obtained with vector sensors compared to pressure sensors. One of their exam¬ 
ples showed that a line array of ten triaxial vector sensors with half-wavelength 
spacing has 5 dB more DI than the same array of pressure sensors for most az¬ 
imuthal steering angles. To achieve the same DI, the array of pressure sensors 
would have to be about three times longer. This example shows that the inherent 
directionality of vector sensors is their most important asset, since increasing ar¬ 
ray aperture is difficult and often impossible. However, such increases in DI do 
not necessarily imply similar increases in array gain unless the dominant noise 
is isotropic and incoherent. Cray and Nuttall also considered the effects of ideal 
baffles and of array curvature, and they pointed out that it would usually be desir¬ 
able to use sensors that detect pressure in addition to sensors that detect the three 
components of particle velocity. 


6.5.2. Unbciffled Vector Sensor Arrays in Ambient Noise 

For individual dipoles partially coherent ambient noise is essentially coherent 
since the distance between the two pressure hydrophones is very small compared 
to the acoustic wavelength. For example, see Eqs. (6.16) and (6.17) for two differ¬ 
ent ambient noise models which both show that the spatial correlation of pressure 
is close to unity when the separation is a small fraction of a wavelength. Thus the 
ambient noise power in the dipole would be reduced by nearly the same amount as 
the signal. Recall from Sect. 6.4.1 that the partial coherence of ambient noise had 
the undesirable effect of reducing the array gain from the value 10 log N that holds 
for incoherent noise. Since vector sensors involve differencing within the individ¬ 
ual sensor, noise coherence has a desirable effect on the individual sensor output, 
because noise is then reduced as well as the signal. However, when a dipole sensor 
is in an inhomogeneous noise field, where the noise pressure amplitude at the two 
hydrophones is not the same, the differencing does not reduce the noise as much 
as it would in a homogeneous noise field. (See Sects. 4.7.6 and 6.5.3 for examples 
of inhomogeneous noise fields.) 

Analysis of arrays of vector sensors requires knowledge of the spatial correla¬ 
tion between the outputs of two sensors separated by an arbitrary distance, with 
specified relative orientation of their axes, for both plane wave signals and noise. 
General results for the various spatial correlations between the three components 
of particle velocity at different points and at different times in isotropic noise have 
been given by Kneipher [51] and Cray and Nuttall [50], and also by Hawkes 
and Nehorai including the correlations between pressure and the velocity com¬ 
ponents [52]. 
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Here we will derive the spatial correlations for some of these cases and use 
them to calculate the array gain for a line array of vector sensors. We will assume 
the noise is isotropic for simplicity, although ambient noise is usually directional 
with an isotropic component in some cases. We will consider the vector sensors 
to be dipoles, but the results apply to some other types of vector sensors. The 
two pressure hydrophones that comprise each dipole have sensitivity Mj and are 
separated by distance s. As the first case, consider two dipoles located on the z-axis 
of a spherical coordinate system, with centers separated by a distance d (where 
d s), with the center of the line joining them at the origin and with both sensor 
axes parallel to the z-axis as shown in Fig. 6.25a. For this orientation, and with a 
plane wave signal of pressure amplitude p, arriving at the angles 0, c|j, the angle 
between the dipole axes and the plane wave direction is equal to 0 for both dipoles. 
From Eq. (4.37) the voltage outputs of dipoles 1 and 2, both aligned to detect the 
z component of the plane wave particle velocity are: 

V z i = -j(27ts/A)Mip i cos0e i[a,t “ k(r “ dcos0/2)] , (6.31a) 

V z2 = -j(27ts/A)M 1 p i cos0e i[a,t “ k(r+deos0/2)+ll3l2] , (6.31b) 


z 



(a) Sensing the z-component 
of velocity at both points. 


z 



(c) Sensing the x-component 
at one point, the y-component 
at the other point. 


z 



(b) Sensing the z-component 
at one point, the x or y component 
at the other point. 


z 



(d) Sensing the x-component 
or the y component at both points. 


FIGURE 6.25. Diagrams for calculating the spatial correlation between two uniaxial dipole 
sensors separated by a distance, d, sensing different velocity components (each solid arrow 
represents a dipole sensor). 
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where <}) 12 is a phase angle introduced between the two dipole outputs. The time 
average of the product of the real parts of these expressions, as in Sect. 6.2, gives 
the plane wave signal spatial correlation function between the outputs of the two 
dipoles: 


(V z iV z2 ) s 


/ 2ns \ z 2 

I Mipi 1 cos 0 cosfkdcos 0 + 4>i2). 


(6.32) 


It can be seen that this correlation function is similar to that for two pressure 
hydrophones given in Eq. (6.12), but that it also depends on the angle between 
the dipole axes and the plane wave direction, 0, and vanishes when the dipole 
response is zero at 0 = 90°. 

The noise correlation between two dipole outputs depends on the type of noise 
they are receiving, for example, if the noise is completely incoherent the correla¬ 
tion function is = 0. i ^ j and p" = 1. But ambient noise is usually partially 
coherent which will give the two dipole outputs a non-zero cross correlation in 
some cases. A frequently-used model for isotropic ambient noise consists of plane 
waves arriving at any point from all directions, randomly in time and in direction 
[53], Since (V z iV Z 2 > s is the spatial correlation between two dipoles receiving one 
plane wave, the spatial correlation for this isotropic noise model can be found by 
averaging (V z j V z 2 ) s over all directions, that is: 


271 71 

(V zl v z2 ) n = j(V Ziv z2 ) s sin0d0d^. (6.33a) 

0 0 

Using Eq. (6.32) in Eq. (6.33a), with p; replaced by a noise pressure amplitude, 
p n , and with the substitution x = cos 0, gives 

, 1 

1 /2jts \ f 

(Vzl V z2 > n = - ( ^MiPn J I x 2 cos(xkd + 4 >i 2 )dx 

sinkd 
kd 

(6.33b) 

(6.33b) is the 
two locations 

and an x or 

y-component at the other point (see Fig. 6.25b) is found by first replacing one 
of the cos 0 factors in Eq. (6.31a,b) by sin 0 cos 4> or sin 0 sin c[j. This leads to a 
plane wave signal correlation function that differs from Eq. (6.32), and, in either 


1 / 2tts \" [2 cos kd 2 sin kd 

= 2(X MlP "J + 

= l(^Mip n ) cos4>i2[jo(kd) — 2ji(ktl)/kd], 

where jo and ji are spherical Bessel functions of the first kind. Eq. 
spatial correlation between the two z-components of velocity at the 
separated by distance d, as shown in Fig. 6.25a, in isotropic noise. 
The spatial correlation between a z-component at one point 
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case, the integration over c[j in the averaging process makes these noise correla¬ 
tions vanish leaving, 

(V z iV x2 > n = (V z iV y2 > n =0. (6.34) 

The correlation between an x-component at one point and a y-component at the 
other point (see Fig. 6.25c) involves the product of sin 0 cos 4? and sin 0 sin c{) 
which is proportional to sin 2cj), and also integrates to zero in the averaging, 
leaving 

(V x iV y2 > n = 0. (6.35) 

These zero correlations are special properties of vector sensors in isotropic noise, 
which also hold between the components of a single triaxial vector sensor. 

The correlations between x-components at both points, or y-components at both 
points, (Fig. 6.25d), are equal and nonzero. They involve cos 2 cj) or sin 2 <|), which 
integrate to the value 7t in the averaging; then with x = cos 0, 


2 i 

(V x iV x2 } n = (V y iV y2 ) n = i (=^M lPn ) /(l-x 2 )cos(xkd + 4>i 2 )dx 

-l 

1 /2ns \ 2 1 

= 7 ( — Mip n ) cos 4ti 2 jo(kd) - -(VztV z2 > 


1 / 27ts ^ \ 

= J 

1 /2ns V 

= - ( M iPn ) cos4>i 2 [ji(kd)/kd], 


(6.36) 


where the last two steps follow by use of Eq. (6.33b). 

Fig. 6.26 shows these spatial correlations of velocity components as a function 
of kd, after normalization by dividing by their value at kd = 0, where they are com¬ 
pared with the normalized spatial correlation of pressure for isotropic noise, (i.e., 
sin kd/kd = jo(kd)) given in Eq. (6.16). Figure 6.26 also contains the correlation 
between the pressure at one point and the z-component of velocity at the other 
point, (V pl V z2 ). 

As an example of an unbaffled array of vector sensors consider a horizontal 
line array of dipoles with separation d. Let their axes be parallel to each other and 
perpendicular to the line as shown in Fig. 6.27, where the xz plane is considered 
to be parallel to the ocean surface. The dipole axes are oriented in the x-direction 
to simulate a line array of dipole sensors being towed in the z-direction with the 
nulls pointed toward the towing ship. We will compare the array gain and signal- 
to-noise ratio of this array with the line array of pressure sensors given as the 
first example in Sect. 6.4.1. The plane wave signal spatial correlation for the x- 
components of velocity is 


(V x iV x2 } ! 


1 / 2jts V 

= 5 (.— m,p 7 si 


sin 2 0 cos - (|) cos(kd cos 0 + cf>i 2 ), 


(6.37) 


and the isotropic noise correlation is given in Eq. (6.36). When d = 0 and 4>i 2 = 0, 
these expressions reduce to the mean-squared signal and noise for one dipole with 
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FIGURE 6.26. Normalized spatial correlation functions between acoustic pressure and 
particle velocity components. 



FIGURE 6.27. A line array of dipole vector sensors with spacing d. 


signal-to-noise ratio given by 


(SNR)! = 


(VxiVxi) 5 

(V xl V xl ) n 


sin 2 0 cos 2 cf> p 2 

(1/3)P 2 


(6.38) 


since ji(kd)/kd = 1/3 when d = 0. For a plane wave signal arriving from the direc¬ 
tion 0 = 90° and c)> = 0°, (i.e., along the x-axis), (SNR)i = 3(p,/p n ) 2 , which is 
3 times the SNR for an omnidirectional pressure sensor, showing the effect of the 
directivity factor of 3 for a dipole in isotropic noise. 
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Consider the array steered to broadside with 4>i2 = 0 and a plane wave sig¬ 
nal arriving along the x-axis (0 = 90°, cf) = 0°). These conditions make all the 
signal correlations in Eq. (6.37) equal, and, for an array of N dipoles, they sum 
to N 2 [(27ts/A)Mip,-] 2 /2. As in Sect. 6.4.1 we will consider only noise cross cor¬ 
relations between nearest neighbors and next-nearest neighbors; from Eq. (6.36), 
these cross correlations sum to; 

{2(N — l)[ji(kd)/kd] + 2(N — 2)[j 1 (2kd)/2kd]}^ (^M lPn 

, 1 /2ns \ 2 

^2N(0.37)-f — M lPn J . 

The last approximate form is for N large and for kd = n/2, using values of 
(V x i V X 2 ) from Fig. 6.26 divided by 3 to remove the normalization factor. In addi¬ 
tion, the N noise autocorrelations are each equal to [(27ts/A)Mip n ] 2 /6. Combining 
these results gives the array signal-to-noise ratio : 

(SNR)n = N 2 Pi 2 /[N/3 + 2N(0.37)]p n 2 = 0.93N( Pi / Pn ) 2 . (6.39) 


Equation (6.39) shows that the partial coherence of the noise, given by the term 
2N(0.37) in this specific case, reduces (SNR)n significantly. For incoherent noise 
this term would not exist, and (SNR)n would be 3N(pj /p n ) 2 . 

Using Eqs. (6.38) and (6.39), the array gain is 


AG = (SNR) n /(SNR)! = 101og(0.93N/3) = 10log N - 5.1 dB, (6.40) 

which is 1.5 dB lower than the array gain for the same array of pressure sen¬ 
sors under the same conditions, given in Sect. 6.4.1 . Note that the array gain in 
Eq. (6.40) is based on the definition in Sect. 6.2, and in this case, where the single 
sensor is a dipole, the array gain is not referred to an omnidirectional sensor. If 
the array gain of the dipole array is referred to an omnidirectional sensor, it is 4.8 
dB higher, which makes it higher than the array gain for the pressure-sensor array. 
Probably a more meaningful comparison is in terms of the array signal-to-noise 
ratio; then we find 0.44N(pj/p n ) 2 for the pressure sensor array from Sect. 6.4.1, 
and 0.93N(p;/p n ) 2 for the dipole sensor array from Eq. (6.39), giving the dipole 
array a 3 dB advantage. But this result applies only to the broadside beam at the 
frequency where the array spacing is one quarter-wavelength. 


6.5.3. Hull-Mounted Vector Sensor Arrays in Structural Noise 

In hull-mounted arrays, at speeds of interest, structural noise and flow noise exceed 
ambient sea noise. The hull, when excited by flow and machinery, vibrates with 
a mixture of flexural waves of different frequencies and wavenumbers, resulting 
in a partially coherent noise field in the water at the location of an array. Our 
objective here is comparison of pressure and vector sensors, and since the array 
SNR depends on the individual sensor SNR, we will develop a simple model for 
determining the SNR of both types of sensors mounted on a compliant baffle in 
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flexural wave noise. This simplified approach can reveal some of the problems 
involved in vector sensor arrays and provide a basis for planning the experiments 
that are necessary to determine their feasibility [1], 

Cray clarified one aspect of the pressure- versus vector-sensor question with a 
model based on a plane acoustic wave signal in flexural wave noise produced by a 
vibrating plate [54], and we will start by presenting his argument. The evanescent 
flexural wave noise travels parallel to the plate (the x-direction) and decays with 
distance in the water from the plate (the z-direction) as described in Sect. 6.3.2. 
If it is assumed that the free plate wavenumber dominates the plate vibration, the 
pressure in the flexural wave can be described approximately by 

p n = p n ei(^ t - k r x ) e - (k ?- k o> 1/2z , (6.41) 

where ko is the acoustic wave number and k p is the free plate wave number given 
in Eq. (6.19). The signal is a plane acoustic pressure wave approaching the plate 
at normal incidence and described by 

p s = PjeKoH-fco^ (6.42) 

The z-components of particle velocity associated with the noise and signal are: 

Uzn = [Pn(kp - k5) 1 / 2 /jtup 0 )]e- (k r- k o> 1/2z d (a,t - k P x) , and (6.43) 

u zs = Cjk 0 Pi/ja>Po)d (a,t - koz) = (Pi/poco)^ 1 -^. (6.44) 

At a distance, z, from the plate the magnitude of the ratio of signal pressure to 
noise pressure is 

Ps(z)/ Pn (z) = Pi/P n e- (k r-^ )1/2z , (6.45) 

while the magnitude of the ratio of signal velocity to noise velocity is 

u zs (z)/u zn (z) = Pjko/P n (k 2 - k 5 ) 1/2 e“ (k p“ k o )1/2z . (6.46) 

It can be seen from Eqs. (6.45) and (6.46) that the velocity signal-to-noise ratio 
is lower than the pressure signal-to-noise ratio by the factor ko/(k 2 - k^) 1 / 2 when 
kp > \/2ko at any value of z; for k p large compared to ko, it is lower by the 

factor ko/k p . Values of ko and k p are given in Fig. 6.19; for example, for a 2-inch 

(0.0508 m) steel plate in water ko/k p ~ 0.34 at 500 Hz and 0.46 at 1000 Hz. 
Note that this is a comparison of the velocity and pressure fields and does not 
consider the voltage sensitivity differences that would also be involved in sensing 
the velocity and pressure. Using the same model, Cray also compared velocity- 
gradient sensors to pressure sensors, and showed that the velocity- gradient ratio 
is lower than the pressure ratio by the factor (ko/k p ) 2 when k p is large. 

A complete comparison of hull-mounted pressure and velocity sensors must 
include the effect of the surface impedance and the signal gain of the different 
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inner decouplers that must be used with the two types of sensors (see Fig. 6.15). 
A relevant comparison can be made by considering two arrays with the same 
arrangement and number of each type of sensor, but with different inner decou¬ 
plers designed to improve the performance of each type of sensor: 

1. An array of pressure sensors mounted on an inner decoupler consisting of a 
compliant baffle with a heavy signal-conditioning plate that provides a pos¬ 
itive pressure signal gain over a certain range of frequency and a reduction 
of the structural noise pressure from the hull. The pressure sensors must be 
embedded in a suitable outer decoupler to reduce flow noise. 

2. An array of velocity sensors mounted on an inner decoupler consisting of a 
compliant baffle with no signal-conditioning plate. The baffle provides a pos¬ 
itive velocity signal gain over the same range of frequency, and a reduction of 
the structural noise velocity from the hull. This coating might also be capa¬ 
ble of reducing high-frequency target strength. The velocity sensors must be 
embedded in a suitable outer decoupler to reduce flow noise. 

Equations (6.28)-(6.30) offer a systematic way of addressing the proposed com¬ 
parison, with some reinterpretation of some of the parameters in the vector sensor 
case. However, not much detailed information is available regarding most of these 
parameters, although some modeling and analysis has been done. Modeling of 
flexural noise pressure reduction by a compliant layer was discussed in Sect. 6.4.2, 
while modeling of flow noise pressure reduction by an outer decoupler was dis¬ 
cussed in Sect. 6.4.3. Similar modeling of the reduction of noise velocity has been 
quite limited [55, 56]. An experimental investigation has also been carried out, 
using accelerometers as velocity sensors, mounted on an air-voided elastomeric 
compliant baffle covering a portion of a full-scale submarine hull fixture [1, 57], 
The sensitivity relative to free-field sensitivity and the reflection gain (signal gain) 
were measured as a function of frequency, and both showed approximately the ex¬ 
pected 6 dB increase at sufficiently high frequency. However, at lower frequencies 
in the range of interest for long-range passive sonar, both measures of performance 
were considerably degraded with the particular 3 inch-thick compliant baffle used 
in these experiments. The velocity reduction (insertion loss) was also measured 
using vibration generators to activate the hull fixture and simulate structural noise. 
The measured velocity reduction provided by this particular baffle was also de¬ 
graded at low frequency. The measurements showed that velocity sensors were 
feasible for submarine arrays, but baffles with improved low-frequency perfor¬ 
mance were needed. 

It is not feasible here to analytically compare velocity- and pressure-sensor ar¬ 
rays in detail, but we will extend Cray’s model, described above [54], by adding 
a simple model of an inner decoupler consisting of a compliant baffle with no 
signal-conditioning plate. This is the case that would be expected to favor velocity 
sensors. Consider a large vibrating plate representing the hull in which the free 
plate wave number is dominant. This hull plate is covered by a layer of material 
of thickness L that represents a compliant baffle, as shown in Fig. 6.28. 
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FIGURE 6.28. A vibrating plate produces evanescent flexural noise waves traveling paral¬ 
lel to the plate in the baffle and in the water. An acoustic signal arrives at normal incidence 
and is reflected. An acoustic sensor is located at z = L + h. 


To simplify the calculations we will treat the baffle as a fluid with density and 
sound speed of pj and ci. We will also assume that the evanescent noise wave 
from the vibrating hull plate extends through the baffle into the water, where the 
density and sound speed are p 0 and Co. The evanescent waves in the baffle and in 
the water can be written as 

p nl (z) = p nl e _(k p _k i )1/2z e i(cut_kpX) , 0 < z < L, and (6.47) 
Pno(z) = P n0 e- (k r- k o) 1/2z e) (a,t - k P x) z > L. (6.48) 

We assume that the normal component of noise velocity is continuous at the 
boundary between the baffle and the water (z = L), as it is at the boundary between 
the plate and the baffle (z = 0), which gives the relationship between P n i and P n o: 

p -» = p -> <«■«» 
Pi(kg-k5) 1/2 

The noise pressure in the water at z > L is given by substituting Eq. (6.49) into 
Eq. (6.48), and the z-component of noise velocity in the water is then calculated 
from the pressure with the result 

Un(z) = (P n0 /jtup 0 )(kp - z > L. (6.50) 

Equations (6.48)-(6.50) give the pressure and velocity of the flexural wave noise 
in the water where sensors would be mounted at some small standoff distance 
from the surface of the baffle. 

Next we consider the signal to be a plane acoustic wave normally incident from 
the water: 

Pi = PjeKon+koz)’ 

with a reflected wave at the water-baffle boundary 

p r = p^fort-koz). 
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We will assume that the part of the incident wave transmitted into the baffle is 
perfectly reflected at the plate and that there is no absorption in the baffle. Thus the 
incident and reflected waves inside the baffle, shown in Fig. 6.28, have the same 
amplitude. Both pressure and particle velocity must be continuous at the fluid 
boundary between the baffle and the water, which gives the relationships needed 
to solve for the amplitude of the reflected acoustic wave in the water: 


p r = p^ZjknL 1 — jPpCQtankiL/PiCi = p. e 2j(k(,L-y) 5 
1+jp 0 c 0 tankiL/p 1 ci 


(6.51) 


where tan y = (p 0 co/PiCi) tankiL. 

The reflection coefficient, P r /P;, has a magnitude of unity because of the as¬ 
sumptions of perfect reflection at the plate and no absorption in the baffle. In this 
model the baffle only changes the phase of the reflected wave in the water, which 
changes the locations of the maxima and minima in the standing wave formed by 
the incident and reflected waves. Thus the baffle has a strong effect on the output 
of both velocity- and pressure sensors located near its surface. The resultant signal 
pressure in the water at z > L is given by 

Ps(z) = Pi + Pr = Pi[^ k ° Z + (Pr/Pi)e-j k O Z ]^ a,t 

= 2P i e i(koL “ y+an) cos[k 0 (L - z) - y], (6.52) 

And the z-component of the resultant signal velocity is 

u s (z) = -(P i /p 0 co)[e ik ° z - (P r /P i )e -jk ° z )]e jan 

= —2j(P i /p 0 c 0 )e i(k ° L “ y+u,t) sin[k 0 (L - z) - y)]. (6.53) 


Equations (6.52) and (6.53) show that the quantity y = tan -1 [(p 0 co/PiCi) 
tan kjL] determines the locations of the signal pressure and signal velocity maxima 
and minima. These locations have a critical effect on the sensor outputs, and they 
depend only on the baffle parameters PqCo/Pi ci and kiL. 

We can now compare the signal and noise for both pressure and velocity at 
a given standoff distance from the surface of the baffle. The following ratio of 
velocity signal-to-noise ratio to pressure signal-to-noise ratio is one way to make 
this comparison: 


R(z) = 


Us(z)/U n (z) 

Ps(z)/Pn 0 (z) 


(6.54) 


If this ratio is more than unity the conditions may be more favorable for sensing 
velocity, and, if less than unity, more favorable for sensing pressure, depending on 
the relative sensitivities of the velocity and pressure sensors. 

For zero standoff distance, z = L, we have from Eqs. (6.48), (6.50), (6.52) and 
(6.53), and recalling that tan y = (p 0 co/PiCi) tankiL: 


R(L) = 


ko Poco 

(k2-k2)l/2 Pl Ci 


tankiL, 


(6.55a) 
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and for a standoff distance of h, z = L + h. 


R(L + h) 


ko 

< 4-%) 1/2 


tan(y + k 0 h). 


(6.55b) 


The first factor in Eqs. (6.55a,b) is given by Cray’s model [54] and was dis¬ 
cussed following Eq. (6.46); the second factor shows the modification to Cray’s 
model caused by the baffle. It is evident for h = 0 that decreasing p j c i increases 
R(L) corresponding to a softer baffle and higher signal velocity, while increasing 
PjCi decreases R(L) corresponding to a harder baffle and higher signal pressure. 

As a numerical example to show the effect of standoff distance we will consider 
a moderately compliant baffle modeled by a fluid with both density and sound 
speed half that of water, p, = 0.5po and ci= 0.5co. Calculated values of R(L + 
h) are in Table 6.1 for a 2 inch-thick steel plate, a baffle thickness of 0.075 m 
(3 inches) and a range of standoff distances. They show that as the frequency is 
lowered, the pressure SNR exceeds the velocity SNR at a frequency near 800 Hz 
for h = 0 where R(L + h) becomes less than unity. For this baffle the signal pressure 
is not zero on the surface; instead it decreases with distance from the surface and 
goes to zero at h ~ 0.66m at a frequency of 500 Hz. As the pressure decreases the 
velocity increases and reaches a maximum at the point where the pressure is zero; 
thus R(L + h) increases as h increases. At higher frequencies the zero of pressure 
is nearer the baffle, and for a given h the values of R(L + h) are higher. 

The results in Table 6.1 are based on the velocity and pressure signal and noise 
fields, and do not include the means for sensing those fields. The sensitivities 
of velocity and pressure sensors are also critical in determining the conditions 
under which each type of sensor is most effective. For example, it was shown in 
Sect. 4.5.1 that pressure sensors have as much output as dipole velocity sensors 
near an ideal soft baffle when the locations and sensitivities of both types of sensor 
are considered. This occurs as long as the pressure sensor is located at the same 
distance from the baffle surface as the outer part of the dipole, because its greater 
sensitivity compensates for the pressure being lower. However, when the acoustic 
centers of the pressure and velocity sensors are co-located and the sensitivities are 
the same for both signal and noise, the sensitivities cancel out as we will see later. 
The ratio in Table 6.1 is then a valid signal-to-noise comparison of voltage output. 

A comparison that includes the sensitivities, but not the noise, can be made 
by extracting the ratios of signal velocity to signal pressure from the values of 


Table 6.1. Signal-to-noise Comparison of Velocity and Pressure Fields Near a Compliant 
Baffle of Thickness 0.075 m 

Frequency R(L + h) 

Hz kp/(k p 2 — ko 2 ) 1 / 2 p 0 C()/piCi h = 0 h = 0.025m h = 0.05m h = 0.075m 


500 

0.35 

4 

0.46 

0.51 

0.58 

0.63 

750 

0.44 

4 

0.90 

1.12 

1.43 

1.91 

1000 

0.52 

4 

1.52 

2.17 

3.70 

— 
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Table 6.2. Comparison of Voltage Outputs of a Velocity Sensor and a Pressure Sensor 
Near a Compliant Baffle 


Frequency 

Hz 

h = 0.025 m 
|Po c O u s/Ps | 

Vu/Vp 

h = 0.05 m 
p 0 c 0 u s /p s 

V u Afp 

500 

1.46 

0.17 

1.66 

0.19 

750 

2.54 

0.51 

3.25 

0.65 

1000 

4.17 

1.11 

7.12 

1.90 


R(L + h) in Table 6.1. It can be seen from Eqs. (6.52), (6.53) and (6.55b) that 


PqCqu s _ R(L + h) 

Ps J [k 0 /(k2-k2)l/2]’ 


(6.56) 


which gives the values of | p 0 cou s /p s | in Table 6.2. These values are then converted 
to ratios of velocity-sensor voltage output, V u , to pressure-sensor voltage output, 
V p , using 


Vu _ Us Mu _ / PqCquA / Mu \ 

Vp p s M V p s /VPoCoM/ 


A pressure hydrophone sensitivity of M = —193 dB//V/ ji Pa, as in Fig. 4.11, 
and a velocity sensor sensitivity of M u = (—37 + 20 log to) dB//Vs/m based 
on the accelerometer discussed in Sect. 4.7.5 (with an acceleration sensitivity of 
— 17 dB//V/g, see Reference 52a of Chap. 4) were used to obtain the voltage ratios 
in Table 6.2. 

Comparison of these two sensors represents a practical case since the hy¬ 
drophone is a piezoelectric ceramic sphere of about 2-inch diameter, and the veloc¬ 
ity sensor is a flexural piezoelectric ceramic disc accelerometer of about 1.5-inch 
diameter encased in a buoyant body of about 2-inch diameter. Thus both sensors 
could be mounted at the same distance, h, from the surface of a baffle. 

Since the ratio |p 0 cou s /p s |= 1 in a plane wave, and the values in Table 6.2 ex¬ 
ceed unity, it is evident that in these cases the baffle has enhanced the velocity 
relative to the pressure as expected for a compliant baffle. However, the difference 
in sensor sensitivities makes the voltage output from the pressure sensor exceed 
that from the velocity sensor at low frequency. The basic cause of this behavior is 
the low-frequency falloff of velocity sensor sensitivity. These results are consis¬ 
tent with the conclusion in Sect. 4.5.1 that in some cases pressure sensors may be 
superior to velocity sensors, even when mounted on an ideal soft baffle without 
a signal conditioning plate. The dependence on standoff distance and frequency 
shown in Table 6.2 emphasizes the importance of sensor size and the way sensors 
are mounted on a compliant surface [58, 59], 

A more complete comparison of pressure and velocity sensors must consider 
the voltage sensitivities of the two types of sensors, the values of signal and noise 
velocity and pressure at the locations of the sensors, including the case where the 
locations are not the same and also the case where the noise sensitivity of the 
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velocity sensor depends on the type of noise. We will develop a generalization of 
the ratio R(L + h) in Table 6.1 which can account for all these factors and then 
apply it to the same compliant baffle model. The signal and noise voltage output 
magnitudes from a pressure sensor located at h p and a velocity sensor at h u can be 
written: 

V u s = M u u s (h u ) = PoCoMpU s (h u ), 

Vun = M un u n (h u ) = PoCoM pn u n (h u ), 

Vps = Mp s (h p ), 

Vpn — M p n (h p ). 


The velocity sensor has velocity sensitivity, M u , and pressure sensitivity, M p , 
for signal, but it may have different values for noise (M un and M pn ). The pressure 
sensor has pressure sensitivity, M, for both signal and noise. The general ratio that 
compares the signal-to-noise performance of velocity and pressure sensors near a 
baffle is then 


Vus/Vun _ / Mp \ / Us(hu)Pn(hp) \ 

Vps/Vp n “ \M p J \u n (h u )p s (hp) J • 


The sensitivity of the pressure sensor has canceled out of this ratio, and the first 
factor depends only on the sensitivities of the velocity sensor to the signal and 
to the noise and is unity if they are the same. The second factor depends on the 
velocity and pressure fields at two different distances from the baffle and is equal 
to R(L + h) in Eq. (6.54) if the acoustic centers of the two sensors are at the same 
distance from the baffle. 

The dipole is an example of a velocity sensor for which the flexural wave noise 
sensitivity differs from the plane wave signal sensitivity. The flexural wave pres¬ 
sure in Eq. (6.48) shows that the difference between the outputs of the two poles of 
the dipole is 2Mp n o (k^/kp— 1) 1//2 (tcs/A) where s is the dipole separation. Compar¬ 
ison with Eq. (4.37a) shows that this voltage output corresponds to a noise sensi¬ 
tivity that exceeds the plane wave pressure sensitivity by the factor (k 2 /k ( ^ — l) 1 / 2 ; 
for example, this factor has a value of about 2.8 for a 2 inch-thick steel plate at 
500 Hz (see Fig. 6.19). A similar factor would be expected to apply to other types 
of velocity sensors, because it arises from the fact that the flexural wave noise field 
is inhomogeneous, and its amplitude varies with position, (i.e., it is similar to the 
near field effect discussed in Sect. 4.7.6). 

We will now use Eq. (6.58) to compare a pressure sensor consisting of one 
spherical hydrophone located at distance h p from a baffle with a dipole velocity 
sensor consisting of two of the same hydrophones with its acoustic center at h u 
as shown in Fig. 6.29. The case where the two sensors have the same projection 
from the baffle corresponds to a maximum dipole separation of s = h p — a where a 
is the hydrophone radius and to h u = a + s/2 = (a + h p )/2. The baffle is described 
by the same parameters that were used for Table 6.1 which, for example, give tan 
y = 1.30 at 500 Hz. Using Eqs. (6.48), (6.50), (6.52) and (6.53) in Eq. (6.58), 
gives 

y = sin(k 0 h u + y) c -(k^/^-i) 1 / 2 (k 0 h p -k 0 h u ) 

( k p / k 0 - 1) cos(kohp + y) 
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Pressure Sensor Dipole Sensor 
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FIGURE 6.29. Comparison of pressure sensors and dipole velocity sensors, mounted near 
a compliant baffle. Both types of senors have the same stand-off distance. Two cases with 
different stand-offs are shown. 


Table 6.3. Comparison of Velocity and Pressure Sensors Near a Compliant Baffle 


Case I (h p = 0.1 m, h u 0.0625 m, s = 0.075 m): 

500 Hz 

Vr 

= 0.19 

750 Hz 

Vr 

= 0.77 

Case II (h p = 0.075 m, h u 0.05 m, s = 0.05 m): 

500 Hz 

Vr 

= 0.18 

750 Hz 

Vr 

= 0.63 


800 Hz 

Vr 

= 0.96 


1000 Hz 

Vr 

= 6.4 


where M pn = (kp/kg — l ) l/2 Mp was used for the dipole. Numerical results are 
given in Table 6.3 for two cases, both using spherical hydrophones of 0.05m di¬ 
ameter. In both cases the single pressure sensor and the outer pole of the dipole 
are located at the same distance from the baffle, and the inner pole of the dipole is 
as close to the baffle as possible. 

In Table 6.3 values of Vr less than unity mean that the pressure sensor SNR 
exceeds the velocity sensor SNR. It is evident that for the specific parameters that 
describe this baffle the velocity sensor is superior above about 800 Hz, while the 
pressure sensor is superior below that frequency. This behavior is caused by 
the location of the pressure null, which moves closer to the baffle, and closer to 
the pressure sensor, as the frequency increases. 

The results in Table 6.1-6.3 apply to only one set of baffle parameters, but they 
illustrate some of the conditions that may arise with velocity sensors mounted on 
compliant baffles. These results indicate that, for the frequency range of interest, 
careful evaluation of the baffle properties and of the sensor mounting details is 
necessary before it can be concluded that velocity sensors are superior to pressure 
sensors. It should be emphasized that the specific results given here are based 
on an idealized form of structural noise and a simplified model of a compliant 
baffle. A better model would include realistic signal reflection from the hull at the 
inner side of the baffle, absorption in the baffle, and signals at other than normal 
incidence. 

Flow noise presents another problem that is likely to be as serious as structural 
noise in hull-mounted vector sensor arrays, but it has not been considered here. 
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The use of vector sensor arrays on an ocean glider has recently been discussed 
[60]. A summary of the issues and problems associated with use of vector sensors 
in towed arrays has been given by Abraham and Berliner [61]. Flow-induced noise 
resulting from low-speed flows in moored and drifting array applications using 
vector sensors has also been studied [62], 
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Transducer Models 


The previous six chapters presented the status of underwater sound transducers 
and arrays at the beginning of the twenty first century in considerable detail, but 
with a minimum of analytical background. The present chapter begins to fill in the 
background with detailed discussions of the models and methods used in trans¬ 
ducer analysis and design [1,2, 3,4, 5a]. The following chapters will continue with 
further discussion of important transducer concepts such as the electromechanical 
coupling coefficient, analysis of nonlinear effects in transducers, calculation of 
acoustic radiation from transducers and measurement methods for the evaluation 
of transducers. 

The underwater sound electroacoustic transducer is a vibrating device which, 
as a projector, is set into motion by electrical means causing it to alternately push 
and pull on the water and radiate sound. As a hydrophone, sound waves in the 
water set the transducer into motion thus generating an electrical signal. The elec¬ 
troacoustic transducer is part acoustical at its moving surface in contact with the 
acoustic medium, part mechanical as a moving body controlled by forces, and part 
electrical as a current controlled by voltage. Thus electrical equivalent circuits rep¬ 
resenting the acoustical and mechanical parts make possible an electrical simula¬ 
tion of the whole transducer. This facilitates analysis and design, and is especially 
useful since transducers are always connected to electrical components such as a 
preamplifier for a hydrophone or a power amplifier with tuning and transformer 
circuits for a projector. 

In Section 2.8 we indicated how an electroacoustic transducer may be repre¬ 
sented by an electrical equivalent circuit. In this chapter we will discuss this repre¬ 
sentation in much more detail including electrical equivalents of mechanical and 
electromechanical systems and all the parameters and physical concepts needed 
for transducer design and analysis. The equivalent circuits will initially be lim¬ 
ited to lumped parameters consisting of pure masses and pure springs and then 
extended to include distributed systems that support acoustic waves. Although 
we will concentrate on transducers as projectors of sound, the analysis devel¬ 
oped is also applicable to hydrophones. Other details specific to hydrophones are 
covered in Chapter 4. Since piezoelectric ceramic materials are most commonly 
used in underwater sound, this mechanism will be our main focus, but models for 
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magnetostrictive transducers will be included and the applicability to other electric 
field and magnetic field transducers will be indicated. 

Some transducers are not fully realizable as an equivalent circuit. For example, 
it will be shown that magnetostrictive transducers represented by an impedance 
analogy do not yield the proper phase of the output velocity although they yield 
the correct amplitude. In this case a mobility analogy or a gyrator must be used. 
Alternatively the relationship between the input and output terminals of each part 
of a transducer may be represented by a transfer matrix. The overall matrix repre¬ 
sentation of the connected parts that form the complete transducer is then obtained 
by matrix multiplication of the individual matrices. This mathematical approach 
has no limitations since there are no circuits to realize, and it may also be adapted 
for array interaction analysis. In this chapter we will also develop the foundations 
for finite element modeling of transducers. 

7.1. Lumped Parameter Models and Equivalent Circuits 

7.1.1. Mechanical Single Degree-of-Freedom Lumped 
Equivalent Circuits 

We begin with the simplest possible case of a single degree-of-freedom mechani¬ 
cal resonator with a spring and resistance (dashpot) attached to a rigid boundary at 
one end with a mass attached at the other end. This is called a lumped-parameter 
model since it is assumed that the physical elements are each smaller than about 
one quarter of a wavelength, that the mass is perfectly rigid and undergoes no 
compression or bending, and that the spring has stiffness but no mass. The dy¬ 
namic situation is illustrated in Fig. 7.1 with a force, F, proportional to voltage or 
current; a mass, M, a spring of stiffness K = 1/C (where C is the compliance), and 
a mechanical resistance, R. The displacement of the mass is x, and the velocity is 
u = dx/dt. 

We can develop an electrical equivalent circuit for the simple mechanical case 
of Fig. 7.1 from the mechanical equation of motion. In a typical idealized voltage 
driven transducer, such as a piezoelectric transducer, the force F = N v V where V 



FIGURE 7.1. Lumped parameter vibrator with mass M, spring of stiffness K, mechanical 
resistance R and driving force F. 
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is the voltage, N v is the transduction coefficient or ideal electromechanical trans¬ 
former ratio, the spring is the piezoelectric material, and the mass is the radiating 
piston. In a typical idealized current-driven transducer, such as a magnetostrictive 
transducer, the force F = Ni I where I is the current, Ni is an ideal electromechan¬ 
ical transformer, and the spring is the magnetostrictive material. 

The equation of motion for the model of Fig. 7.1 may be written in terms of the 
velocity as 

Mdu/dt + Ru + 1/C J udt = F. (7.1) 

Under sinusoidal drive where F = Foe JUJ1 , the velocity has the form u = uoe Jtut 
where cu is the angular frequency of vibration and Eq. (7.1) becomes 

jcuMuo + Ruo + uo/jcuC = Fo. (7.1a) 

The solution for the velocity of the mass may then be written as 


uo = F 0 /Z, (7.2) 

where the mechanical impedance is Z =R + j(a>M — K/cu) = R + jX. At reso¬ 
nance the reactance, X, vanishes and the angular mechanical resonance frequency 
is given by tu r = (K/M) 1/2 = (1/MC) 1 / 2 (See Sections 2.82 and 8.1). 

The response characteristics of Eq. (7.2) for a given force, F, may be appreci¬ 
ated by referring to the curves of Fig. 7.1a. At resonance the velocity, u, is F/R. 
Well above resonance the velocity is F/jcuM, decreasing with frequency, while the 
acceleration, a, is the constant, F/M. Well below resonance the velocity is jcuF/K 
increasing with frequency while the displacement, x, is the constant, F/K. At reso¬ 
nance the low frequency displacement is magnified by the quantity Q m = tu r M/R, 
which is usually called the mechanical quality factor but also referred to as the 
mechanical storage factor. The quantity Q m is an important transducer parameter 
because it is a measure of both the displacement amplification at resonance and 
the bandwidth (See Sections 2.83 and 8.2). 



FIGURE 7.1a. Velocity, u, acceleration, a, and displacement, x response for the lumped 
parameter vibrator of Fig. 7.1. 
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The equation of motion, Eq. (7.1), for the velocity has the same form as a series 
electrical circuit equation for the current, I, with a resistor, R e , inductor, L e , and 
capacitor, C e driven with voltage V as shown in Fig. 7.2. The corresponding circuit 
equation for the voltage drops around the circuit is 

Ledl/dt + Rel + 1/C e J Ht = V. (7.3) 

Eqs. (7.1) and (7.3) are analogous if we make the analogies of force to voltage 
(F : V), velocity to current (u : I), compliance to capacitance (C : C e ), mass to 
inductance (M : L e ), and resistance to resistor (R : R e ). Thus, we may represent 
Eq. (7.1) by the electrical equivalent circuit of Fig. 7.3, and then use electrical 
circuit theorems to solve mechanical problems. 

We note that the electrical and mechanical power relations are also similar: the 
input powers are VI and Fu, and the time average output or dissipative powers are 
T" ms R e and u 2 rns R. The electrical impedance is Z e = V/I and the analogous me¬ 
chanical impedance is Z = F/u. Further similarities include the angular electrical 
resonance cu e = l/fLeCe) 1 / 2 , analogous to cu r = lAMC) 1 ' 2 , as well as the elec¬ 
trical quality factor Q e = u> e L e /R e , analogous to Q m = u) r M/R. The electrical 
equivalent representation is particularly useful since a transducer is part mechani¬ 
cal and part electrical, and other electrical systems are connected to the transducer 
through its electrical port. 


C e L e 



FIGURE 7.2. Electrical circuit for series inductor, L e , capacitor, C e , and resistor, R e , and 
voltage, V. 



FIGURE 7.3. Electrical equivalent circuit of lumped parameter vibrator shown in Fig. 7.1 
with velocity u = jtux. 
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The circuit of Fig. 7.3 is a representation of the impedance analogy where F : 
V and u : I. Further inspection of Eq. (7.1a) reveals another interpretation called 
the mobility analogy where F : I and u : V. In this case the three terms on the left 
of Eq. (7.1a) act as currents which, when summed, equal the total current, repre¬ 
sented by F. The summing of three branch currents is indicative of three electrical 
elements in parallel. The current through a capacitor is jcuC e V, the current through 
an inductor is V/jcuL, and the current through a resistor is V/R. Equation (7.1a) 
shows that the mass, M, acts as a shunt capacitor, the compliance, C, acts as a 
shunt inductor, and the resistance R acts as a shunt conductance. Thus, we may 
also represent the mechanical system of Fig. 7.1 by the mobility equivalent circuit 
of Fig. 7.3a. 

The circuit in Fig. 7.3a is called the dual of the circuit in Fig. 7.3. It may also 
be obtained by a topological transformation where series elements are replaced 
by parallel elements, capacitors by inductors, inductors by capacitors, resistors by 
conductances, voltage by current, and current by voltage. The mobility represen¬ 
tation is natural and convenient for the magnetic field transducers where the force 
is derived from a current instead of a voltage. 

The model shown in Fig. 7.1 and corresponding equivalent circuit of Fig. 7.3 is 
the simplest form of a vibrating system; it is also directly applicable to vibrating 
systems with symmetry, such as a ring, or systems with a single location of no 
motion or node. 


7 . 7 . 2 . Mechanical Lumped Equivalent Circuits for Higher 
Degrees of Freedom 

The model of Fig. 7.1 and the circuit of Fig. 7.3 are not realistic unless the spring, 
K, is very soft, which allows the assumption of a rigid boundary or “rigid wall”, 
where the displacement is zero, to be realistically implemented. Piezoelectric ma¬ 
terials are, on the contrary, quite stiff and a rigid wall is not easily implemented. 
A more realistic model is shown in Fig. 7.4 where the rigid wall is replaced by a 
mass. Mi, moving with displacement x i and a load represented by a resistance Rj. 

The original mass is now represented by mass M 2 , moving with displacement X 2 
and loaded by resistance R 2 . Both masses are connected by the spring of stiffness 
K and driven by a force F = N v V applied between the two masses. If the acoustic 
radiation is from M 2 , this mass will be considered the piston radiator, or “head” 



FIGURE 7.3a. Mobility representation of Fig. 7.1. 
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Mi M2 



FIGURE 7.5. Electrical equivalent circuit of dual mass vibrator shown in Fig. 7.4. 


mass, and the mass Mi will be considered the so-called “tail” or inertial reaction 
mass, which, if massive enough, approaches a rigid wall condition. 

As the force pushes the two masses, they are displaced by the amounts xi and 
X 2 and the spring is stretched by the amount X 2 - xi. Thus, the equations of motion 
of the two masses are 


M 2 d 2 x 2 /dt 2 = F - K(x 2 - xO - R 2 dx 2 /dt, and (7.4a) 

Mid 2 xi/dt 2 = -F - K(xi - x 2 ) - Ridxi/dt. (7.4b) 

Note that the stiffness term, representing the spring connected to both masses, 
couples the two equations of motion. For a sinusoidal force these equations can be 
written as 


R 2 u 2 T jcuM 2 U 2 = F — (K/jcu)(u 2 — ui), and (7.5a) 

— Rjui — jcuMiUj = F — (K/jco)(u 2 — ui). (7.5b) 

We see that the right hand sides of the equations are the same, and equal to the 
driving force reduced by the force drop across the spring. Use of Kirchhoff’s rules 
shows that the equivalent circuit in Fig. 7.5 is consistent with Eqs. (7.5a,b). The 
difference, U 2 — ui, is the relative velocity of the two masses. 

When the tail mass Mi is vibrating in air the loss resistance Ri is negligible, 
and the equivalent circuit simplifies to the form shown in Fig. 7.6. If R 2 is also 
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C M* 



FIGURE 7.7. Reduced mass representation of Fig. 7.6. 


small, M] and M 2 are in parallel and the effective series mass is M* = ,M 1 M 2 /(M 2 
+ Mi), leading to the resonant frequency 

tu r = (K/M*) 1/2 = (K/M 2 ) 1/2 (l +M 2 /M!) 1/2 . 

This result can also be obtained by solving Eqs. (7.5a,b) with Ri = R 2 = 0. The 
solution in which the two masses vibrate at the same frequency is a normal mode 
which can be described by a single degree of freedom with effective mass M*. It 
can be seen that if Mi > > M 2 , this resonant frequency approaches the resonant 
frequency for a single mass spring system mounted on a rigid wall as in Fig. 7.1. 
As the tail mass Mi is made smaller, the resonant frequency increases, and when 
Mi = M 2 the resonance is 41% higher than the rigid wall case. 

The mechanical Q m of the two mass vibrating system may be found by con¬ 
verting the parallel combination of masses and resistance in Fig. 7.6 to the series 
form in Fig. 7.7. For the usual condition of R 2 < < cu(Mi + M 2 ), the effective 
series resistance R* ss R 2 /(l + M 2 /M 1 ) 2 . Then, using the effective mass M* given 
above, 

Q m = tu r M*/R* = (cu r M 2 /R 2 )(l+M 2 /Mi) = [(KM 2 ) 1/2 /R 2 ](l +M 2 /M0 3 / 2 . 

This result for Q m applies because the system vibrates in a normal mode with a 
single degree of freedom. The term in brackets is the mechanical Q m for the sim¬ 
pler case of a rigid wall replacing the tail mass Mi. Note that, for Mi = M 2 , Q m is 
2-\/2 times that for the rigid wall case where Mi > > M 2 . The mechanical model 
shown in Fig. 7.4 and its equivalent circuit of Fig. 7.5 may be extended to other 
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one-dimensional vibrators by considering Fig. 7.5 without the loading resistor— 
as shown in Fig. 7.8. We can then represent a series of masses and springs by a 
cascade of mass and stiffness elements as in Figs. 7.9 and 7.10 which corresponds 
to a driven resonator composed of elements Mi, Kq, and M 2 driving a second res¬ 
onator composed of a spring of stiffness K? and mass, M 3 , into a resistive load, 
R 3 . Such an interface between the transducer and the load is used as a matching 
device or as a means of amplifying the velocity of the transducer, 112 . at an angu¬ 
lar parallel resonant frequency given by (K 2 /M 3 ) 1 / 2 . A continuous distribution of 
these elements may also be used to represent a distributed system that supports 
standing waves. 


7.1.3. Piezoelectric Ceramic Lumped-Parameter 
Equivalent Circuits 

As discussed in Chapter 2 the term piezoelectric ceramic applies to electrostrostric- 
tive ceramic materials, such as lead zirconate titanate (PZT), that have been biased 
or permanently polarized for linear operation. The specific case of piezoelectric 


M 1 M2 

rm_,_rm 



FIGURE 7.8. Dual port representation of Figs. 7.4 and 7.5. 



FIGURE 7.9. Three degree of freedom mechanical vibrator. 
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FIGURE 7.10. Electrical equivalent circuit of Fig. 7.9. 
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ceramic transduction will be further developed from Eqs. (2.6c,d) which are 
repeated here: 


S 3 = sf 3 T 3 + d 33 E 3 , (7.6a) 

D 3 = d 33 T 3 + £ 33 E 3 . (7.6b) 

These equations are based on an ideal one-dimensional case with both motion and 
electric field in the direction of polarization for operation in the so-called 33 mode 
of vibration illustrated in Fig. 7.11. 

It is also assumed that the lateral dimensions of the ceramic bar in Fig. 7.11 
are very small compared to the wavelength of longitudinal waves in the material 
and that there are no loads on the sides of the bar making the stresses Ti and 
T 3 essentially zero. The electric field components Ejand E 3 , which are zero on 
the electrodes, are also assumed to be zero throughout the bar. If the bar is short 
compared to a quarter wavelength, motion does not modify the electric field, and 
E 3 is approximately constant along the length of the bar. 

As pointed out in Chapter 2 the physical meaning of the coefficients in 
Eqs.(7.6a,b) can best be seen from their definitions as partial derivatives. For 
example, the short-circuit elastic modulus s E = <9S/<9 T|h and the free dielectric 
constant e T = 3D/3E|x are the slopes of S vs. T and D vs. E curves measured with 
constant field and constant stress, respectively. We also see that the piezoelectric 
charge coefficient, d, usually called the “d” constant, may be evaluated as 3D/3 T|e 
or more commonly as 3S/3E|x from the slope of the S vs. E curve with constant 
stress. 

If Eq. (7.6a) is divided by s 33 , Eq. (7.6b) is divided by e 33 and T 3 is eliminated 
in Eq. (7.6b), Eqs. (7.6a,b) may be rewritten as 


S 3 = s° 3 T 3 + g 33 D 3 , (7.7a) 

D 3 = e 33 S 3 + ef 3 E 3 , (7.7b) 

revealing two additional piezoelectric constants g 33 = d 33 /t [, and e 33 = d 33 /s | 3 
and the open circuit (D = 0) elastic modulus, s 33 and clamped (S = 0) dielectric 
constant e | 3 given by 

s 33 ~ s 33^ — k 33 ), 

and 

£ 33 “ £ 33(1 — ^ 33 )' 

As discussed in Chapter 2, kv, = d 33 /s 33 ej 3 is the electromechanical coupling 
coefficient for this case. It is a measure of the electrical or mechanical energy 
converted by the transducer relative to the total electrical and mechanical energy 
stored in the transducer with values ranging from 0 to less than 1. (Other defini¬ 
tions and interpretations of the coupling coefficient are discussed in Section 8.4.). 

These relations show that the open-circuit elastic modulus, s^ 3 , is less than the 
short-circuit elastic modulus, s| 3 , and that the clamped dielectric constant, e 33 , 
is less than the free dielectric constant, e 3 V If k 33 is large there will be a large 
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FIGURE 7.11. End electroded piezoelectric ceramic bar rigidly mounted on one end. 


change in the elastic modulus as the electrical boundary conditions are changed 
from short to open. Likewise there will be a large change in the dielectric constants 
as the mechanical boundary conditions are changed from free to clamped. 

Equations (7.6a) and (7.7b) may be rewritten in terms of the variables force, F, 
displacement, x, charge, Q, and voltage, V, by referring to Fig. 7.11 which shows 
an idealized piezoelectric ceramic bar of area, Ao, and length, L, with a voltage 
V across the length. Thus we have x = S L, F = T Ao, Q = D Ao, V = E L and 
Eqs. (7.6a) and (7.7b) become 


x = C e F + C e NV, (7.8) 

Q = C 0 V + Nx, (7.9) 

where the short-circuit compliance C E = s| 3 L /Ao, the clamped (or “blocked”) 
capacitance Co = , Aq/L and the electromechanical turns ratio N = d y^Ao/si^L, 

Consider now Fig. 7.12 where we have added to the bar from Fig. 7.11 a resis¬ 
tance R, a radiating piston of mass M, and a radiation reactive loading force F r . At 
very low frequencies where the acceleration and velocity are small, the reactive 
loads are small and the piezoelectric ceramic bar is free to move. In this case F = 
0, Eq. (7.8) reduces to x = C E NV and Eq. (7.9) becomes 

Q = (Co + N 2 C e )V = C f V. (7.9a) 

where N 2 C E is the motional capacitance and Cf is the free capacitance, (i.e., the 
capacitance that would be measured at very low frequencies). 

If we now let F in Eq. (7.8) include the mechanical and radiation loads on the 
piston, as discussed in Chapters 1 and 2 and shown in Fig. 7.12, Eq. (7.8) becomes 


(M + M r )du/dt + (R + R r )u + (1/C E ) 


udt = NV. 


(7.10) 
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FIGURE 7.12. One-degree of freedom mass, M, driven by a piezoelectric ceramic bar of 
cross section area Aq and length L with voltage V applied. 


Equation (7.10) has the same form as Eq. (7.1), previously used to develop the 
equivalent circuit analogy. Now, however, we have a force equal to NV with 
N = dj 3 Aq/sS^L for the specific case of piezoelectric ceramic transduction. If the 
voltage V is sinusoidal, the solution for the velocity is 

u = NV/Z. (7.11) 

where the mechanical impedance is Z = R + R r + j[tu(M + M r ) — 1 /cuC E ], 

The input electrical admittance, Y, may now be obtained by writing Eq. (7.9) in 
terms of the current I, 


I = dQ/dt = CodV/dt + Nu. (7.12) 

Under sinusoidal conditions, and with electrical dissipation. Go, added, Eq. (7.12) 
becomes 

I = G 0 V + jcuC 0 V + Nu, (7.12a) 

where Go = cuCftanS is the electrical loss conductance and tanS is the electrical 
dissipation factor for the piezoelectric ceramic material (typically 0.004 to 0.02 
under low field, see Appendix A.14). On using Eq. (7.11) in Eq. (7.12a) the elec¬ 
trical admittance, I/V, can be written as 

Y = G 0 + jtuC 0 + N 2 /Z, (7.13) 

where Go + jcuCo is the clamped admittance and N 2 /Z is the motional admittance. 
Equations (7.11) and (7.13) for the velocity u and the input electrical admittance 
are the results needed for constructing the equivalent circuit of Fig. 7.12a which is 
consistent with these equations and includes the essential parts of a piezoelectric 
ceramic transducer. One could use either the equation pair, Eqs. (7.11) and (7.13), 
or the equivalent circuit of Fig. 7.12a for transducer analysis. 

Although it is somewhat arbitrary to divide an electroacoustic transducer into 
separate electrical and mechanical parts. Fig. 7.12a illustrates one common 
division. The radiation into the medium takes place in the acoustical section 
representing the mechanical radiation impedance. The section to the left of the 
transformer is electrical; it represents the clamped electrical admittance under 
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FIGURE 7.12a. Electrical equivalent circuit of the single degree of freedom piezoelectric 
vibrator shown in Fig. 7.12. 


C e = N 2 C E L e = (M + M r )/N 2 



R e = (R + R r )/N 2 


FIGURE 7.13. All electric circuit representation of the circuit of Fig. 7.12a. 



FIGURE 7.14. Two-degree of freedom system driven by a piezoelectric ceramic bar with 
voltage V applied. 


conditions where u = 0. The section to the right of the transformer is called the 
motional part of the circuit; it has an associated motional impedance or admit¬ 
tance. Alternatively, the circuit representation may be considered as a “Van Dyke” 
electrical circuit [6] in which the motional elements are converted to electrical 
elements (with subscripts e) through the ideal transformer of turns ratio N as 
shown in Fig. 7.13. In the chapter on measurements. Chapter 12, we will show 
how the electrical elements may be evaluated. 

The rigid wall in Fig. 7.12 may be replaced by a more realistic tail mass as 
shown in Fig. 7.14, with the equivalent circuit in Fig. 7.14a, in the same way as 
we replaced Figs. 7.1 and 7.3 by Figs. 7.4 and 7.6. The circuit shown in Fig. 7.14a 





332 7. Transducer Models 



FIGURE 7.14a. Electrical equivalent circuit of the two-degree of freedom piezolectric 
vibrator shown in Fig. 7.14. 

adds the tail mass. Mi, as a shunt element and displays a relative velocity u - ui 
through the compliance, C E . It can be seen that in this representation the multiple 
mass/resistive circuit to the right of terminal 1 is the load on the piezoelectric 
ceramic which is located to the left of terminal 1. The tail mass Mi reduces the 
velocity of the head mass, M, unless it is much larger than M. Typical ratios of 
Mi to M are approximately 3. With R, R r and M r small, the force is nearly the 
same on both masses, jcuMiUi ~ jcuMu, and the tail velocity relative to the head 
velocity is M/Mi; e.g., for Mi = 3M the head velocity is 3 times the tail velocity. 

The above analysis may be applied to other electric field transducers which are 
operated in a region where equations of the form of Eqs. (7.11) and (7.13) apply. 
The equations for magnetostrictive transduction are similar in form but different 
enough in physical basis to warrant a separate development as follows: 

7.1.4. Magnetostrictive Lumped-Parameter 
Equivalent Circuits 

The large strain capabilities of the highly active rare earth magnetostrictive trans¬ 
duction material Terfenol-D [7, 8 ] and the high strength magnetostrictive material 
Galfenol [ 8 a] (see Appendix A.7) has brought about a resurgence of interest in 
the design and use of magnetostrictive transducers and a need for practical trans¬ 
ducer models. The equivalent circuit for a biased magnetostrictive transducer may 
be developed in a manner similar to that for a piezoelectric transducer except in 
this case the driving force on the mechanical system is proportional to the current 
rather than the voltage [9, 10, 11, 12], This difference yields an equivalent cir¬ 
cuit that is the dual of the piezoelectric circuit. We start with the magnetostrictive 
equations introduced in Section 2.3 and assume one-dimensional motion in the 3 
direction with T| = T 3 = 0 and H ] = Ho = 0. Equations (2.37b,c) are repeated 
here: 

S 3 = S 33 T 3 + d 33 H 3 , (7.15) 

B 3 =d 33 T 3 +^ 3 H 3 , (7.16) 

where S 3 is the strain, B 3 is the flux density, T 3 is the mechanical stress, H 3 is 
the magnetic field intensity, s 33 is the elastic modulus under open-circuit condi¬ 
tions (H 3 = 0), p '[ 3 is the permeability under free conditions (T 3 = 0) and the 
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FIGURE 7.15. One-degree of freedom lumped magnetostrictive model. 


magnetostrictive “(I33” constant, CI33 = <5 S 3 / 3 H 3 | T . As shown in Section 2.3, the 
coupling coefficient squared is k ^ 3 = d^ 3 /s^,|ij 3 . Equations (7.15) and (7.16) may 
be rewritten as 


S 3 =g 33 B 3 +sf 3 T 3 , (7.17) 

B 3 = e 33 S 3 + m| 3 H 3 , (7.18) 

where g 33 = d 33 /|X 33 and 633 = d 33 /s 33 . The short-circuit (B 3 = 0) elastic modulus, 
s 33 , and clamped (S 3 = 0) permeability |i 33 are given by 

s 33 = — k 33 ), 

B33 = B33(1 - ^33), 

showing that in the magnetostrictive case the open-circuit elastic modulus s 33 is 
greater than the short-circuit elastic modulus s 33 , making the open-circuit reso¬ 
nance frequency lower than the short-circuit resonance frequency, in contrast to 
the piezoelectric case. Also note that the clamped permeability, p| 3 , is less than 
the free permeability, |i 33 , as is the permittivity in the piezoelectric case. 

The model is illustrated in Fig. 7.15 with a magnetostrictive rod of length, L, and 
cross-sectional area, Ao, with I the current through the coil of N t turns. A closed 
magnetic return path is assumed, but not shown, in Fig. 7.15. Such return paths are 
an important part of magnetostrictive transducers and are discussed in Appendix 
A.9 and Chapter 3. Ampere’s circuital law gives H = I N t /L and Eq. (7.15) may be 
written as 

x = C H F + C H N m I, (7.19) 

where the load F = A 0 T 3 , C H = s 33 L/Ao, and the magnetostrictive turns ratio 
N m = N t d 33 Ao/Ls^ 3 . Note that the electromechanical ratio, N m , is analogous to the 
piezoelectric electromechanical ratio N = d 33 Ao/Ls| 3 . We will show in Sect. 7.2.2 
that if the piezoelectric bar of length L is divided into n equal segments then 
N = nd 33 Ao/Ls| 3 , and the analogy to the magnetostrictive case is even stronger. 
Inclusion of the reactive and resistive forces and the radiation load into the load F, 
as in the piezoelectric case, yields 
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(M + M r )du/dt + (R + R r )u + (1/C H ) j udt = N m I. (7.20) 

Under sinusoidal conditions the velocity response, for a given current, I, is given 
by 

u = N m I/Z, (7.21) 

where Z = R+R r + j[cu(M+M r ) — 1 /o>C H ]. A comparison with the corresponding 
piezoelectric response of Eq. (7.11) shows that the voltage V has been replaced 
by the current I, the electromechanical turns ratio is now, N m , and the mechanical 
impedance contains the open-circuit compliance C H instead of the short-circuit 
compliance C E . Eq. (7.18) may be used to obtain the input electrical impedance 
with the help of Faraday’s law where the voltage across the coil of N t turns is 

V = N,A 0 (dB/dt) = (d33NtAo/Ls3 3 )u + (|l|N^A 0 /L)dI/dt. (7.22) 

With N m = N t d 33 Ao/Ls^ 3 and the clamped inductance Lo = (J.| 3 N^Ao/L, 
Eq. (7.22) becomes 

V = Lodl/dt + N m u. (7.23) 

Under sinusoidal conditions and with u given by Eq. (7.21), Eq. (7.23) yields the 
electrical impedance 


Z e = V/I = Re + jcuLo + N 2 m /Z, (7.24) 

where we have added a resistor, R e , to account for resistive losses in the coil. 
Eq. (7.21) and Eq. (7.24) are sufficient to describe the general behavior of a mag- 
netostrictive transducer if we ignore, for the moment, eddy current and hysteresis 
losses. 

Comparison of Eqs. (7.21) and (7.24) with the piezoelectric counterparts, 
Eqs. (7.11) and (7.13), shows the strong similarities in form if we replace V with 
I, Co with Lo, Y with Z e , and N with N m . Inspection of Eqs. (7.21) and (7.24) 
leads directly to the equivalent circuit with a mechanical mobility representation 
shown in Fig. 7.16 where x is the eddy current factor (not included in the equa¬ 
tions but defined below). In mobility representations force is analogous to current 
and velocity is analogous to voltage. The mobility representation is awkward es¬ 
pecially if piezoelectric and magnetostrictive models are combined (see Hybrid 
Transducer, Chapter 3) or if array interaction impedance models are used for the 
radiation load. An alternative representation may be developed through additional 
inspection of Eqs. (7.21) and (7.24) or through the dual of Fig. 7.16 which leads to 
the equivalent circuit of Fig. 7.17. This circuit has a mechanical impedance repre¬ 
sentation consistent with Fig. 7.14a, but now a dual representation of the electrical 
section; that is, voltage, V, is now interpreted as the “flow” or “through” quantity 
and current, I, as the “potential” or “across” quantity. 

An additional alternative representation is possible with the use of a gyrator 
[13], which converts an input voltage to an output current and an input current to 
an output voltage. In the electromechanical case it converts voltage to velocity and 
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FIGURE 7.17. Dual equivalent circuit representation of Fig. 7.16. 



FIGURE 7.19. Impedance circuit representation of Fig. 7.15. 
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current to force. Thus replacing the transformer of Fig. 7.16 by a gyrator of trans¬ 
formation factor N m (often referred to as y) gives the representation of Fig. 7.18. 

There is even a further representation, which includes a frequency-dependent 
electromechanical transformer, which produces the correct velocity magnitude but 
not the correct phase. This representation is shown in Fig. 7.19 where we note that 
the compliance is the short-circuit value, C B , rather than the open-circuit value, 
C H , and that the inductance, xLo, is now in parallel, rather than in series, with 
R e . Although the equivalent circuits of Figs. 7.19 and 7.16 appear dissimilar, they 
both give the same electrical input impedance. This may be shown from the input 
electrical impedance of the circuit in Fig. 7.19 written as 

z = Re + z 0 zl/[Zl + Zo(N m /tuLo) 2 ] 

= Re + Z 0 - Z 2 (N m /cuL 0 ) 2 /[Z B + Z 0 (N m /o)L 0 ) 2 ]. 

Substitution of Zo = jcuxLo and Z B = R + jtuM + l/jtuC B , and use of k 2 = 
N^C b /Lo leads to 

z = Re + jcuxLo + ( X N m ) 2 /[R + jcuM + (1 - X k 2 )/jcuC H (T - k 2 )]. 

For small eddy current effects, where x ~ L the impedance Z becomes 

z = R e + jcuxLo + (xN m ) 2 /(R + jcuM + l/jcuC H ), 

which equals the input electrical impedance of the circuit in Fig. 7.16. Note that 
in Fig. 7.16 the clamped inductance, Lo, and turns ratio, N m , are multiplied by the 
eddy current factor x while in the case of Fig. 7.19 only the clamped inductance is 
multiplied by X- 

The circuits of Figs. 7.17, 7.18, and 7.19 have the advantage of a mechanical im¬ 
pedance branch (rather than the mechanical mobility branch in Fig. 7.16) which 
allows a direct connection to self- and mutual-mechanical radiation impedance 
models (see Chapters 5 and 11). The circuit implementation disadvantages are 
that the circuit of Fig. 7.17 requires the current source to act like a zero-impedance 
voltage source and the circuit of Fig. 7.18 requires a gyrator element instead of a 
transformer. While the circuit of Fig. 7.19 is readily implemented and used, there 
is a 90° phase error in the output. This is not a problem if only the pressure am¬ 
plitude or intensity is desired. On the other hand, the circuit of Fig. 7.19 should 
not be combined with a piezoelectric transducer circuit where the phase relation¬ 
ship between the two is important, as in the hybrid transducer design discussed in 
Chapter 3. The lack of a 90° phase shift associated with the circuit of Fig. 7.19 is 
related to the current-induced force of magnetic transduction and associated “bur¬ 
dens of antisymmetry” [3], which can limit circuit realization of the analytical 
representation. 


7.1.5. Eddy Currents 

Eddy currents circulating in magnetostrictive, and other magnetic, materials re¬ 
duce the inductance and introduce a loss resistance. In the case of a rod with a 
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magnetic field along its length, caused by a surrounding coil, a circulating current 
is set up in the rod in a direction opposite to the current in the coil. This induced 
current causes a power loss due to the electrical resistivity of the magnetostrictive 
material and also produces a magnetic field that cancels part of the magnetic field 
produced by the coil. Both these effects are included in the complex eddy current 
factor defined as 


X = Xr - jXi = Ixle j£l = (R' + jcoL^/jcuLo, 

where R' and Lq are the added resistance and modified coil inductance caused by 
eddy currents. 

For the case of a circular rod the expressions for x may be written in terms of 
Kelvin functions [14] or in terms of the rapidly convergent series [15] 

Xi = (2/p){ ^[(p/4) 2£ l(2q)/(q!) 2 (2q)!]}/D 1 -, (7.25a) 

Xr = ( Xt(P/ 4 ) 2q /(q!) 2 (2q + 1)!]}/D r , and (7.25b) 

D r = X[(p/ 4 ) 2q /(q ! ) 2 (2q)!], 

where the sum is over q ranging from 0 to, typically, 15. The quantity p = f/f c with 
f the drive frequency and f c the characteristic frequency given by 

fc = 2p e /7tp s D 2 , (7.25c) 

where p e is the resistivity of the magnetostrictive material and D is the diameter 
of the circular rod. 

A high characteristic frequency, f c , lowers the value of p and reduces the eddy 
current loss. The case of high resistivity and low permeability yields a high char¬ 
acteristic frequency and extends the frequency range of acceptable performance. 
Terfenol-D has this combination with a resistivity of 60 x 10 -S ohm-meters and a 
low relative permeability of approximately 5; that is, p. s = 5(47t x 10 -7 ) h/m. Sig¬ 
nificant eddy current effects can also lead to a lower value of the effective coupling 
coefficient for the transducer (see Section 8.4.2). 

In the case where the eddy current loss is small and f c > > f, Eqs. (7.25a,b) 
may be approximated by the simpler expression x = 1 — jf/8f c . In this case the 
impedance associated with the clamped inductance is approximately [10] 

jtuLo(l — jf/8f c ) = jcuLo + urLo/167tf c . 

At these low frequencies the eddy current loss may be represented by a single 
large resistor R s = 16jtf c Lo in shunt with the clamped inductor Lo as illustrated in 
Fig. 7.19a. This may be seen from the impedance of the circuit of Fig. 7.19a given 

by 


jcuL 0 R s /(R s + jtuL 0 ) ss jcoLo + gu 2 L 5 /R s = ja>L 0 + urL 0 /167tf c . 
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FIGURE 7.19a. Low frequency shunt resistor representation for eddy current losses. 


For the case of a rectangular magnetostrictive rod with laminations of thickness, 
t, the real and imaginary parts of the eddy current factor are [14]: 

X; = (sinh 0 — sin 9)/D, 

X r = (sinh 0 + sin 0)/D, 

where D = 0(cosh 0 + cos 0) and 0 = t(7tfp. s /p e ) 1//2 . 

Another effect which introduces losses in magnetostrictive transduction is hys¬ 
teresis which occurs in most ferromagnetic materials. As the magnetic field, H, 
increases, the flux density, B, also increases. However, as H decreases, the curve 
of B versus H differs from the curve for increasing H, resulting in loss of energy 
absorbed in the magnetic material. Hysteresis loss may be represented by a series 
resistor with value given by cuLf tan 8 where Lf is the free inductance and tan8 
is the hysteresis dissipation factor determined from the area of the magnetic hys¬ 
teresis curve [14, 16]. Hysteresis, eddy current and wire losses also occur in other 
magnetic field transducers. 


7.2. Distributed Models 

The lumped-parameter transducer models developed in Sect. 7.1 are useful for 
understanding, designing, and evaluating transducers where the identifiable mov¬ 
ing parts are small compared to the wavelength in the material and may be con¬ 
sidered to be represented by a mass, spring, or dashpot. These simple models 
may also be used to represent more complicated distributed models by determin¬ 
ing equivalent lumped elements from kinetic and potential energy considerations 
(see Sections 8.2 and 8.3). The lumped approach is very useful, but it has lim¬ 
ited accuracy and does not predict higher- order resonant modes. Moreover, with 
today’s computational tools it is no more difficult to numerically evaluate a dis¬ 
tributed model than a lumped model. In this section we will develop distributed 
mechanical and electromechanical models and corresponding equivalent circuits 
and matrix models. The term “distributed system” is used to emphasize that the 
mass and stiffness are distributed continuously throughout the structure, rather 
than being specified at a small number of points as in a lumped-parameter model. 
The distributed (sometimes called transmission line) models presented here are 
limited to one-dimensional longitudinal wave motion. In the case of bars we as¬ 
sume thin bars of cross-sectional area Ao with, for example, circular, tubular, 
square or rectangular cross sections. 
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The various types of flextensional and bender transducers discussed in Chap¬ 
ters 3 and 4 are based on flexural wave motion which is more complicated to 
analyze than longitudinal wave motion. Therefore distributed models of flexural 
wave transducers are not developed here, but references to flexural wave trans¬ 
ducer modeling are given in Sections 3.5 and 3.6 where the results of such model¬ 
ing are used. 


7 . 2 . 7 . Distributed Mechanical Model 

We begin with a distributed representation of a simple bar of length L, cross sec¬ 
tion area Ao, and total mass M as illustrated in Fig. 7.20 with port 1 at one end 
and port 2 at the other end. If the bar is very small compared to the wavelength in 
the bar, it could be represented as a mass M = pAoL or as a spring of stiffness K = 
YAo/L where p is the density and Y is the Young’s modulus. If the bar were free to 
move it would act like a mass; however, if it were clamped on one end and slowly 
compressed on the other end it would act like a spring. In general the bar has both 
qualities, as will be shown by the development of a distributed model based on 
wave motion in the bar. 

A lumped spring-mass representation of a vibrating system may be used to de¬ 
velop the theory of longitudinal wave motion in the bar by first dividing the bar 
into small adjacent lumped elements. Consider the small element of length Az 
subjected to a longitudinal force and shown in Fig. 7.20. Lateral forces may be 
ignored if the lateral dimensions are small compared to the length. If the element 
Az is very small compared to the wavelength, it may be represented as a mass and 
spring. A series of masses and springs for adjacent small elements also of length 
Az is shown in Fig. 7.21 where Az = L/n and n is the total number of elements in 
the bar. The mass of each element is M = pAo Az and the stiffness is K = YAo/Az. 
The longitudinal displacement of the i th element is c, as shown in Fig. 7.21. The 
corresponding equivalent circuit representation of Fig. 7.22 shows the masses, M, 
and compliances, 1/K, along with the displacements and relative displacements. 

As seen in Fig. 7.21, the acceleration of the center mass is opposed by the two 
springs on opposite sides with a force proportional to their relative displacements. 



FIGURE 7.20. Mechanical bar with small element Az located at z. 
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FIGURE 7.21. Lumped mode representation of the bar of Fig. 7.20. 
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FIGURE 7.22. Equivalent circuit representation of the bar of Fig. 7.20. 


The equation of motion of the i th mass is 


Ma 2 fi/at 2 = -Kfe - Ci-i) - K(d - cm), 


which, since K/M = Y/ p( Az) 2 , may be rewritten as 

d 2 Ci/dt 2 = (Y/p)[(Ci +1 - fi)/ Az - (a - Cm)/ Az]/Az. 

Since the bar length is L = nAz, a continuous distribution may be obtained by 
letting Az shrink in size and approach dz as the number of elements, n, increases 
to maintain L constant. As Az shrinks, the displacement differences also become 
small. The difference between the difference in the displacements on each side of 
the mass then, in the limit, leads to the wave equation 

d 2 C/d t 2 = c 2 d 2 C/dz 2 , (7.26) 

where the constant c = (Y/p) 1 2 will be shown to be the speed of longitudinal 
waves in the bar. The stress in the bar is proportional to the strain and given by 
T = YdC/dz. Substitution into the wave equation yields 

dT/dz = pd 2 C/dt 2 , (7.27) 

which can be interpreted as a statement of Newton’s second law per unit volume of 
material. The term on the right is the mass per unit volume times the acceleration 
while the term on the left (the gradient of the stress) is the net force per unit 
volume. 

The general solution of the one-dimensional lossless wave equation, Eq. (7.26), 
may be written in terms of two arbitrary functions, f and g, as 


C(z, t) = f(z - ct) + g(z + ct), 


(7.28) 
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with the first term representing a longitudinal wave moving to the right (i.e. in the 
direction of increasing z) with speed c and the second term representing a wave 
moving to the left with speed c. 

The approximate value of c is 5100 m/s for steel or aluminum and 3000 m/s 
for PZT (see Appendix A.2). For comparison bulk sound speeds that depend on 
the bulk modulus, B, are 1500 m/s for water and 343 m/s for air. The relationship 
between the bulk modulus, B, and Young’s modulus, Y, is Y = 3B(1 — 2o') where 
o' is Poissons’s ratio; for fluids cr = 1/2 and Y = 0. There is no bar wave speed for 
liquids and gases since they cannot support the free lateral boundary conditions 
that hold for a thin bar. 

In most instances the response as a function of frequency is desired and a 
Fourier transform solution may be obtained. Accordingly, and more simply, we 
may assume a complex time dependent sinusoidal solution of the form f(z,t) 
= f(z)e JU,t . Substitution into the wave equation, Eq. (7.26), then yields the one¬ 
dimensional Helmholtz differential equation (also known as the reduced wave 
equation) 

d 2 f /dz 2 + k 2 C = 0, (7.29) 

where the wave number k = eu/c. 

The general solution for the displacement, as may be verified by substitution 
into Eq. (7.29), may be written as 

£(z) = Be“ jkz + De^, (7.30) 

where the coefficients B and D are constants. The time-dependent displacement 
solution is 

C(z, t) = C(z)e) a,t = Be-J^-^ + Dei (kz+a,t) , (7.31) 

where the two terms represent longitudinal waves traveling in the +z and -z direc¬ 
tions. 

The particle velocity, u = 3f/9t, is given by 

u(z) = jcuf(z) = jcu[Be“' kz + De> kz ], (7.32) 

and the force, F = — AoT = —AoY3f/3z is 

F(z) = -jkYA 0 [Be“ jkz - De* 2 ]. (7.33) 

Eq. (7.32) and (7.33) are the basis for developing models for the bar. The coeffi¬ 
cients B and D may be obtained by imposing boundary conditions on the ends of 
the bar, for example, F = 0, or u = 0, or more generally F;/u; = Z\ where Z; is the 
impedance at the bar ends (i = 1, 2). 

The mechanical impedance at any point along the bar may be written as Z(z) = 
F(z)/u(z): 

Z(z) = pcA 0 [Be“ jkz - De' kz ]/[Be _ j kz + De> kz ], (7.34) 

If there is no wave in the -z direction then D = 0 and Z(z) = pcAo. If the bar 
has an impedance of Zq at z = 0 and Zl at z = L the coefficients B and D may 
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be determined in terms of Zo and Zl, yielding the very useful transmission line 
equation 

Zo = pcAo[Zl + jpcAo tankL]/[pcAo +jZ L tankL]. (7.35) 

Thus, if the load impedance, Zl, is zero, this free condition yields Zo = jpcAotan 
kL as the impedance at the other end of the bar. Moreover if the impedance, Zo, 
is also zero, then tan kL = 0. This occurs for kL = ntt, (n = 1, 2, 3,...), re¬ 
sulting in the free-free bar half-wavelength resonance condition f„ = nc/2L and 
yielding a series of even and odd standing-wave modes with harmonic resonance 
frequencies. On the other hand, if Zl is very large compared to pcAo then this 
clamped condition yields Zo = —jpcAo cot kL. If in addition to this the im¬ 
pedance Zo = 0, then cot kL = 0. This occurs for kL = n (2n — l)/2, resulting in 
the free-clamped bar quarter-wavelength resonance condition f n = (2n — l)c/4L 
and yielding a series of odd-numbered resonance frequencies and standing waves 
with a fundamental resonance at one-half the frequency of the free-free bar. The 
first two displacement modes of vibration of the free-free and clamped-free bars 
are shown in Fig. 7.23. Although the magnitude of the displacement is depicted by 
the curves, actual displacement is along the length of the bar in the direction of the 
longitudinal wave. 

It may be shown after some algebra and use of trigonometric identities that the 
equivalent circuit or “T Network” shown in Fig. 7.24 is consistent with Eq. (7.35) 
with Fi/ui = Zo at port 1 and F 2 /U 2 = Zl at port 2. This circuit then becomes 
an equivalent circuit or transmission line representation of plane waves traveling 
along the bar subject to the boundary conditions at ports 1 and 2. There is also 
an equally good “n Network” representation (see, for example, Woollett [2]) that 
may be useful in some cases. 

If the bar length, L, is small compared to the wavelength. A, such that kL < < 1 
then jpcAo tan (kL/2) jpcAo kL/2 = jcuM/2 and -jpcAo sin (kL) ss —jpcAo 
(1/kL + kL/6) = YAo /ju)L - jcuM/6, resulting in the lumped equivalent circuit 
of Fig. 7.25 [17]. The -M/6 element is not included in some representations as 
it is often negligible at low frequencies. However, it can be important, as in the 
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FIGURE 7.23. Displacement distribution for the fundamental, fj, second harmonic, f 2 , and 
third harmonic, f 3 , resonant frequencies. 
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FIGURE 7.24. Distributed T network circuit representation of the bar of Fig. 7.20. 
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FIGURE 7.25. Lumped mode circuit representation of the bar of Fig. 7.20. 
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FIGURE 7.25a. Representation with one end clamped. 


case where the bar terminal 2 is clamped such that m is zero and port 2 is there¬ 
fore open circuited. In this case the masses M/2 and -M/6 add—resulting in an 
effective mass of the bar of M/3 in the equivalent circuit of Fig. 7.25a. (An alter¬ 
native energy calculation of the effective mass, M/3, of a fixed-end bar is given 
in Section 8.2.) Piezoelectric ceramic materials have a high density and their mass 
usually needs to be included in lumped equivalent circuit representations as in 
Fig. 7.25. 

7 . 2 . 2 . Matrix Representation 

The loop equations for the circuit of Fig. 7.24 may be written with impedance 
coefficients as 


Fi = Z c uj — ZbU2, 
F2 = ZbUj — Z C U 2 , 


(7.36a) 

(7.36b) 






344 7. Transducer Models 


where Z c = Z a + Zb = — j pcAocot kL and Zb = —j pcAo/sin kL. It can be seen 
that with U2 = 0, Z c is the input impedance at port 1. This pair of equations may 
be solved for uj and U 2 for a given load at one end of the bar. If Z 2 is the load at 
port 2 then F 2 = Z2 U2 and Eq. (7.36a) gives U2 = ui Zb/(Z C + Z2). Substitution 
into Eq. (7.36a) yields, for a given Fi, the solution for the velocities u | and U 2 with 
load Z 2 : 

ui = (Z 2 + Z C )F 1 /(Z l + Z C Z 2 - Z 2 ), (7.36c) 

u 2 = Z b Fi/(Z c 2 + Z C Z 2 - Z 2 ). (7.36d) 

Thus, for a force Fi, the input and output velocities, ui and U2, may be determined 
from the circuit of Fig. 7.24 with load, Z 2 . 

The above impedance equation set, Eqs. (7.36a,b), may also be written in the 
transfer form: 


F 2 = (Z c /Z b )F! + (Z b - Z 2 /Z b )m, 
U2 = (—l/Zb)Fi + (Z c /Zb)ui, 


and represented as 

F 2 = anFi + ai 2 Ui, (7.37a) 

U 2 = a 2 iFi + a 22 Ui, (7.37b) 

where aj j = Z c /Zb = cos kL, a 12 = (Zb — Z 2 /Zb) = —j pcAosin kL, a 2 i = — 1 /Zb = 
— j [sin kL]/pcAo, and a 22 = Z c /Zb = cos kL. 

This equation set for the transmission line bar may be written in a matrix form 
which transforms the input vector Fj, ui to the output vector F>, 12 through a 
matrix A with elements a;j. The matrix equation for Eqs. (7.37a,b) is 

(Fi\_(an «12\ / F\ \ 

\M2 / ~~ \ a 21 a 2 2 ) \M1 / ' 

A series of bars connected together, as in Fig. 7.26, can be modeled as a series 
of Fig. 7.24 circuits connected together as shown in Fig. 7.26a. The output is then 
related to the input by multiplication of the matrices A and A’ for each bar. 

For a series of four bars, for example, the transfer matrix is A 1 A 2 A 3 A 4 . The 
matrix product may then be written as a single matrix, and the output velocity U 4 
for an input force Fi can be obtained for the given load, Z 4 = F 4 /U 4 , on terminal 
4 as 

U 4 = Fi(ana 44 — ai 4 a 4 i)/(Z 4 a 44 — a 14 ), 
where the ay are now the elements of the product matrix Aj A 2 A 3 A 4 . 


© 



Z 


© 


FIGURE 7.26. Two bars mechanically connected in series. 
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FIGURE 7.26a. Distributed network representation for the two series bars of Fig. 7.26. 



FIGURE 7.26b. Two bars mechanically connected in parallel. 



FIGURE 7.26c. Distributed network representation for the two parallel bars of Fig. 7.26b. 


A parallel arrangement of two ideally-connected bars is illustrated in Fig. 7.26b. 
This situation occurs, for example, when a stress bolt is used to compress piezo¬ 
electric ceramics to prevent cracking under tension. Because of the ideal direct 
connections, the connecting boundary conditions are 114 = u 1 and U 3 = U 2 . With 
these parallel connections the total force on each end is the sum of the two forces 
as illustrated in Fig. 7.26c so that F 5 = F 2 + F 3 and F 6 = F] + F 4 . This case is most 
easily solved if the equations are rewritten in the impedance matrix form 

Fi = znm - Z 12 U 2 , (7.38a) 

F 2 = z 21 ui - z 22 u 2 , (7.38b) 

where zj 1 = z 22 = Z c = Z a + Zb = — j pcAocot kL and zi 2 = z 2 i = Zb = — j pcAo/sin 
kL. With a similar set of z’s for the Z’ bar of Fig. 7.26b written as 


F 4 = ZjjUl - Zj 2 U2, 


(7.38c) 
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F 3 = z^ui - z' 22 u 2 , (7.38d) 

we get, after adding the two forces on each end 

F6 = (zn + Zjj)ui - (Z 12 + z' 12 )u 2 , (7.38e) 

Fs = (z 2 i + z^)m - (z 22 + z' 22 )u 2 , (7.38f) 

which can be compacted and converted to a single transfer matrix form for a fur¬ 
ther cascade process with other elements. 

Multiple transmission line equivalent circuits or cascading matrix computer 
programs are commonly used for solving these one-dimensional multiple-element 
transducer wave problems [18, 19, 20, 21, 22], 


7.2.3. Piezoelectric Distributed-Parameter Equivalent Circuit 

The mechanical model developed in Sect. 7.2.1 will now be extended to include 
piezoelectric excitation. We will make use of the lumped electromechanical equiv¬ 
alent circuit and the wave-based distributed mechanical model to develop the ma¬ 
trix and equivalent circuit models for a piezoelectric ceramic bar [ 1, 2]. We will 
consider four piezoelectric ceramic and one magnetostrictive configuration. Each 
case is unique because of the different electric and mechanical boundary condi¬ 
tions and requires different transduction constants (see Appendixes A.5 and A.7 
for a complete listing of piezoelectric ceramic and magnetostrictive constants). 
Accordingly, we present a separate development of each model. The casual reader 
may wish to take an overview approach and concentrate on the results and the 
differences between the models. 

Although all the models use a one-dimensional acoustic plane wave analysis, 
the electric field can be oriented along the direction of motion or perpendicular to 
the direction of motion. Moreover, in two cases the electric field is constant (Seg¬ 
mented 33 bar and Unsegmented 31 bar) while in the other two cases (Length Ex¬ 
pander Bar and Thickness Mode Plate) the electric field changes along the length 
of the bar as a result of the wave motion along the length of the bar. This results 
in a different equivalent circuit representation for the two cases. In the four cases, 
represented by bars (including the magnetostric bar), the transduction equations 
are written in a form where the stress, T, is an independent variable and can be set 
equal to zero in the lateral direction, perpendicular to the direction of the wave mo¬ 
tion. This conforms to the case of a free lateral boundary condition allowing wave 
propagation at the bar speed determined from the Young’s modulus. In the case of 
the thickness mode plate the transduction equations are written in a form where 
the strain, S, is an independent variable and set equal to zero in the lateral direction 
conforming to a rigid boundary, resulting in bulk wave speed propagation. 

7.2.3.1. Segmented 33 Bar 

Transducers are often fabricated from a number of piezoelectric ceramic segments 
cemented together and wired in parallel to yield lower electrical impedance than 
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a single bar of the same total length [2], This arrangement allows a lower drive 
voltage for the same electric field. It is also necessary in order to avoid extremely 
high-voltage poling fields. For example, consider the case of a piezoelectric bar in 
the 33 mode as shown in Fig. 7.27 with four segments wired in parallel. 

Each segment has thickness h and cross-sectional area Ao = w i W 2 with an elec¬ 
tric field E 3 in the 3, or z, direction causing expansion and contraction in the 3 
direction. Silvered surfaces serving as electrodes at the ends of the segments are 
cemented together with the polarization direction Po as shown for additive motion 
in the 3 direction. It is assumed that the cement bonds are ideal and negligibly 
thin so that the velocity, u, and the force, F, are continuous across them. Loading 
forces, F 2 and F| and corresponding impedances, Z 2 and Zi, are assumed at the 
bar terminations at z = 0 and z = L. 

It is also assumed that the thickness, h, between the electrodes is considerably 
less than one-quarter wavelength although the total length L is not restricted. Ad¬ 
ditionally it is assumed that W| < < L and W 2 < < L with no loads in the 1 and 2 
directions so that T 1 = T 2 = 0 on the sides of the bar and within the material. With 
no lateral clamping the lateral motion is uninhibited, yielding the lowest stiffness 
based on the Young’s modulus, and the greatest coupling in the 3 direction. Also, 
since the electrode surfaces are equipotentials, there is no electric field in the 1 
and 2 directions and since h is small Ei = E 2 = 0 within the piezoelectric ceramic 
material. Maximum performance is generally achieved with both the stress and 
applied field in the direction of the polarization vector, (i.e., the 3 direction). 

The 33 mode is the most active mode of vibration with typical coupling coef¬ 
ficients on the order of 0.7 for PZT materials and 0.9 for single crystal PMN-PT 
materials. Under free end conditions the strain, S, is proportional to the d constant 
for a given electric field E. The d 33 for PZT is about 300 x 10 “ 12 m/V while 




3 


FIGURE 7.27. Four piezoelectric bars stacked mechanically in series and wired in parallel. 
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d 3 i (see Sect. 7.23.2) is only about —135 x 10 ~ 12 m/V (see Appendix A.5 for 
piezoelectric constants). 

The piezoelectric equation pair of interest under the above assumptions is the 
one used before, Eqs. (7.6a) and (7.7b), which can be rewritten as 

S 3 = S 33 T 3 + d 33 E 3 , (7.39a) 

D 3 = (d33/sf 3 )S3 + £ 33 E 3 , (7.39b) 

where the clamped dielectric constant e | 3 = e 33 (1 — k 2 3 ). 

If we let f be the displacement of a longitudinal wave along the z direction as a 
result of an electric field E 3 , the strain may be written as S 3 = d£/d z. Accordingly, 
the derivative of the first equation of the pair may be written as 

5 2 f/5z 2 = sf 3 9T 3 /9z + d 3 3 dE 3 / 0 z. (7.40) 

In the previous section it was found that 3T/<9z = pd 2 £/dt 2 . Substitution into 
Eq. (7.40) then leads to the wave equation in the form 

5 2 f/9z 2 = sf 3 p<9 2 f/9t 2 + d 3 39 E 3 / 5 z. (7.41) 

With V the voltage, E 3 = V/h is the same in each segment and 9E 3 18 z = 0 which 
leads to the usual wave equation 

9 2 f/9t 2 = c 2 8 2 C/8z 2 , (7.42) 

with the longitudinal wave speed c = l/(s^ 3 p) 1//2 . 

The analysis in the previous section showed that solutions of this wave equation 
maybe be represented by an equivalent circuit of the form shown in Fig. 7.24. 
This equivalent circuit is also applicable to piezoelectric devices, as was shown 
by Mason [23]. The lumped-parameter equivalent circuit model for piezoelectric 
ceramics suggests that the full equivalent circuit, with voltage V and current, I, 
can be represented by Fig. 7.28 which, under short-circuit conditions, is the same 
as Fig. 7.24. 

Evaluation of the electromechanical turns ratio, N, and the shunt electrical im¬ 
pedance Zo may be obtained from Eq. (7.39b), which may be written as 

D 3 = (d 33 /sf 3 )9f/9z + 4 e 3 . (7.43) 

The electric displacement D 3 =Q/Ao, where Q is the charge and Ao is the surface 
area of the electrodes. Since the time derivative of the charge is the current, I, and 
the time derivative of the displacement, f, is the velocity, u, the time derivative of 
Eq. (7.43) is 

I(z) = (A 0 d 33 /sf 3 ) 9 u/ 9 z + ja)(ef 3 Ao/h)V. (7.44) 

Since the distance between electrodes is small compared to the wavelength, we 
would not expect the velocity, u, or the current, I, to vary in each segment, as 
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FIGURE 7.28. Distributed network representation of the model shown in Fig. 7.27. 



FIGURE 7.29. Illustration of current summation. 


illustrated in Fig. 7.29. Thus on replacing Su/cz with the approximation (u; — 
u;_ i )/h the current through the i th segment is 

li = (Aod 3 3 /hsf 3 )(ui - Ui _i) +jcu( £ f 3 A 0 /h)V. (7.45) 

As seen in Fig. 7.29, since the electrodes are wired in parallel and the voltage V 
is the same across each electrode pair, the total current is the sum of the currents 
through each segment. The total current for n segments, for i = 0 to n, is 


I = = (Aod 3 3 /hsf 3 )(u n - u 0 ) + jcun(ef 3 A 0 /h)V. (7.46) 

Thus the total current is the sum of two currents: one resulting from the rela¬ 
tive velocities at the ends of the bar and the other from the voltage V across the 
electrical impedance, 1/jeu n(e 33 Ao/h), of the n capacitors wired in parallel. The 
current from the velocity difference, u n — uo, is transformed to the electrical side 
through the transformer of turns ratio N. A comparison with the equivalent circuit 
of Fig. 7.28 then yields 
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N = A 0 d 33 /hsf 3 , Z 0 = 1/jtunCo, C 0 = ef 3 A 0 /h, c = l/(sf 3 p) 1 / 2 , 

(7.47) 

which is consistent with Eqs. (7.42) and (7.46). The wave speed value of c 
from Eq. (7.47) is to be used in k = cu/c and in Z a = jpcAo tan (kL/2) and 
Zb = —jpcAo/sin (kL) of Fig. 7.28. The quantity Co is the clamped capacitance 
of a single segment of the bar, nCo is the total clamped capacitance of the bar 
and the electromechanical turns ratio, N, for the bar is the same as the turns ra¬ 
tio for a single segment. The coupling coefficient for each segment is given by 
k 33 = d 33 /sf 3 £j 3 , but the effective coupling coefficient for the whole bar at reso¬ 
nance is reduced by dynamic effects (see Section 8.4.3). The 33 mode bar equiv¬ 
alent circuit of Fig. 7.28 has played an important role in the design of high power 
longitudinal vibrator transducers for sonar arrays. 

7.2.3.2. Un-segmented 31 Bar 

The equivalent circuit of Fig. 7.28 may also be used to represent a thin bar operated 
in the 31-mode [1, 23] as shown in Fig. 7.30. Under the same assumptions as 
before, this mode may be represented through the equation pair (see Section 2.1.3): 

Si = s^T| + d 3 iE 3 , 

D 3 = d 3 iTi + e 33 E 3 . 


On eliminating Ti between these equations, the second equation may be rewritten 
as 

D 3 = (d 31 /sfj)Si + £ 33 E 3 . 

In this mode of operation the electric field E 3 is in a direction perpendicular to 
the strain Si and stress Ti and consequently is indirectly coupled to the motion 
in the 1 direction. It can then be readily shown, following the previous 33-mode 
development, that 

N = wd 31 /sf x , Z 0 = 1/jtuCo, C 0 = £ 33 wF/h, and c = l/(sfj p) 1/2 . 

(7.48) 


1 



FIGURE 7.30. Piezoelectric ceramic side electroded 31 mode bar. 
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Note the different wave speed value of c from Eq. (7.48), to be used in k = eu/c and 
in Z a = jpcAo tan (kL/2) and Zb = —jpcAo/sin (kL) of Fig. 7.28. The quasistatic 
coupling coefficient is given by k 31 = d^/s^e^, which is reduced by dynamic 
effects at resonance (see Section 8.4.3). The coupling coefficient, k 3 i, with value 
of about 0.33 and the d 3 i constant with value of about—135 x 10 _ 12 m/V forPZT, 
are approximately half the 33-mode values. 

7.2.3.3. Length Expander Bar 

Other cases of interest include the 33-mode length expander bar (without segmen¬ 
tation) and the thickness-mode plate where the distance between the electrodes is 
not small compared to the wavelength in the material. In these cases the electric 
field is not constant but is a function of the propagation distance z and conse¬ 
quently 3E(z)/3z does not vanish [1], Thus, the most appropriate equation pair 
is one in which D 3 rather than E 3 is the independent variable. Normally because 
of the comparatively high dielectric constant, there is no fringing so Di = D 2 = 0. 
Also, since div D = 0 for a nonconductive dielectric with no free charge, fD^izj/oz 
= 0. For the case of a long thin bar with electrodes on the ends as illustrated in 
Fig. 7.31, the equations may be written as 

S 3 =s? 3 T 3 +g 33 D 3 , (7.49a) 

E 3 = -(g 33 /s? 3 )S 3 + (1/ £ 3 3 ) D 3 , (7.49b) 

where use has been made of the relation s® = s| 3 (l - k 33 ). 

The longitudinal displacement and velocity along the 3 direction are C and u. 
The strain S 3 = d£ld z, and the gradient of the stress 0 T 3 /dz = pd 2 £/dt 2 . Differ¬ 
entiating Eq. (7.49a) yields the wave equation 

d 2 £/dz 2 = s°p d 2 C/dt 2 , (7.50) 

since SD 3 (z)/< 9 z = 0 . 

Thus, in this case the wave speed c = lAps ^) 1 / 2 is higher than the wave speed 
in the segmented bar because s ® 3 < s| 3 . To be consistent with this, the electro¬ 
mechanical equivalent circuit for the open-circuit case must take the form of 



FIGURE 7.31. Piezoelectric ceramic end electroded 33 mode bar. 
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Fig. 7.32 rather than Fig. 7.28. In this form it can be seen that under electrical 
open-circuit conditions, Zo and —Zo cancel causing a short circuit in the mechani¬ 
cal branch, leaving c = Ups^.) 1 / 2 as the wave speed. On the other hand, under 
electrical short-circuit conditions, Zo is shorted out and only the negative im¬ 
pedance -Zo remains in the circuit. This negative impedance, when transformed to 
the mechanical side (see Fig. 7.32a), reduces the stiffness of the system and yields 
a lower resonance frequency, as may be expected, under electrical short-circuit 
conditions. 

The value of Zo and the turns ratio N can be obtained from Eq. (7.49b) written 
as 


E 3 = -(g33/s? 3 )ac/az + (1/4)D 3 (7.51) 


u 0 U 2 



FIGURE 7.32. Distributed equivalent circuit of the end electroded bar of Fig. 7.31. 



FIGURE 7.32a. Alternative equivalent circuit representation of the end electroded bar of 
Fig. 7.31. 
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Since E 3 (z) = DV/dz, integration from z = 0 to z = L yields an expression for the 
voltage. Furthermore, since the current I = AoSD 3 /3t, u = dQld t and aV lot = jcuV 
for sinusoidal drive, it follows that 

I = j(cuAo4/L)V + (d 3 3 Ao/Lsf 3 )[u(L) - u(0)]. (7.52) 

This result and the wave equation then show that 

N = A 0 d 33 /Lsf 3 , Z 0 = 1/ja) C 0 , C 0 = e 33 A 0 /L, and c = l/(s°p) 1/2 , 

(7.53) 

for the equivalent circuit of Fig. 7.32. The wave speed value of c from Eq. (7.53) is 
to be used in k = cu/c and in Z a = jpcAo tan (kL/2) and Zb = —j pcAo/sin (kL) of 
Fig. 7.32. The quasistatic coupling coefficient is k 33 which is reduced by dynamic 
effects at resonance, and the reduction is greater than it is for the segmented bar 
(see Section 8.43). 

The alternative form of the equivalent circuit, shown in Fig. 7.32a, has the neg¬ 
ative impedance transformed to the mechanical branch in series with Zb. When 
L is considerably less than the wavelength, kL < < jt, these two elements com¬ 
bine to give a compliance equal to L/Aos|j, and the circuit of Fig. 7.32a reduces 
to the circuit of Fig. 7.25 where M is the total mass of the bar. Martin [24] has 
also shown that a segmented series of n expander bars of equal length h, with 
kh < < Jt and total length L = nh, reduces to the representation shown in Fig. 7.28 
with accompanying Eq. (7.47) as originally developed in Sect. 7.2.3.1. 


7.2.3.4. Thickness-Mode Plate 

The circuit of Fig. 7.32a may also be used to represent a plate, as in Fig. 7.33. 
However, because of the large lateral dimension the stiffness in the thickness mode 
is greater than the stiffness of a bar and the coupling coefficient is lower. 



FIGURE 7.33. End electroded piezoelectric ceramic plate. 
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The equations of interest for this case use the piezoelectric constant I 133 = 
g 33/833 and the clamped impermittivity 3 = l/ef 3 , 


T 3 = c 3 D 3 S 3 - h 33 D 3 , (7.54a) 

E 3 = -h 33 s 3 + P 33 D 3 , (7.54b) 

where the coefficients can be identified by setting S 3 and D 3 separately equal 
to zero. The values for the equivalent circuit of Fig. 7.32a may be obtained by 
following the above procedure for the length expander bar. The result is 


N = Coh 33 , Zo = 1/jcu Co, Co = ef 3 Ao/L, c = (c^/p) 1 /". 

(7.55) 

The value of c from Eq. (7.55) is to be used in k = tu/c and in Z a = jpcAo tan 
(kL/2) and Zb = —j pcAg/sin (kL) of Fig. 7.32. The quasistatic coupling coefficient 
is the thickness coupling coefficient, k t = h 33 (e 33 /c^ ) 3 ) 1 / 2 . Often large plates are 
cut or “diced” to reduce the lateral stiffness, improve the coupling coefficient and 
reduce lateral mode interference. 

7.2.3.5. Magnetostrictive Rod 

The equivalent circuit of a magnetostrictive transducer discussed in Sect. 7.1.4 and 
shown in Fig. 7.19 may be extended to include wave effects in a magnetostrictive 
rod transducer. The usual wave equation can be derived from Eq. (7.17) using the 
fact that div B = 0, and assuming that the lateral components of B can be neglected. 
In this case we may use the circuit of Fig. 7.28 with N m = (N t d 33 Aq/Ls 33 ) and 

N = N m /u)L 0 , Z 0 = jtu L 0 , L 0 = Xm| 3 N 2 A 0 /L, c = l/(sf 3 p) 1/2 , 

(7.56) 

where x is the eddy current factor and the turns ratio N = N m /tuLo as a result of the 
circuit configurations shown in Figs. 7.19 and 7.28. The value of c from Eq. (7.56) 
is to be used in k = cu/c and in Z a = j pc Ao tan (kL/2) and Zb = —j pc Ao/sin (kL) 
of Fig. 7.28. This circuit has an output velocity phase limitation but is useful for 
obtaining the electrical input impedance and the magnitude of the output velocity. 
The quasistatic coupling coefficient, k 33 = (d 2 3 /s 33 M 33) 1 > is reduced by dy¬ 
namic effects at resonance in the same way as the reduction for the piezoelectric 
ceramic length expander bar (see Section 8.43). 

The phase limitation for this shunt clamped inductance representation, noted 
in Section 7.1.4, still applies. For magnetic field transducers F = N m I. Since V/I 
= Zo = jcuL() under clamped conditions, we could write the clamped force F = 
N m V/Zo = (N m /jtuLo)V in the representation of Fig. 7.19. However, ideal trans¬ 
formers must be real for proper impedance transformation and the factor j is ac¬ 
cordingly dropped in Eq. (7.56), leading to a —90° phase error in the voltage to 
velocity transfer function for this representation. It will be shown in Sect. 7.3 that 
the corresponding matrix representation has no such equivalent circuit transfer 
phase limitation. 
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7.3. Matrix Models 

7.3.1. Three-Port Matrix Model 

Consider now the matrix representation of the circuit of Fig. 7.28 where the 
electromechanical turns ratio N transforms the voltage V into a force F as illus¬ 
trated in Fig. 7.34. This allows a convenient means for incorporating the drive volt¬ 
age into the matrix representation. The corresponding impedance equation pair in 
Eqs. (7.36a,b) may now be rewritten as 


F, = Z cUl - Z b u 2 + NV, (7.57a) 

F 2 = Z b ui - Z c u 2 + NV, (7.57b) 

where, as before, Z c = Z a + Z b = — jpcAo cot kL and Z b = —jpcAo /sin kL with 
k = tu/c and c is the short-circuit longitudinal wave speed. 

The equation pair may also be rewritten in the transfer equation form as 



F 2 = anFi + ai 2 uj + ajV, 

(7.58a) 


u 2 = a 2 iFi + a 22 ui + a 2 V, 

(7.58b) 

or in transfer matrix form as 




_ / fl n «12\ / 

\u 2 ) ~ \a 2 i a 2 2 ) V 

«l / \a 2 J 

(7.58c) 

where 

at = N(1 — Z c /Z b ), 

a 2 = N/Z b , 

(7.58d) 

at i = Z c /Z b , 

ai2 = Z b — Z^/Zb 

a 2 t = — 1/Z b , a 22 

= z c /z b . 




(7.58e) 

Substitution for Z c 

and Z b yields 



at 

= N(1 — coskL), a 2 

= j N sin kL/pcAo, 

(7.59a) 


U 1 u 2 



FIGURE 7.34. Force driven representation of Fig. 7.28. 
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an = coskL, ai 2 = — jpcAosinkL, a 2 i = —jsin kL/pcAo, a 22 = coskL, 

(7.59b) 

where the electromechanical turns ratio N is specific to the particular transduction 
device and configuration. 

Since the turns ratio, N, transforms a velocity to a current the total input current 
in Fig. 7.28 is the sum of the velocity (with uo = ui and U 2 = u n ), transformed to a 
current, and the current through Zq for the voltage V, which can be written as 

I = N(m - u 2 ) + (1/Z 0 )V, (7.60) 

where 1/Zo = Yo, the clamped electrical admittance. For the n parallel-wired 
segmented piezoelectric ceramic transducer, with a small distance between elec¬ 
trodes. 


N = nd 33 A 0 /Lsf 3 , Z 0 = l/jamC 0 , c = l/(sf 3 p) 1/2 . 

For a magnetostrictive transducer of coil turns, N t , the parameters N, Zo and c 
are 


N = (N t d 33 Ao/Ls^ 3 )/ja>Lo, Z 0 =ja>L 0 , c = l/(sf 3 p) 1/2 . 

Since the clamped inductance Lo = N 2 |i| 3 Ao/L, the magnetostrictive electro¬ 
mechanical turns ratio may also be written as N = d 33 /(ja>NtS^ 3 (j. 33 ) = d 33 / 
(jtuN t s 33 (j, 33 ). 

Consider the transducer example of Fig. 7.35 where Z r is the radiation load im¬ 
pedance on the piston head, Z m is the mounting impedance on the tail mass and 
the piezoelectric ceramic drive is sandwiched between the head and the tail. An 
equivalent T-network representation is illustrated in Fig. 7.35a, which allows a so¬ 
lution for the output by use of a circuit analysis program. A matrix representation 
is shown in Fig. 7.35b where 1 refers to the tail, 2 to the piezoelectric ceramic and 
3 to the head. 

The matrix approach relies on the equation pair, Eqs. (7.58a,b), given above 
for the piezoelectric ceramic and the equation sets below for the head and tail 
respectively. 


F 3 = 3 anF 2 + 3 ai 2 U 2 , Fi = ianF 4 + iai 2 U 4 , (7.61a) 

u 3 =3 a 2 lF 3 + 3 a22U2, Ul = 1^21 F 4 + ia22U4, (7.61b) 



FIGURE 7.35. Three part transducer with mounting impedance Z m and radiation 
impedance Z r . 
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FIGURE 7.35a. Cascade T network representation of Fig. 7.35. 


Piezoelectric Ceramic 



FIGURE 7.35b. Cascade block matrix representation of Fig. 7.35. 


where the pre-subscript, m, on m a;j identifies a particular matrix, A m . If we let Fu; 
be the i th force velocity vector and A m the matrix of the ajj elements we can write 
Flu = A 3 Fu ? for the head, Fui = A] F 11 4 for the tail and Fu ? = A 2 Fu 1 +a 2 V for the 
piezoelectric ceramic where A 2 and a 2 correspond to Eqs. (7.58a,b). Substitution 
for Ftp, and Fu, in the equation for Fu, yields 

Fu, = A 3 A 2 AiFu 4 + A 3 a 2 V. (7.62a) 

After matrix multiplication the above may be compacted and rewritten as 

Fu , = A 4 Fu 4 + a 4 V, (7.62b) 

with A 4 = A3A2A1 and a 4 = A3a2- The set of equations relating the motion 
at the back of the tail, the voltage on the piezoelectric ceramic element, and the 
motion at the front of the head may then be written as 

F 3 = 4 anF 4 + 4 ai 2 U 4 + 4 aiV, (7.63a) 

U 3 = 4 a 2 iF 4 + 4 a22U4 + 4 & 2 V. (7.63b) 

A solution may be obtained for a given set of boundary conditions such as the 
loading impedances shown in Fig. 7.35b with F 4 = Z m u 4 and F 3 = Z r U 3 . Substitut¬ 
ing F 3 and F 4 into Eqs. (7.63a,b) yields 
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Z r u 3 = ( 4 anZ m + 4 ai 2 )u 4 + 4 aiV, (7.64a) 

u 3 = ( 4 a 2 iZ m + 4 a 22 )u 4 + 4 a 2 V. (7.64b) 

Eliminating u 4 between the two equations leads to the desired solution for the pis¬ 
ton velocity, u 3 , as a function of the voltage, V. Typically transducers are designed 
to make the mounting impedance, Z m , small. The case where Z m = 0 gives 

u 3 = V( 4 a 22 ai — 4 ai 2 a 2 )/( 4 a 22 Z r — 4 ai 2 ). (7.65) 

In this section we have presented circuit analysis and cascade matrix models for 
transducers of arbitrary length in the direction of motion. Although the lumped- 
parameter models provide physical insight, they lack the accuracy of the distrib¬ 
uted models unless the components are very short. The one-dimensional models 
discussed in this section agree well with measured results if all the important 
pieces (e.g., cement joints and electrodes) are included and the lateral dimensions 
are small compared to the wavelength in the material. The cases where the lat¬ 
eral dimensions are comparable to the wavelength in the material—for example, 
where there is head flexure—are more accurately described using finite element 
modeling (FEM) techniques (see Sect. 7.4). 


7. 3.2. Two-Port ABCD Matrix Model 

The circuit representations given above can often be reduced to equivalent two- 
port systems with voltage, V, and current, I, on the electrical side and force, F, 
and velocity, u, on the side that radiates into the water. The force F is external and 
depends on the radiation impedance and incident acoustic pressure, if present. We 
can picture this arrangement as shown in Fig. 7.36 where the A, B, C, D parameters 
represent the transducer alone, without the radiation impedance, and are given 
through the equation set 

V = AF + Bu, (7.66a) 

I = CF + Du. (7.66b) 

One can see from Eqs. (7.66a) and (7.66b) that the coefficients may be written as 

A = V/F| u=0 , B = V/u| F=0 , C = I/F| u=0 and D = I/u| F=0 . (7.67) 



FIGURE 7.36. ABCD electro-mechanical representation. 
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Eq. (7.66a) divided by Eq. (7.66b) gives the electrical impedance, Z e = V/I, 

Z e = (AF + Bu)/(CF + Du). (7.68) 

As a projector F/u is the radiation load, Z r , on the transducer, and Eq. (7.68) 
becomes 

Z e = (AZ r + B)/(CZ r + D). (7.69) 

The ABCD representation of transducers is particularly useful in transducer array 
analysis because it separates the radiation impedance of each transducer from the 
other transducer parameters. Inspection of the piezoelectric equivalent circuit of 
Fig. 7.12a allows us to construct Fig. 7.37. The mechanical side has been trans¬ 
formed to the electrical side through the electromechanical transformer of turns 
ratio N, the admittance is Yo = Go + jcuCo and the mechanical impedance of the 
transducer is Z m = R + jicuM - l/tuC E ). Thus the ABCD parameters represent 
the transducer alone, and the radiation impedance, Z r , is a separate component 
that could be attached to the electrical circuit of Fig. 7.37 as Z r /N 2 . In a typical 
array all the transducers are identical with the same ABCD parameters, but the 
radiation impedance varies from one transducer to another because of the mu¬ 
tual impedances (see Section 5.21). Thus, it is convenient to have the variable part 
separated from the fixed part. 

The ABCD parameters may be calculated for any two-port transducer using the 
definitions given in Eq. (7.67). Figure 7.37 is also a convenient representation for 
calculating the ABCD values for cases that can be reduced to a simple lumped- 
circuit model as in Fig. 7.12a. This is often valid in the vicinity of the fundamental 
resonance of the transducer. Under these conditions Eq. (7.67) yields 

A = 1/N, B = Z m /N, C = Yo/N, and D = Y 0 Z m /N + N. (7.70) 

None of the ABCD parameters are purely electrical or purely mechanical, all have 
electromechanical characteristics, and except for A, are strongly frequency depen¬ 
dent through Yo and Z m . The electromechanical transformer ratio, N, is indepen¬ 
dent of frequency in most cases. 



Z r /N 2 


FIGURE 7.37. Alternative electrical representation of equivalent circuit of Fig. 7.12a. 





360 


7. Transducer Models 


7.4. Finite Element Models 

Lumped-parameter, distributed-circuit and cascade-matrix models have been pre¬ 
sented for mechanical and electromechanical one-dimensional systems. It was 
demonstrated how multiple lumped models may be extended to represent dis¬ 
tributed transducer systems, which could then be used for further analysis. The 
finite element method [25, 26, 27] takes the opposite approach and reduces dis¬ 
tributed systems to a three-dimensional array of a large number of lumped or dis¬ 
crete elements spatially distributed throughout the transducer. Accurate models of 
complicated transducers can be readily obtained through the reduction of element 
size with a proportional increase in the number of elements. Readily available 
high-speed computers with large memory and user-oriented finite element com¬ 
puter programs that include piezoelectric, magnetostrictive, moving coil, MEMS, 
and acoustic radiation elements have revolutionized the design of transducers. It 
is possible to develop and design complicated transducers and expect predicted 
results to agree very well with measured results, if accurate material properties 
are known. We briefly describe the finite element method and related transducer 
analysis techniques in this section. 


7.4.1. A Simple FEM Example 

An introductory finite element model technique is presented here to illustrate the 
underlying principles. A more extensive development is beyond the scope of this 
book but can be found in a number of references [25, 26, 27, 28, 29, 30]. We begin 
by considering the simple example of a tapered bar [25] of Young’s modulus Y, 
density p, total length L, and variable cross-sectional area A;. The bar is illustrated 
in Fig. 7.38 divided into a number of discrete elements of length, L;, connected at 
nodes, i, moving with displacement, x;. In contrast to wave notation where nodes 
are planes of no vibration, finite element nodes are the points of motion and ap¬ 
propriate forces and masses are associated at these nodal points. 

The stiffness occurs between two nodal points and is part of the discrete ele¬ 
ment. The stiffness of each element is K, = Y A|7L, where the average area A* = 
(Aj + A 1+ i)/2. The stiffness reaction force of each element is then 

Fi = Ki(x i+1 - Xi ). (7.71) 

The mass of each element is the product of the density, element length and the 
average area, that is. 


mi = pLjA* = pLiAi/2 + pLiA i+1 /2. (7.72a) 

The scheme for this type of element is to associate a mass, M,-, with each node, x;, 
by adding one half the element mass to the left of the node, m;_ i and one half the 
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L 



FIGURE 7.38. Bar with variable cross sectional area Aj. 


x-i x 2 x 3 x 4 x, 

r r r r r 



FIGURE 7.38a. Mechanical lumped mode model of the bar of Fig. 7.38. 


element mass to the right of the node, mp 

Mi = mi-i/2 + mi/2. (7.72b) 

At the first and last nodes of Fig. 7.38 we get only Mj = pAiLi/2 and M 5 = 
PA 5 L 4/2 since there is no structure to the left of node xi and none to the right of 
node X 5 . Thus the nodes in the middle of the bar have an associated mass that is 
the average of the mass of the elements on each side, while the nodes on the ends 
have an associated mass that is one-half the mass of the end elements. 

The mechanical lumped-model representation of the tapered bar of Fig. 7.38 is 
shown in Fig. 7.38a where the stiffness K; = YA;*/L;. A simple representation of 
one of the elements is shown in Fig. 7.39 where we have added excitation or load¬ 
ing forces F; and F; + i. The model may be generalized by associating a separate 
Young’s modulus, Yp and density p ; with each element of length L; and average 
cross-sectional area A*. 

7.4.2. FEM Matrix Representation 

The determination of the displacements for a given force generally requires solu¬ 
tion of a set of simultaneous equations. Many powerful equation solvers have been 
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FIGURE 7.39. Lumped representation of a single element. 


developed for this most computationally intensive part of the computer program. 
The equation set is initially cast in a matrix form in terms of “global” coordinates, 
which are relative to a coordinate reference system. Consider, for simplicity, a 
two-spring-element representation of a bar as illustrated in Fig. 7.40 with forces 
Fi, F 2 , F 3 at nodes 1, 2, and 3 with displacements x 1 X 2 and X 3 . 


X-j Xo Xp 

r p,^r 



FIGURE 7.40. Two spring lumped element representation of a bar. 


The equations of motion for the three masses Mi, M 2 , and M 3 may be written 
as 

Mid 2 Xl /dt 2 = Fj - Ki( Xl - x 2 ), (7.73a) 

M 2 d 2 x 2 /dt 2 = F 2 - K 2 (x 2 - x 3 ) - Ki(x 2 - xi), (7.73b) 

M 3 d 2 x 3 /dt 2 = F 3 - K 2 (x 3 - x 2 ). (7.73c) 

The above equation set may be recast into a more systematic form as 

Mid 2 Xl /dt 2 + K lXl - Kix 2 + 0x 3 = Fi, (7.74a) 

M 2 d 2 x 2 /dt 2 - K lXl + (Kj + K 2 )x 2 - K 2 x 3 = F 2 , (7.74b) 

M 3 d 2 x 3 /dt 2 + Oxi - K 2 x 2 + K 2 x 3 = F 3 , (7.74c) 

which is readily identified with the matrix equation 

I Mi 0 0 \ (d 2 xi/dt 2 \ f Ki - Ki 0 \ / xA / FA 

I 0 M 2 0 I d 2 x 2 /dt 2 J + I -Ki Ki+K 2 - K 2 j ( x 2 ) = ( F 2 j . 

\0 0 M 3 J \d 2 x 2 /dt 2 ) \ 0 — K 2 K 2 J yx 3 J \F 3 J 

(7.75) 

We see the presence of both a mass and a stiffness matrix with acceleration, dis¬ 
placement and force vectors which may be written, in bold matrix notation, as 

Md 2 x/dt 2 + Kx = F, 


(7.76) 
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and, under sinusoidal conditions, as 

(K - u> 2 M)x = F. (7.77) 

Inspection of the elements of the stiffness matrix in Eq. (7.75) shows the inclusion 
of the separate stiffness sub-matrices for the springs of stiffness K \ and K 2 in the 
form 

( K { -K { \ ( K 2 -K 2 \ 

l.-S', K, ) a " d {-K 2 K Z )■ 

which are associated with the “local” element stiffness matrices with nodal dis¬ 
placements xi, \ 2 and x 2 , X 3 . This example illustrates the combination of two 
“local” spring elements into the “global” matrix of Eq. (7.75). Often hundreds or 
thousands of elements are combined to form the global matrix from which the 
solution is obtained. 

A solution for the displacement x for a given force is usually desired and in 
this case Eq. (7.77) yields the harmonic response. Eq. (7.77) takes a homogenous 
form with F = 0 and the solution of (K - cu 2 M) = 0 yields the modal resonant 
frequencies or eigenvalues of the transducer under air (or more strictly, vacuum) 
loading conditions. Eq. (7.77) may be extended, through the force, F, to include 
damping with resistance, R, drive voltage, V, and electromechanical turns ratio, 
N, written as 

[K+jtuR- cu 2 M]x = NV. (7.78) 

This one-dimensional model is a simplified introduction to the finite element 
method; however, the matrix formalism can be readily extended to two and three 
dimensions. The spring and mass elements are only two of the many elements 
available in the commercial programs, which include beams, plates, shells, 2 - 
dimensional 4-node structural elements, 3-dimensional 8 -node structural solids, 
piezoelectric elements, fluid elements, and acoustic absorbers. Some of these ele¬ 
ments include interpolation functions, based on variational procedures, to improve 
the accuracy of a single element. Two-dimensional four node, with two degrees of 
freedom per node, and three-dimensional eight node, with three degrees of free¬ 
dom per node, elements are illustrated in Figs. 7.41a,b. The discussion that follows 
applies to one, two-, and three-dimensional systems. 

The fluid elements use pressure as the dependent variable rather than displace¬ 
ment and require an interface element when connected to a structural element. The 

0-0 


6-o 

A 


FIGURE 7.41a. Two-dimensional 4-node element. 
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FIGURE 7.41b. Three-dimensional 8-node element. 


gradient of the pressure is used to obtain the velocities in given directions. Com¬ 
putational speed is increased by use of the inherent symmetry of the transducer 
under consideration. A three-dimensional case that can be reduced to an axisym- 
metric case will run as fast as two-dimensional cases. Other symmetries may be 
imposed using rigid boundary conditions at the nodes as well as built in symmetry 
planes. Automatic meshing and post processing are useful aids in setting up the 
model and obtaining the desired output. 


7.4.3. Inclusion of a Piezoelectric Finite Element 

Some commercial finite element programs contain piezoelectric elements that can 
be used for transducer modeling [28, 29, 30]. The finite element piezoelectric 
model can be based on the matrix equation set 

T = c E S - eE, (7.79a) 

D = e'S + e s E, (7.79b) 

where c E is the short-circuit elastic stiffness matrix, e s is the clamped perme¬ 
ability matrix, e is the piezoelectric constant matrix and e 1 is the transpose of e. 
Equations (7.79a,b) may be rewritten as 

K E x-NV = F t , (7.80a) 

N t x + C S V = Q, (7.80b) 

where K E is the short-circuit stiffness matrix, N is the electromechanical turns 
ratio matrix, and C s is the clamped electrical capacitance matrix. The force. Ft, is 
the total force vector which can include the radiation loading force and the blocked 
acoustic force F b , Q is the charge vector, x is the displacement vector, and V is 
the voltage vector. 

With M the mass and R the resistance F t = F b - Md 2 x/dt 2 - Rdx/dt, and 
Eq. (7.80a) may be written as 

M d 2 x/dt 2 + Rdx/dt + K E x — NY = F b 


(7.81a) 
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We may also rewrite Eq. (7.80b) in a similar form as 

0 d 2 x/dt 2 + 0 dx/dt + N'x + C S V = Q. (7.81b) 

The above equation set leads to the coupled matrix equation written as 

(?. # )(J) + (?!!)(t) + (l? + -5)(v)-(?)- ™ 

In this representation each matrix is composed of four sub-matrices and the vectors 
are composed of two vectors each. This is the matrix representation for coupling 
the mechanical and piezoelectric elements in a finite element model. For N = 0 the 
equations uncouple and become separate electrical and mechanical equations. 


7.4.4. Application of FEM without Water Loading 

In practice the user need not be concerned with the details of the mathematical 
process any more than one needs to be concerned with the mathematical details 
behind a circuit analysis computer program. We consider now the application and 
utility of FEM transducer models under air-loading conditions. The transducer de¬ 
sign process usually begins with a goal or specification, which sets the operating 
frequency band as well as the desired output and approximate size. In order to 
obtain high acoustic output over a frequency band it is usually necessary to make 
the resonance occur near the center of the band, although doing so for a given size 
can be a problem. Although a particular design might achieve the target resonance 
frequency, it may not meet other requirements unless it has a significant effec¬ 
tive coupling coefficient. The modal analysis section of FEM programs allows the 
evaluation of the modal resonance and antiresonance frequencies from which the 
effective coupling coefficient is obtained (see Chapters 2, 8, and 12). 

A mechanical-based FEM program that lacks a piezoelectric model may still be 
used to evaluate transducer designs in cases where the piezoelectric drive stack 
exhibits one-dimensional motion. In the modulus substitution method [31] the 
model is constructed with the piezoelectric section treated as a mechanical sec¬ 
tion but with the density and Young’s modulus of the piezoelectric material. The 
FEM program is run twice: the first time with the short-circuit value of the Young’s 
modulus, Y e , yielding a fundamental modal resonance frequency f, and then run 
again, with the open-circuit value of the Young’s modulus, Y D , yielding the an¬ 
tiresonance frequency f a . As presented in Chapters 2 and 12, the effective coupling 
coefficient may then be calculated from 

keff = [1 - (fr/fa) 2 ] 1/2 - (7.83) 

If the FEM program has a piezoelectric element, the piezoelectric parameters are 
entered and the resonant frequencies, f, and f a , are evaluated through the modal 
option under short-circuit and open-circuit conditions respectively. This evaluation 
is more accurate and is not limited to one-dimensional motion of the piezoelectric 
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elements. The modal option often allows a useful dynamic animation of the vibra¬ 
tion which gives a detailed picture of the motional physics involved. An example 
of the static and peak dynamic motion is shown in Figs.7.42a,b for a Tonpilz 
transducer with and without head flexure computed for two different wave speeds 
in the head. 

The number of modal frequency results can be overwhelming unless limited to 
the frequency band of interest. A simple circuit or matrix model computer program 
is often used initially to obtain estimates of the fundamental resonance and other 
performance features. Animation of vibration modes may also be obtained under 
a frequency sweep response option where the actual coupling to the modes may 
be evaluated. 

Although Eq. (7.83) is the most commonly used dynamic method for obtaining 
the coupling coefficient, alternative static methods are available. Since the effec¬ 
tive coupling coefficient is also given by k e ff = 11 - K E /K D ]*/ 2 we may use the 
FEM static option to obtain l< e n by evaluating the displacement of the motional 
surface, x, under short circuit, x E , and open circuit, x D , conditions. Consider the 
displacement, x, of the simple electric field transducer example of Fig. 7.43 with 
the radiation force, F r , in the figure replaced by a static force, F s . 

For a given F s , the stiffness K E = F s /x E and K D = F s /x D and the above formula 
yields 

keff=[l-x D /x E ]'/ 2 , (7.84) 

where the displacements under short- and open-circuit conditions, x E and x D , are 
easily determined from the FEM program. 



FIGURE 7.42a. Transducer dynamic motion with flexing head. 
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FIGURE 7.42b. Transducer dynamic motion with stiffened head. 



FIGURE 7.43. Lumped model of a one-degree of freedom piezoelectric transducer. 


We may also obtain the coupling coefficient from the clamped and free electrical 
capacitances Co and Cf since k e ff = [1 - Q)/Cf] 12 . Again consider Fig. 7.43, but 
this time with F r = 0. With the clamped charge, Qo = CoV, and the free charge, 
Qf = CfV, the formula now takes the form 

k e ff = [1 - Qo/Qf] 1/2 - (7.85) 

Thus, evaluation of the charge with the motional surface clamped (the mass M of 
Fig. 7.43 supported with finite element “rollers”) and with the surface free to move 
yields the effective coupling coefficient. 

The static option may also be used to obtain an effective d constant. Under static 
application of voltage V, the displacement, x, of the free motional surface (F, = 0 
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in Fig. 7.43) is related to the effective d constant by 


deff = x/v. (7.86) 

Evaluation of x with a voltage of V = 1 volt yields d e ff, determined directly by 
FEM. A good design requires the d e ff values to be close to the material d 33 val¬ 
ues. (The material d 33 = S 3 /E 3 |t=o = X 3 /V where X 3 is the displacement of the 
piezoelectric drive section with voltage V and field E 3 ). In deep submergence 
applications the ability of the transducer to withstand high pressure can also be 
evaluated using the static option. 

FEM transducer models include mechanical damping, but the mechanical loss 
parameters are usually not well known. However, if in-air measurements of the 
conductance are available, the value of the mechanical dampers in the FEM trans¬ 
ducer model may be adjusted to attain the same mechanical Q m as that given by 
the measured conductance curves (see Chapter 12). Once matched, this allows the 
FEM prediction of the mechanical efficiency of the transducer under water-loaded 
conditions. 


7.4.5. Application of FEM with Water Loading 

The finite element acoustic medium uses fluid elements that describe the pressure 
field with pressure values at the nodes of the elements, in contrast to the mechan¬ 
ical elements with displacement values at the nodes. Consequently a fluid surface 
interface, FSI, element is needed to join the mechanical and fluid elements at the 
surface of the transducer and its housing. At the outer side of the fluid field “pc” 
matched absorbers are often used to satisfy the radiation condition of no reflection 
from the far field. Three-dimensional acoustic fluid elements are available that can 
satisfy all three conditions of interface, fluid element and absorber. There are also 
special spherical elements that apply infinite acoustic continuation of the wave in 
addition to absorbing the wave. These spherical wave elements require a spherical 
fluid field with a specific coordinate center. 

The fluid-structure interaction is coupled through a pair of mechanical and fluid 
matrix equations that may be written as [28] 

[M s ]{x] + [K s ]{x] = [F s ] + [R] [P}, (7.87) 

[M f ]{P] + [K f ] [P} = {F f } + p[R]‘{x}, (7.88) 

where [ ] means matrix and {} means column vector, [M] is the mass matrix, [K ]is 
the stiffness matrix, [F] is the force vector, [P] is the pressure vector, [x] is the dis¬ 
placement vector, p is the density of the medium and [R] represents the coupling 
matrix and the effective surface area at each node between the fluid equivalent and 
mechanical structure with subscripts f and s respectively. These equations imply 
that the nodes on a fluid structure interface have both displacement and pressure 
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degrees of freedom that allows the connection between the two systems. The ef¬ 
fective fluid loads can be generated from 

F f = -ALp d 2 x n /dt 2 , (7.89) 

where A and L are the area and distance associated with the nodes of the fluid 
element with density p, while x n is the outward normal displacement. 

Two-dimensional and axisymmetric FEM transducer models may be cons¬ 
tructed initially without a fluid field to simulate operation in air and evaluated to 
determine the motion at the fundamental mode and other higher modes of interest. 
This is usually done at resonance, f,, with the electrodes set at zero voltage and at 
antiresonance, f a , with the electrodes removed. Then the dynamic effective cou¬ 
pling coefficient is given by k e ff = [1 - (f r /f a ) 2 ] l/2 . This procedure is followed by 
the application of 1 unit of static pressure on the radiating surface that would be in 
contact with the medium to determine the stress on critical parts of the transducer. 

Finally, the FEM fluid field is added to the model and terminated with absorbers 
at an appropriate distance from the transducer. This distance is normally in the far 
field but can be made closer if near field to far field techniques are used, reducing 
the number of water elements and computational time. An example of an axisym¬ 
metric finite element model of a Tonpilz transducer with fluid field, rigid baffle, 
and absorbers is shown in Fig. 7.44. 

The absorbers have a characteristic impedance equal to that of the fluid. The 
rigid baffle condition is obtained by no imposed condition on the nodes of the 


Absorber 



FIGURE 7.44. Axi-symmetric finite element model of a Tonpilz transducer set in a rigid 
baffle with fluid field and absorbers. 
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fluid element which is a condition of no displacement for a fluid element. On 
the other hand, for solid elements, as in the transducer, no imposed condition on 
the element nodes is a free or zero-stress condition. The rigid baffle case is an 
intermediate step which is normally followed by a water field which surrounds the 
transducer with an enclosure simulating a transducer housing. In the case of three- 
dimensional FEM models the fluid field is initially built as part of the transducer, 
temporarily removed to obtain the unloaded results and then replaced to obtain the 
fluid-loaded results. This procedure is necessary because of the complexity of the 
3-D structure and its interface with the fluid load. 

Near-field FEM results for a small array of 16 close-packed piezoelectric Ton- 
pilz transducers with square radiating faces vibrating in water are shown in Figs. 
5.19a,b. The contour plots in Fig. 5.19a show the pressure magnitude, while those 
in Fig. 5.19b show the normal displacement magnitude, on the surface of the ar¬ 
ray. Both plots are symmetrical about the two lines that bisect the array and about 
the two diagonals because all the transducers are driven in phase with the same 
voltage magnitude. This symmetry was used to reduce the size of the computation 
to one quadrant of the array with appropriate boundary conditions on the sides of 
the quadrant that join the rest of the array. 

The fluid field must be large enough to include the essential parts of the near 
field for an accurate determination of the radiation mass loading. For example, 
an acoustically small circular piston of radius a has a radiation mass of equiva¬ 
lent volume equal to 8cr/3 and thus, a height of approximately 0.85a (see Sec¬ 
tion 10.42). Thus, in this case the FEM water field must extend at least a distance 
equal to 0.85a. If fluid absorber elements are used at the termination of the FEM 
water field they should be small and on a surface that conforms to the wavefront 
of the radiated field since the absorption is most effective at normal incidence. 
Ideally the water field is terminated with absorbers on a spherical surface at a dis¬ 
tance greater than the near to far field transition, that is, at the Rayleigh distance 
of R ss 2a 2 /A (see Chapter 12). This avoids boundary effects in the near field and 
also allows the acoustic pressure to be evaluated at the nodes of fluid elements 
on a sphere to obtain a beam pattern, as would be done by measurements in a 
test facility. The size of the fluid elements should ideally be less than a tenth of a 
wavelength for accurate results. Unfortunately, the above conditions often require 
long computational run times, especially if the transducer surface is acoustically 
large or an array of transducers is being evaluated. In such cases the size of some 
of the fluid elements can be increased to nearly a quarter wavelength to achieve 
practical run times, but with reduced accuracy. 

Some transducer-specific finite element programs, such as Atila [29], and 
PAFEC [30] avoid the need for large fluid fields by evaluating the pressure and 
velocity on a closed surface near the transducer, and then using a Helmholtz In¬ 
tegral approach (see Chapter 11) for calculating the far field pressure and beam 
patterns. This is an example of the feasibility of combining analytical methods 
with FEM to reduce run time or increase the size of the problems that can be 
handled. A Helmholtz Integral subroutine could be added to other FEM programs 
after determining the minimum fluid field required. 
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The near-field measurement techniques, which are discussed in Chapter 12, can 
also be combined with FEM. For example, if the pressure, p(0), on the center of 
a transducer that can be approximated as a circular piston of radius a < < A is 
determined by FEM, the far-field pressure, pf, is given by p(0)a/2 with a rigid 
baffle or p(0)a/3 without a rigid baffle. The pressure on the center can be found 
with a smaller FEM fluid field than that required to find the far field. If the piston 
is acoustically larger and set in a rigid baffle, Rayleigh’s integral, Eq. (10.26) with 
0 = 0 for on-axis field points, 

Pf(r) = -27C p f 2 (e- jkr /r) Jj x n dA, (7.90) 

may be used to obtain the on-axis far-field pressure from the normal displacement, 
x n , on the surface of the piston. A relatively small FEM fluid field is sufficient to 
find the surface displacement. The surface integral may be replaced by a summa¬ 
tion for the average displacement, <x n >. If the total area is A, we then have 

Pf(r) = -2tc pf 2 (e-j kr /r)A < x n >, (7.91) 

and at a reference distance of r = 1 meter we get, simply, |pf| = 2 Jt p f 2 A < x n >. 
In these approximate methods it is essential to determine the minimum fluid field 
required for satisfactory accuracy. 


7.4.6. Water Loading of Large Arrays 

The FEM run time of a large array can be very long and therefore the analysis 
is usually limited to representative sections of a large array. Alternatively, large 
planar array conditions can be approximately simulated for closely packed arrays 
by assuming the array to be large enough that, except for the transducers on the 
edge, each transducer experiences the same loading condition, and only one trans¬ 
ducer needs to be analyzed. For example, the case of a large rectangular array of 
square piston transducers could be analyzed by considering each transducer to be 
surrounded by a square rigid-walled waveguide with an absorbing element at the 
open end. If there were gaps between the transducers, the wave guide walls would 
be positioned in the center of the gaps. The finite element program could then be 
run at frequencies of interest for the displacement distribution on the surface of 
the piston and for the pressure in the waveguide water column. 

The far-field pressure of the array could be estimated from the displacement or 
velocity distribution using Eq. (10.25) of Chapter 10, or from the pressure in the 
waveguide. The latter is easier because the waveguide constrains the pressure to 
form an approximate plane wave with a value p p , determined by the FEM calcu¬ 
lation, and with an associated particle velocity of p p /pc. Then combining all the 
waveguides makes the entire array have the same uniform normal velocity and, as¬ 
suming full pc loading, a total radiated power of W = NA(p 2 /2pc) where N is the 
number of transducers in the array and A is the area of each transducer including 
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gaps. The power is related—through the directivity factor—to the far-held inten¬ 
sity, and consequently the pressure, p, at a distance, r, in the broadside direction 
by 

p 2 /2pc = D f W/47tr 2 . (7.92) 

Using Df = 4;tNA/A 2 for the array directivity factor from Section 5.12 gives us 

p = NApp/Ar = NAfpp/cr, (7.93) 

as a simple relation between the FEM calculated value of p p and the broadside 
response of the array, p. This is an approximate solution since the transducers on 
the edges have less acoustic loading than the central transducers. Thus the validity 
depends on the relative number of transducers on the edges, (e.g., in a square array 
of 400 transducers), nearly 20 percent are on the edges. If these elements receive 
half the loading, the assumed full loading estimate might be high by 10 percent. 


7.4.7. Magnetostrictive FEM 

There is a limited availability of FEM programs with magnetostrictive elements 
[29, 30], possibly because magnetostrictive devices are not used as much as piezo¬ 
electric devices. On the other hand, since one transducer is the dual of the other, 
piezoelectric elements [28] may be used to simulate magnetostrictive elements 
[32]. Consider the simple magnetostrictive model of Fig. 7.15 and the correspond¬ 
ing Eqs. (7.20) and (7.23) repeated here as 

(M + M r )du/dt + (R + R r )u + (1 /C H ) j udt = N m I, (7.94a) 

V = Lodl/dt + N m u, (7.94b) 

with 


N m = N t dA/Ls H , Lo = (J. S N 2 A/L, C H = s H L/A, and N t = number of turns. 

(7.94c) 

The corresponding piezoelectric model was given as Fig. 7.12 and is repeated 
here as Fig. 7.43 with the piezoelectric bar now composed of four sections. The 
original associated set of equations, Eqs. (7.10) and (7.12), was restricted, for 
simplicity, to one piezoelectric section. Multiple parallel-wired sections, presented 
in Section 7.2.3.1, can readily be included, and Eqs. (7.10) and (7.12) can then be 
written in terms of the number of sections, N s = L/h, as 

(M + M r )du/dt + (R + R r )u + (1/C E ) J udt = NV, (7.95a) 


I = CodV/dt + Nu, 


(7.95b) 
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with 

N = N s dA/Ls E , Co = e s N^A/L, C e = s E L/A, and N s = number of sections. 

(7.95c) 

A term-by-term comparison of these equations shows that a piezoelectric ele¬ 
ment may be used to represent a magnetostrictive element if we let voltage rep¬ 
resent current, current represent voltage, and admittance represent impedance for 
a transduction section of the same length and cross-sectional area. Further details 
include the replacement of the clamped dielectric constant by the clamped perme¬ 
ability (e s => |i s ), the short-circuit elastic modulus by the open-circuit elastic 
modulus (s E => s H ), and the piezoelectric d constant by the magnetostrictive d 
constant (d p i ez o => d mag ). In addition the number of piezoelectric sections must 
equal the number of coil turns (N t = N s ). But, if the number of coil turns is large, 
the number of piezoelectric pieces may be made smaller as long as the conditions 
N s dpiezo = Nt d mag and e ,s N~ = )i s N^ are maintained. The equivalence may also be 
seen through a comparison of the equivalent circuits of Fig. 7.17 and Fig. 7.12a. 
These equivalent circuits remind us of the limitation of this FEM substitution 
model in that wire heating losses and eddy current losses are not included as well 
as flux leakage and demagnetizing effects discussed in Section. 7.1.4. However, 
these effects may be separately evaluated through a magnetic finite element model 
and incorporated into the FEM magnetostrictive parameters. 

We have presented an introductory foundation for finite element modeling of 
piezoelectric transducers and also a piezoelectric based model for magnetostric¬ 
tive transducers. A more detailed development of finite element modeling and its 
capabilities can be found in references [25, 26, 27, 28, 29, 30]. Computer pro¬ 
grams are constantly being improved and extended and presently allow analysis 
of problems with more than 100 million degrees of freedom using a 64-bit dual 
processor with a single shared memory of 64 gigabytes [33]. The finite element 
programs can provide accurate models of most transducers and can significantly 
reduce the number of experimental models that need to be fabricated and tested. 
The best approach is to use FEM together with circuit analysis or cascade matrix 
models to provide cross checks and reveal possible modeling errors. 
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Transducer Characteristics 


Important transducer characteristics such as resonance frequency, mechanical 
quality factor, characteristic impedance and electromechanical coupling coeffi¬ 
cient will be discussed in more detail in this chapter. One reason for more discus¬ 
sion is that some aspects of transducer theory are not standardized. For example, 
several different definitions of electromechanical coupling coefficient and of me¬ 
chanical quality factor are in use. In particular it is important to extend the discus¬ 
sion of the electromechanical coupling coefficient in Section 1.41 to include other 
definitions, properties and interpretations. Another reason for more discussion of 
transducer characteristics is the need to present certain practical considerations 
that have not been fully developed in the previous chapters. In Chapters 2 and 3, 
we pointed out that transducer performance is determined by an effective coupling 
coefficient that is usually less than the material coupling coefficient of the active 
material used in the transducer. There are numerous causes of this reduced effec¬ 
tive coupling that occur in all transducers, such as inactive transducer components 
and dynamic operating conditions, and eddy currents that occur in magnetostric- 
tive transducers. We will present practical methods of determining the effective 
coupling coefficients that result from many of these causes.with some specific 
examples. 


8.1. Resonance Frequency 

Projectors are usually operated at or near a resonance frequency in order to obtain 
the most power output for a given driving force. In general a resonance frequency 
is defined as the frequency at which some quantity reaches a maximum when the 
driving frequency is varied while the driving force amplitude is held constant. At 
this frequency, the displacement is amplified by the mechanical quality factor, Q m , 
of the resonator (see Sect. 8.2.1). The resonances associated with power or velocity 
are usually of most interest, and occur at the same frequency when the mechanical 
resistance is independent of frequency. Displacement and acceleration resonances 
occur at frequencies that differ only slightly from the velocity resonance frequency 
unless the mechanical resistance is very high. 
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In the single degree of freedom system of Fig. 7.1, with lumped mechanical 
impedance Z m = R + j(tuM — K/tu) where R, M and K are all independent 
of frequency, the magnitude of the impedance, |Z m |, is minimum and the ve¬ 
locity, F/|Z m |, is maximum, with a value F/R (see Fig. 7.1a), when the driving 
frequency is such that tuM = K/tu, making the velocity resonance frequency, 
tu r = (K/M) 1 /2 . Since the power is proportional to Ru 2 , the power resonance 
occurs at the same frequency as the velocity resonance in this case. The resonance 
frequency can also be found from the fundamental relationship between the kinetic 
energy of the mass, */2 Mu 2 = ] h M tu 2 x 2 , and the potential energy of the spring, 
'/2 Kx 2 . At the point in the vibration cycle where x = 0 the potential energy is zero, 
the kinetic energy is maximum and the mass moves with a maximum velocity. On 
the other hand, at the point of maximum displacement where u = 0, the kinetic 
energy is zero and the potential energy is maximum. For sinusoidal drive, reso¬ 
nance occurs when there is a complete exchange of energy and the peak kinetic 
and potential energies are equal, !/2 Kx 2 = !/2 Mcu 2 x 2 , which gives the resonance 
frequency above. The natural frequency of free vibration also occurs with equal 
peak kinetic and potential energies at the same frequency as velocity resonance, 
except as modified by resistance. 

In the case of Fig. 7.1 displacement resonance occurs at (cu 2 — R 2 /2M 2 ) 1// “ 
where cu |Z m | is minimum, and acceleration resonance occurs at cu 2 /(tu 2 — R 2 / 
2M 2 ) 1/,_ where |Z m | /cu is minimum. Fig. 8.1 compares the displacement, veloc¬ 
ity, and acceleration as functions of frequency for a case with rather large resis¬ 
tance (R = cu r M/2 or Q m = 2) in order to display the difference in the resonance 
frequencies. 

In electroacoustic transducers, where the stiffness depends on electrical bound¬ 
ary conditions, a velocity resonance and a velocity antiresonance occur. For 



FIGURE 8.1. Normalized displacement, x n , (-), velocity, u n , (-) and acceler¬ 
ation, a n , (.) vs. normalized frequency for the simple vibrator in Fig. 7.1 for Q m = 2. 
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electric field transducers, resonance occurs for short-circuit conditions, and is 
designated cu r (or wf ), while antiresonance occurs for open-circuit conditions, 
and is designated cu a (or u)|P). For magnetic field transducers resonance occurs 
for open-circuit conditions, antiresonance for short-circuit conditions. For both 
transducer types, cu r < cu a . The lumped-parameter circuits of Figs. 7.12a or 7.13 
illustrate the two frequencies for electric field transducers: when the electrical ter¬ 
minals are shorted the mechanical resonance occurs at cu r = (1 /C e L e ) 1,2 ; when 
they are open it occurs at tu a = [(Co + C e )/CoC e L e ] 1,/2 . 

As an example of resonance and antiresonance frequencies in a distributed 
transducer model consider a bar of piezoelectric ceramic of length L and cross- 
sectional area Ao as shown in Fig. 8.2. Consider the bar fixed on one end with 
a load on the other end consisting of a lumped mass M and a resistance R. The 
equivalent circuit in Fig. 7.28 applies with open-circuit mechanical terminals on 
the left side, since uo = 0, and mechanical impedance of R + jcuM connected to the 
right side. Equation (7.35) with Zl = oo shows that the mechanical impedance of 
the bar is - jpcAo cot kL, and the impedance of the transducer is 

Z m = R + jcuM — jpc Ao cot kL. (8.1) 


For kL small the last term of Eq. (8.1) reduces to the lumped stiffness reactance, 
—j K/cu where K = p c 2 Ao/L. When R is independent of frequency the velocity 
resonance frequency, ei> r , occurs when tu r M = pcAo cot k r L, which can be written 

k r L tank r L = Mb/M, (8.2) 

where k, = cu r /c is the wavenumber at resonance, c is the longitudinal wave speed 
in the bar, and Mb = pAoL is the mass of the bar. 

Each of the three piezoelectric bar electrode arrangements discussed in Sec- 
tion7.2 involves a different elastic constant (s| 3 , sp or s!/,) and a different lon¬ 
gitudinal wave speed. Eq. (8.2) applies to any of these cases, but each solution 
for k r L is related to a different value of tu r = (c/L)(k r L) that depends on the 
wave speed for the specific electrode arrangement. As an example consider the 
segmented bar in Section 7.231 with both R and M zero, (i.e., with one end free). 


R 



FIGURE 8.2. Calculation of kinetic or potential energy in a mass loaded vibrating bar. 
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Eq. (7.30) with £ (0) = 0 and £(L) = £q shows that the displacement is given by 


C(z) = Co- 


sinkz 


sin kL ’ 


where k = eu/c E and c E = (ps E 3 ) -1 / 2 . It follows from Eq. (7.39a), using S 3 = 
d£ / 07 , that the displacement of the free end, where the stress is zero, is related to 
the voltage by 

kfo cot kL = d 33 V/h. (8.3) 

The short-circuit resonance condition occurs for V = 0, or for cot k E L = 0, where 
k E = cu r /c E , the same condition as Eq. (8.2) for M = 0. The solutions are k E L = 
m 7 t /2 , m = 1,3,5 • • • and the resonance frequencies are cu rm = m 7 tc E / 2 L. 

The current, I, for this case is given by Eq. (7.46) with uo = 0 and u n = jcufo 
(see Fig. 7.29). The antiresonances occur when 1 = 0, for which Eq. (7.46) can be 
simplified by use of Eq. (8.3) and written as 


k*Lcot k*L = — 


k 2 

k 33 


33 


(8.3a) 


where k* = cu a /c E . This equation has a set of solutions for k*L that give the an¬ 
tiresonance frequencies as u) am = (c E /L)k*I. For example, for k?,= 0.5, the first 
solution is k^L ~ 2.03, and the ratio of resonance to antiresonance frequency for 
the fundamental mode is a> r i/u) a i = (7t/2)/2.03 = 0.773. The frequencies tu rm 
and cu am differ because of the different electrical boundary conditions, but they 
depend on the same longitudinal wave speed, c E = (ps| 3 ) _1,/2 . Note that for very 
small k 33 the two frequencies are approximately equal. See the discussion fol¬ 
lowing Eq. (8.35b) regarding use of the resonance/antiresonance frequencies to 
determine the effective coupling coefficient. 

Transducers are usually capable of vibrating in more than one mode, each with 
a different resonance frequency, but in most cases they are used in the vicinity 
of the fundamental mode. In some cases unwanted higher modes interfere with 
fundamental mode operation, while in other cases the radiation from higher modes 
is deliberately combined with radiation from the fundamental mode to achieve 
greater bandwidth or special directional characteristics (see Chapters 3 and 4). It 
should be noted that not all the mechanical resonance frequencies are necessarily 
excited in typical transducers (see Section 3.42). 


8.2. The Mechanical Quality Factor 
8.2.1. Definitions 

Resonances are also characterized by the width of the peak in the power ver¬ 
sus frequency curve, and the mechanical quality factor, or storage factor, Q m , is 
a dimensionless, real, positive number that is the usual measure of this width. 
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FIGURE 8.3. Power vs. frequency showing half power frequencies. 


For a specific mode of vibration with resonance frequency cu r , Q m is often 
defined by 

cu r 

Qm = -—, (8.4) 

CU2 — CUi 

where a >2 and cui are the frequencies above and below cu r at which the power is 
half the maximum power as shown in Fig. 8.3 [1, 2], 

For example, in the case of frequency independent resistance, u )2 and cu i occur 
at the frequencies where |Z m (cu)| 2 = 2R 2 . The physical meaning of this defin¬ 
ition is clear since (cu 2 — cui) is a direct measure of bandwidth, (i.e., high Q m 
means narrow band, low Q m means wide band). When the term quality factor is 
applied to crystal vibrators used as narrow band filters, high Q m is associated with 
high quality, because it means low internal resistance. On the other hand, under¬ 
water sound applications usually require a wide band, and in these cases low Q m 
is associated with high quality where it means high bandwidth and high radiation 
resistance. The term quality factor is still appropriate, however, since when un¬ 
derwater sound transducers are measured in air, high Q m is desirable because it 
indicates low internal losses and, consequently, high efficiency in water. 

Some writers [3] consider that a definition of Q m in terms of stored and dissi¬ 
pated energies is more basic than the bandwidth definition in Eq. (8.4); the energy 
definition can be expressed as: 


„ _ U s (cu r ) _ 2ttU s (cu r ) 

Qm = ' X ’ r W d (a. 1 -) = T r W d (cu r ) ’ 


(8.5) 


where U s (tu r ) is the peak kinetic energy stored in the mass at cu r , W d (tu r )is the 
time average dissipated power at cu r , and T r is the period of oscillation at reso¬ 
nance. This definition also has a clear physical meaning; since T r W d is the en¬ 
ergy dissipated in one period, and it must exceed the peak stored energy to make 
Q m < 27t. Low Q m means that the input energy is radiated, and partially dissipated 
internally, with relatively little of it being stored. 






The Mechanical Quality Factor 381 


Another expression for Q m is 


Qm 


tu r dZ m 
2R(cu r ) dot 


( 8 . 6 ) 


where Z m is the mechanical impedance and R(tu r ) is the total mechanical resis¬ 
tance at resonance. The origin of this expression for Q m is uncertain; it was in¬ 
troduced to one of the authors (JLB) by Professor W.J. Remillard at Northeastern 
University about 1965, and probably came from Professor F.V. Hunt at Harvard. 
This expression has been found to give results in certain cases that are either ex¬ 
actly the same as—or in close agreement with—the other two expressions for Q m . 
It can be approximately justified for frequency independent resistance by writing 
Z m = R +jX and using the mean value theorem for the derivative which gives 


dZ m 


dX 


„ |X(cu 2 )-X(cu 1 )| 

dcu 

CU r 

dcu 

CV r 

0)2 - 0)1 


When R is independent of frequency cu r occurs when X = 0, and cut and cui occur 
when R 2 + X 2 = 2R 2 or X = ±R and |X(cu 2 ) — X(cui)| = 2R. Using these results 
in Eq. (8.6) shows that it is equivalent to Eq. (8.4) under the conditions assumed. 
Eq. (8.6) appears to be a convenient means for calculating Q m in some cases, rather 
than a physical definition of Q m . Eq. (8.6) can also be useful in other calculations, 
(e.g., see Section 5.15). When an expression for Z m is known Eqs. (8.5) or (8.6) are 
usually more convenient than Eq. (8.4) for calculating Q m . But Eq. (8.4) is needed 
for determining Q m from power or conductance measurements as a function of 
frequency (see Chapter 12) and for calculating bandwidth when Q m is determined 
in some other way. 

In the simple lumped-transducer model of Fig. 7.1 where Z m = R + j(cuM — 
K/cu), with R, M, and K all constant, the three expressions above for Q m all 
give the same result: Q m = cu r M/R. This result comes most easily from the 
energy expression in Eq. (8.5) since U s = Mu 2 and Wj = J /2 R u 2 where u r 
is the velocity amplitude at resonance. It also follows easily from the derivative 
expression in Eq. (8.6) since the derivative is M + K/cu 2 which equals 2M at tu = 
cu r . The bandwidth expression in Eq. (8.4) requires calculation of cu 2 and o>i from 
X = (tuM - K/cu ) = ±R which gives (cu 2 — cuQ = R/M. The expression. 


Q m = cu r M / R , 

can be used as the definition of Q m [4] whenever consistent effective values of the 
parameters cu r , M, and R are known (see Sect. 8.2.2 below). 


8.2.2. Effect of the Mass of the Bar 

We now return to the example of the fixed-end, mass-loaded piezoelectric bar to 
show how the mass of the bar affects the Q m . The bar provides the spring and 
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the driving force, but it also contributes mass that may be significant for dense 
materials such as piezoelectric ceramic, for example, the density of PZT is about 
7500 kg/m 3 . The kinetic energy in the bar is distributed along its length with the 
energy in a thin slice of thickness dz located at z being (see Fig. 8.2) 

dU K = V^pAodz u(z) 2 , 

where u(z) is the longitudinal velocity at z and p is the density. Equation (7.32) 
shows that for u(0) = 0 and u(L) = uo 

u(z) = uo sinkz/sinkL. 


Combining these expressions and integrating from 0 to L gives the total kinetic 
energy in the bar: 


U K = 


1 

-M b u 


2 

0 


1 - sin2kL/2kL 
2 sin 2 kL 


The effective, lumped dynamic mass of the bar, Md, referred to the velocity at 
the free end of the bar, is defined by equating Uk to t /2 M d u ( 2 which gives: 


M d = M b 


1 - sin2kL/2kL 
2 sin 2 kL 


(8.7) 


The dynamic mass is frequency dependent, and cases of special interest occur 
when kL<C 1 and Md= M b /3, when kL = 7t/4 and M d = M b (l-2/7t), and when 
kL = Till and M d = M b /2. Some of these results were also obtained in Chapter 7 
from the equivalent circuits in Figs. 7.24 and 7.25. The added dynamic mass of 
the piezoelectric bar reduces the resonance frequency and raises Q m ; for example, 
when kL 1 the stiffness is K = YAq/L and 


cu r = 


i 

K ]2 
M + M b /3_ 


and Q m = tu r 


M + M b /3 
R 


Since there is stored kinetic energy in both the mass, M, and in the dynamic mass 
of the bar, the energy expression for Q m in Eq. (8.5) becomes, using Eq. (8.7), and 
with u r as the velocity of M at resonance: 


Qm = m r 


M d u 3 /2 + Mu 3 /2 
Rujr/2 


= t«r- 


M d + M 
~R 


cu r M 

[i + ^bj 

[ 1 - sin2k r L/2k r L " 

R 

M 

[ 2 sin 2 k r L . 


This equation can be simplified by expanding sin 2k r L as 2 sin k r L cos k r L and 
using the resonant condition in Eq. (8.2) with the result: 


cu r M 


1 

2 


M b /M 
2 sin 2 k r L 


Qm 


R 


(8.7a) 
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The same result can be found, and more easily, from the derivative expression for 
Q J( , in Eq. ( 8 . 6 ), using the mechanical impedance in Eq. (8.1), to show that 

= M + pAoL/ sin 2 k r L. 

cu r 

The dynamic mass can be used in the vicinity of the fundamental resonance to 
give a simple lumped equivalent circuit of the mass loaded bar and its associated 
Q m . The same could be done in the vicinity of one of the higher resonant modes 
given by Eq. (8.2). However, the distributed model is necessary when an accurate 
knowledge of the transducer performance is desired at frequencies where more 
than one mode may be involved, and the usual meaning of Q m does not apply. 


dZ m 

dtu 


8.2.3. The Effect of Frequency-Dependent Resistance 

In the preceding discussion, the mechanical resistance was considered to be inde¬ 
pendent of frequency, but at low frequency the radiation resistance is proportional 
to frequency squared (see Chapters 2 and 10) and is also the major part of the re¬ 
sistance in well-designed transducers. Therefore, a reasonable way to investigate 
the effects of frequency-dependent resistance at low frequency is to consider the 
mechanical impedance. 


Z m = Ro(u>/a>o) 2 +j(u)M — K/a>), (8.8) 

where Ro, M, and K are constants and a > ( 2 = K/M. For example, for a small 
spherical transducer of radius a, Ro = 47 teu ( 2 pa 4 /c. The resonance frequency and 
Q m are both affected when the resistance changes with frequency. The velocity 
resonance occurs when |Z m | = [Rq(cu/cuo ) 4 + (u)M — K/cu) 2 ] 1 ' / “ is a minimum, 
which is determined by the cubic equation for (u>/tuo) 2 : 

(2Rq/KM)(cu/cu 0 ) 6 + (cu/cuo ) 4 -1=0. 

If 2 Rq/KM is small, we can find an approximate solution by writing cu r ~ a>o 
(1 — a) with a«l and approximating the cubic equation by 

(2Rq/KM)(1 - 6a) + (1 - 4a) - 1 = 0. 

This equation gives a Rg/2KM and 

tu r « cuo(l - Rq/ 2KM) = cuo(l - l/2Qi 0 ), (8.9) 

where Q m o = cuoM/Ro is the Q m when the resistance is constant with value Ro. 
Thus frequency-dependent resistance lowers the velocity resonance frequency. 

Frequency-dependent resistance affects Q m both directly and indirectly through 
the change in resonance frequency. The result given by the energy expression 
for Q m is 
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Q me = at r (Mu r 2 /2)/[R 0 (cu r /a. 0 ) 2 u r 2 /2] = Q m0 /(1 - 1/2Q^ 0 ), (8.10) 

which shows that frequency dependent resistance raises the Q m . In this case the 
derivative expression for Q m gives essentially the same result, but the two are not 
exactly the same. 

8.3. Characteristic Mechanical Impedance 

The mechanical impedance for a simple lumped vibrator can be written 

Z m = R + j(cuM - K/tu) = (MK) 1 / 2 [1/Q m + j(cu/cu r - tu r /cu)], 

where the factor (MK) 1 / 2 determines the general level of the impedance magni¬ 
tude and is called the characteristic mechanical impedance of the transducer, Z c 
[3], The mechanical quality factor is closely related to Z c since 

Qm = OJ r M y/R — (K/M) 1 / 2 (M/R) = Ze/R, (8.11) 

which shows that Q m is low when Z c and R are similar in magnitude. 

The characteristic impedance for a distributed system can be determined from 
effective lumped parameters such as the dynamic mass in Eq. (8.7) for the mass- 
loaded piezoelectric bar fixed at one end. In a similar way the lumped dynamic 
stiffness can be found from the potential energy in the bar. The differential element 
of potential energy in a thin slice of the bar is (see Fig. 8.2) 



where Y is Young’s modulus, and, from Eq. (7.30), the displacement f (z) = Co sin 
kz/sin kL with Co the displacement at the end of the bar. Integrating over the length 
of the bar gives 

,, _/YA 0 \/jokL \ 2 [ sin2kL' 

p V L / \ 2 sin kL / [ 2k l. _ ' 

The effective, lumped dynamic stiffness of the bar, K d , referred to the displace¬ 
ment at the free end of he bar, is defined by equating t/2 to U p which gives 

1 /YA 0 \ ( kL \ 2 T sin2kL"| 

Kd ~ 2 / \sinkL/ [ 1 + ^mT\- ^ 

where YAo/L = Kb is the static stiffness of the bar. Some specific cases are: 
kL« 1, K d « K b ; kL = Jt/4, K d =(jc/ 8)(1 + 7t/2)K b = 1.0095 K b ; kL = 7t/2, 
K d = (7t 2 /8)K b = 1.234 K b . 
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Equation. (8.12) explains why the lumped approximation for the bar is reason¬ 
able when the length is less than a quarter-wavelength. When L =A/4, K c | is 23% 
greater than Kb. But for L less than A/4, Kd quickly approaches Kb, being only 1% 
greater than Kb when L = A/8, and essentially constant at lower frequencies. Thus 
it is reasonable to ignore the dynamic stiffness for bars less than A/4 long, but it is 
more important to consider the dynamic mass which is never less than one-third 
the static mass. 

The characteristic impedance at resonance can now be expressed in terms of 
the dynamic quantities Md and Kd evaluated at cu r , Md r and Kd r . The result, using 
[MbKb] 1 / 2 = pcA 0 , is. 


Z cr = [(M + M dr )K dr ] 1/2 = 


/ M 
\Mb 


MdA 

M b / 



pcA 0 . 


(8.13) 


When a value of M/Mb is specified k r L and cu,- are determined by Eq. (8.2); then 
Md r / Mb and Kd r / Kb are obtained from Eqs. (8.7) and (8.12). The characteristic 
impedance can also be expressed in another way by combining Eqs. (8.11) and 
(8.7a) to get 


Z cr = cu r M 


1 

2 


Mb/M 
2 sin 2 k r L 


(8.13a) 


For three values of M/Mb, the values of Z cr /pcAo and Q m are given in Table 8.1. 

As Table 8.1 shows adding mass to the end of the bar raises the Q m and the 
characteristic impedance, but when M < Mb, Z cr ~ pcAo For PZT, pc = 22 x 
10 6 kg/m 2 sec, and for full acoustic loading R ~ (pc) w A where (pc) w = 1.5 x 
10 6 kg/m 2 sec for water, and A is the radiating area of the mass. As an example, for 


A/A 0 = 5, 


.. _ Z cr ^ pcAo 

= "R ^ (pc) w A 


showing that low Q m is possible with materials such as PZT when full acoustic 
loading is achieved, as it sometimes is in closely packed arrays (see Chapter5). 

As we discussed qualitatively at the end of Section 2.8, the effective transmis¬ 
sion of energy from the vibrating surface of a transducer into the water requires 
that the characteristic impedance of the transducer be similar to that of the water. 


TABLE 8.1. Characteristic Impedance at Resonance and Quality Factor for the Mass- 
Loaded, Fixed-End Bar 


M/M b 

Qm 

Zcr / pcA 0 

» 1 

o> r M b / M . 1 \ 

R \M b + 3/ 

(M/M b ) 

4/71 

^Ml + 2/jt] 

1.29 

« 1 

cu r Mb ftpcAo 

2R - 4R 

71/4 
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The results in this section and the distributed transducer model developed in Chap¬ 
ter 7 quantifies those ideas and shows that the stress waves generated in a longitu¬ 
dinal vibrator are radiated effectively, with a low Q m , when Z cr is approximately 
the same as (pc) w A. 


8.4. Electromechanical Coupling Coefficient 

We will now discuss other properties and definitions of the electromechanical 
coupling coefficient, a very important real, positive, dimensionless measure of 
transducer performance. The definitions in terms of the stiffness change or the 
capacitance change in Eq. (1.16) were applied in Chapter 2, to all the basic lin¬ 
earized transducer types, but other definitions are often used, especially those 
involving energy. Equation (1.16), or one of its variants, will also be applied to 
more complicated transducer structures containing components that participate in 
the vibration but do not convert energy, and to cases where dynamic effects are 
significant. It is important to consider other definitions of electromechanical cou¬ 
pling, because Eq. (1.16) applies only to linear transduction mechanisms, while 
definitions based on energy are capable of being generalized to include nonlinear¬ 
ity (see Section 9.4). 


8.4.1. Energy Definitions of Coupling and 
Other Interpretations 

8.4.1.1. Mason’s Energy Definition 

Hunt [5] discussed the importance of the electromechanical coupling coefficient 
and suggested a definition of the type in Eq. (1.16) based on the change in me¬ 
chanical stiffness associated with changing the electrical conditions from open 
circuit to short circuit. However, he only considered the three surface force trans¬ 
ducers and only discussed the coupling coefficient for one of them, the electrosta¬ 
tic transducer. Hersh [6] made a comprehensive technical and historical study of 
the coupling coefficient in which numerous approaches to defining coupling were 
reviewed, including coupling in electric circuits as well as coupling in electro¬ 
mechanical systems. Hersh also discussed most of the transducer types and de¬ 
veloped a new definition of coupling based on feedback. This feedback definition 
has not been used much, although Woollett mentions it in one of his studies [7], 
Many writers [2, 8, 9] have emphasized the value of the coupling coefficient for 
comparing different types of transducers and different design concepts. 

Woollett [3] considers one of the basic physical meanings of k to be its in¬ 
dication of the limits of physical realizability. The definition of k 2 in terms of 
stiffnesses in Eq. (1.16) has this property. Repeating the definition here: 

k 2 = 1 — K^/K°, for electric field transducers, (8.14a) 

k 2 = 1 - K»/K n B , , 


for magnetic field transducers. 


(8.14b) 
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shows that k 1 corresponds to -> 0 for electric field transducers, or KjJ -* 
0 for magnetic field transducers. A transducer with vanishing stiffness is unrealiz¬ 
able in some sense. In the electrostatic and variable reluctance transducers the un¬ 
realizability takes the form of a dramatic instability when the condenser plates or 
pole faces crash together as k^ 1. In the moving coil transducer the unrealizability 
appears as an uncertain equilibrium position as K[ n —>-0, but values of k very close 
to unity are practical [6]. In the body force transducers, k is apparently prevented 
from exceeding unity by internal nonlinear mechanisms related to saturation of 
polarization or magnetization. The highest value of a material k 33 found so far is 
about 0.96 in single crystal PMN-33%PT [10]. If compositions such as this are 
close to a phase boundary their properties may not be stable enough for use in 
operational transducers where temperature and stress variations are unavoidable. 

Thus the realizable range of k is 0 < k < 1. This well-defined range of values 
for all transducers is the property that makes k so useful for comparison purposes. 
However, when comparing different transduction mechanisms, other conditions 
must be considered before a valid comparison of coupling coefficients can be made 
[8]. For example, moving coil transducers, with limited usefulness as projectors in 
water, can easily have coupling coefficients close to unity when designed for air. 

Mason’s energy definition of k [11], introduced in Section 1.41 and Eq. (1.19), 
is widely used and will be discussed more fully here. We will calculate the ratio 
of converted energy to input energy under different conditions and compare it 
with k 2 as defined by Eq. (8.14). Equations (2.72 a,b) for electric field transducers 
when reduced to quasistatic conditions as required for determining the quasistatic 
coupling coefficient, are: 


F b = K£x-NV, (8.15) 

Q = Nx + C 0 V. (8.16) 

We will assume that the biased state is the zero of mechanical and electrical energy 
and first consider projector operation where F b = 0. The electrical input energy, 
U e , resulting from an increase of voltage, dV, can be calculated by multiplying 
Eq. (8.16) by dV, using Eq. (8.15) to put dV in terms of dx and integrating from 0 
to V and 0 to x. The result is 

Ue = j QdV = V2K^x 2 + 1 / 2 C 0 V 2 = !/2K^x 2 (1 + C 0 Kf n /N 2 ), (8.17) 

which shows that the electrical input energy associated with raising the voltage 
from 0 to V is divided into two parts: one part is the converted mechanical en¬ 
ergy, 1/2 K^x 2 , while the other part, 1/2 C 0 V 2 , remains as electrical energy. Thus 
the fraction of the electrical input energy converted to mechanical energy can be 
written, using the relations in Section 1.41, 

(1/2KE X 2 )/U e = (1 + CoK^/N 2 )- 1 = 1 - Co/Cf = 1 - Kl/Kl = k 2 , (8.18) 

in agreement with Eq. (8.14). 
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When the energy input is acoustic, Fb = p; A where p, is the average incident 
pressure over the transducer surface A. Then Eqs. (8.15) and (8.16) become, with 
Q = 0 for operation as an open-circuit hydrophone, 

p,A = K^x-NV, (8.19) 

0 = Nx + C 0 V. (8.20) 


The integral of p,Adx from 0 to x gives the input mechanical energy, 

u m = i/ 2 K^x 2 + 1 / 2 C 0 V 2 = 1 / 2 C 0 V 2 (1 + CoK^/N 2 ). (8.21) 

The first form of Eq. (8.21) appears to be the same as Eq. (8.17), but the relation¬ 
ship between x and V is different, being given by Eq. (8.20), rather than Eq. (8.15) 
with Fb = 0. Under these conditions with Q = 0 the converted energy is electrical, 
V 2 Co V 2 , and the fraction of the mechanical energy converted is 

1/2C 0 V 2 /U m = (1 + CoK^/N 2 )- 1 = k 2 , (8.22) 


as it was when energy was converted from electrical to mechanical. These re¬ 
sults, showing that Mason’s energy definition of k 2 agrees with the definition in 
Eq. (8.14), also apply to the simple models of magnetic field transducers. 

Another way of relating k 2 to energy starts with the capacitance change defini¬ 
tion: 

k 2 = Cf ~ C ° , (8.23) 

Cf 

which, for an applied voltage, V, can be written 


2 = C f V 2 /2 - CqV 2 /2 
C f V 2 /2 


(8.24) 


The denominator of Eq. (8.24) is the free energy (or total input energy), while the 
numerator, which is the difference between the free energy and the clamped en¬ 
ergy, is the converted mechanical energy or the motional energy. Thus the energy 
ratio in Eq. (8.24) has the same physical meaning as the ratio in Eq. (8.18). 

Some comments regarding the energy definition of the electromechanical cou¬ 
pling coefficient by Hersh [6] and Woollett [3] may be worth noting. Hersh con¬ 
cludes that basing a definition on the division of energy within a coupled system, 
as is required to determine the stored energies, “cannot be made without ambiguity 
and confusion even in simple systems.” This comment may have some merit, since 
a recent paper on the coupling coefficient of electrostatic transducers uses two dif¬ 
ferent expressions for the converted energy and calculates two different values for 
k 2 [12]. Woollett seems to agree with Flersh’s conclusion when he questions the 
generality of the energy definition and points out that the stored energies are not 
observables. These comments may be important for more complicated transducer 
structures with one or more internal degrees of freedom which are not observable 
at the transducer ports. The Mason energy definition of k 2 will be discussed further 
in connection with more complicated cases in Sects. 8.4.2 and 8.4.3. 
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8.4.1.2. The Mutual Energy Definition 

A quite different energy definition of the coupling coefficient (apparently intro¬ 
duced by Vigoureux in 1950 [6] is also frequently used [13, 14, 15, 16, 17, 18]. 
According to this definition 

k 2 = U2 lut /U m echUel (8.25) 

where U mec h is the “mechanical energy,” U e i is the “electrical energy,” and U mu t 
is the “mutual energy.” The conditions under which these energies are to be de¬ 
termined, or the physical meaning of mutual energy, have not been well defined. 
The usual approach when applying this definition is to write an expression for the 
total energy and identify U me ch as those terms that involve only mechanical vari¬ 
ables, U e i as those terms that involve only electrical variables, and U mu t as those 
terms that involve both kinds of variables (see example below). Note that the to¬ 
tal input energies calculated in Eq. (8.17) for projector conditions (Ft, = 0) and in 
Eq. (8.21) for hydrophone conditions (Q = 0) were clearly separated into electrical 
and mechanical energy with no mutual energy. 

The mutual energy concept probably arose by analogy to coupling of two elec¬ 
trical circuits involving, for example, mutual inductance. Berlincourt [13] used 
Eq. (8.25) and pointed out that it agrees with the other definitions of k 2 only when 
equations with homogeneous variables are used, while equations with mixed vari¬ 
ables give k 2 /(l - k 2 ). Thus, when the energies in Eq. (8.25) are identified as 
described above they depend on the way the equations are written, as will be 
illustrated below. An example may clarify this situation. Eqs.(8.15) and (8.16) 
have mixed independent variables, because x is extensive and V is intensive. It 
follows that the dependent variables are also mixed; Fb is intensive, and Q is 
extensive (see Glossary). But these equations can be rewritten in the following 
homogeneous form: 

F b = K°x - (N/C 0 )Q, 

V = — (N/Co)x+(l/C 0 )Q, 

and then we will see that Eq. (8.25) will give the same k 2 as the other definitions. If 
an external force, F, and a voltage, V, are applied together, the differential change 
in total energy is 

dU to t = Fdx + VdQ = K°xdx - (N/C 0 )(Qdx + xdQ) + QdQ/C 0 . 

which includes two mutual terms involving both x and Q. Integrating this expres¬ 
sion gives the total energy: 

Utot = V 2 K°x 2 - (N/Co)xQ + i/2Q 2 /Co = U me ch - 2U mu t + U d . 

With the indicated identifications of the mechanical, mutual, and electrical 
energy Eq. (8.25) gives 

k 2 =N 2 /K°C 0 , 
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which agrees with the definition of k 2 in Section 1.41. Note that the term identi¬ 
fied here as mechanical energy, !/2 K^x, differs from the mechanical energy in 
Eq. (8.17), !/2 K^x 2 , because the stiffnesses and the displacements are different. 
In one case the displacement is caused by applied voltage only, in the other case 
by voltage and force applied together. It should be noted that the value used for 
Umut, in order to get the correct value of k 2 , was one-half the value of the mutual 
term. 

A somewhat different perspective on U mu t can be gained by rewriting the 
expression for Utot above in terms of the other pairs of variables: 

U tot (x, Q) = i/ 2 K°x 2 - (N/C 0 )xQ + i/ 2 Q 2 /C 0 , 

U tot (x, V) = K^x 2 /2 - NxV + NxV + C 0 V 2 /2, 

U tot (F, Q) = F 2 /2K 1 12 + FNQ/C 0 K° - FNQ/C 0 K| 2 + Q 2 /2C f , 

U tot (F 5 V) = F 2 /2KE + NFV/KE + CfV 2 /2. 

We find that when U to t is expressed in terms of mixed variables (x,V or F,Q) 
two equal mutual terms appear with opposite signs. These terms cancel out of 
Utot, leaving no U mu t and no way to apply Eq. (8.25). When U to t is expressed 
in terms of homogeneous variables there is a positive mutual term for F, V, and 
a negative mutual term for x, Q. In these cases, if the negative sign is ignored 
and U mut is considered to be half of the mutual term, Eq. (8.25) gives a value 
for k 2 in agreement with the other definitions. Equation (8.25) has recently been 
discussed and evaluated by Lamberti, Iula, and Pappalardo [17] who conclude that 
it does not always have the same physical meaning as the definition based on the 
converted energy. Woollett also discussed this method of calculating the coupling 
coefficient and concluded that other methods based on a more definite rationale are 
preferable [3], 


8.4.1.3. Other Features of the Coupling Coefficient 

Some writers define the coupling coefficient as the ratio of cross products of 
the coefficients in the transducer equations [15, 1], an approach which also in¬ 
cludes the k 2 vs. k 2 /(l — k 2 ) ambiguity. For example, using the pair of homoge¬ 
neous equations at the beginning of the previous section, this ratio is N 2 / K I l2 C'o= 
k 2 . Use of the related mixed equations, Eqs.(8.15) and (8.16), gives the ratio 
N 2 /Kj^Co = k 2 /(l — k 2 ). Using this approach without first going to the low fre¬ 
quency limit [15, 1] also leads to a coupling coefficient that depends on frequency 
and resistance. The usual definitions make the coupling coefficient independent 
of driving frequency for any individual mode of a vibrator, although it does differ 
for different modes of the same vibrator. The effect of electrical or mechanical 
dissipation on the coupling is usually not considered, although dissipation clearly 
reduces the converted stored energy. 

The IEEE Standard on Piezoelectricity abandoned the definition of coupling 
coefficients based on interaction (mutual) energies in 1978, and defined static 
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coupling coefficients by energy ratios related to prescribed cycles of stress-strain 
or electric field displacement. This definition appears to be equivalent to the defi¬ 
nition based on converted energies. This change in the Standard was continued in 
the 1987 revision [19]. 

Although k 33 and k 3 i are the most commonly used piezoelectric coupling co¬ 
efficients for underwater sound transducers there are many others corresponding 
to different stress systems or different combinations of free and loaded surfaces of 
the active material. Tables of such formulae for specific piezoelectric configura¬ 
tions that might be used in underwater sound transducers are available [13, 3, 19]. 
Three specific cases that often occur are: the thickness coupling coefficient (e.g., 
a disc that expands in the thickness direction, see Sections 7.234, 3.43 and 3.44), 

k 2 — h 2 /R s c D - 
K t — n 33/P33 c 33’ 

the planar extensional coefficient (e.g., a disc that expands radially, see Sec¬ 
tion 3.43), 

k 2 = 2d 2 1 /£ 3 T 3(s 1 E+s 1 E 2 ): 

and the shear mode coefficient (a mode used in some accelerometer designs), 

k 2 _ d 2 , E T 
k 15 — u 15/ f ’44 t ll- 

Values of these coefficients are included in Appendix A.5 for specific piezoelectric 
ceramics. 

Baerwald [20] has shown that piezoelectric crystals can be characterized by 
three (for piezoelectric ceramics, two) invariant coupling coefficients, one of 
which is the maximum possible coupling coefficient. It is fortunate that k 33 for 
piezoelectric ceramics is only a few percent less than the maximum possible cou¬ 
pling coefficient [13, 3], since k 33 can be easily achieved with the simple stress 
system Tj = T 2 = 'IT = T 5 = TV, = 0, and only T 3 nonzero. 


8.4.2. The Effect of Inactive Components on the 
Coupling Coefficient 

All transducers contain inactive components such as cable capacitance, stray ca¬ 
pacitance, leakage inductance, waterproofing seals, etc. that do not convert energy, 
but do influence energy conversion if they are capable of storing energy. In most 
cases transducers also necessarily contain inactive components such as stress rods 
between the head and tail masses, glue bonds between piezoelectric segments and 
insulators between the ceramic and the head mass. And in some cases, such as the 
shell of flextensional transducers, a major part of the vibrating system is inactive. 
In this section we will calculate the reduction of the coupling coefficient caused 
by inactive components [3, 7]. 

It is convenient to start from an expression for the coupling coefficient in terms 
of the electromechanical turns ratio, N, the short-circuit mechanical compliance, 
C E , and the clamped capacitance, Co, that follows from Eq. (1.16) in Section 1.41: 
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k“ = N 2 C e /(N 2 C e + Co). 


(8.26) 


An effective coupling coefficient, k e , can then be defined by replacing all the pa¬ 
rameters in Eq. (8.26) by effective values, N e , C E and Co e : 

k 2 = N 2 Cf/(N 2 C E + C 0e ). (8.27) 


This generalization is valid as long as the transducer, including the inactive 
components, can be reduced to a system with one degree of mechanical freedom 
and one degree of electrical freedom with the basic equivalent circuit in Fig. 7.12a 
containing the effective circuit parameters. Under these conditions the effective 
values of the circuit parameters replace the basic values, but the relationships be¬ 
tween them remain the same. Any of the other expressions for k 2 given in Sec¬ 
tion 1.41 involving other parameters could also be generalized in the same way. 
And, furthermore, since Eq. (8.26) is consistent with Mason’s energy definition of 
k , that consistency must also hold for Eq. (8.27) under these conditions, although 
some of the converted energy may be stored in inactive components. We will now 
use Eq. (8.27) to derive expressions for k e that show how specific inactive compo¬ 
nents modify the original coupling coefficient, k. 

As a first example consider cable capacitance and some forms of stray capac¬ 
itance which can be lumped together as C c , in parallel with the clamped capaci¬ 
tance, Co, without making any changes in the motional part of the circuit as shown 
in Fig. 8.4. Thus C 0e = C 0 + C c , N e = N, C E = C E , and Eqs. (8.27) and (8.26) give 


2 _ N 2 C e _ k 2 l< 2 

‘ e “ N 2 C E + Co + C c “ 1 + (1 - k 2 )(C c /C 0 ) “ 1+Ce/Cf’ 


(8.28) 


where k is the coupling coefficient when there are no inactive components. 

Cable capacitance reduces the effective coupling coefficient but has no effect 
on Q m or the resonance frequency. The energy interpretation holds for the effect 
of cable capacitance on the coupling coefficient; that is, for a given applied 
voltage the input electrical energy is increased from J /2 (Co + N 2 C E )V 2 to 1/2 
(Co + C c + N 2 C e ) V 2 , while the converted mechanical energy, N 2 C E V 2 , is not 
changed. Thus the cable decreases the coupling coefficient by storing some of the 
input energy. 


O 


o- 




FlGURE 8.4. Circuit with cable and/or stray capacitance, C c . 
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Another example occurs for piston transducers driven by a piezoelectric ceramic 
bar under compression by a stress rod of stiffness K s as shown in the equivalent 
circuit of Fig. 8.5. In this case the stiffnesses of the ceramic bar and the stress rod 
add which makes 1/C E = Kj? = K e + K s , while N e = N and C 0e = C 0 . Eq. (8.27) 
then gives 


2 _ N 2 /(K e + K s ) _ k 2 k 2 

' e " N 2 /(K E + Ks) + Co " 1 + (1 - k 2 )K s /K E " 1 + K s /K d ’ 


(8.29) 


showing that the effective coupling coefficient decreases as the stiffness of the 
stress rod increases. In this case, for a given voltage, the input electrical energy 
and the converted mechanical energy are both reduced by the same amount, 
'/2 N 2 V 2 [1/K e — 1 /(K E + Ks)] which decreases the coupling coefficient. The stress 
rod stores some of the input energy and also increases the resonance frequency by 
the factor (1 + K S /K E ) 1/2 . 

The cable and stress rod examples illustrate the meaning of an inactive com¬ 
ponent in a transducer; it is a part of the transducer that can store only one kind 
of energy, electrical energy as in the cable or mechanical energy as in the stress 
rod, but it cannot convert energy. When some of the input energy is stored in an 
inactive component the coupling coefficient is reduced, even when that energy is 
converted energy as it is in the stress rod. Equations (8.28) and (8.29) show that 
the cable and the stress rod reduce the coupling coefficient in the same way when 
each is acting alone. 

A layer of elastic material between the ceramic and the head mass, used as 
an electrical insulator, or glue bonds between ceramic segments, also introduces 
inactive components (see Fig. 8.6). 


o- 


o 




FIGURE 8.5. Circuit with stress rod of stiffness K s = 1/C S . 


N 2 C e M/N 2 R/N 2 



Figure 8.6. Circuit with glue bond or insulating layer of stiffness K; = 1/C;. 
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This case is more complicated because the end of the ceramic bar and the head 
mass can move independently which means another degree of freedom exists. This 
internal degree of freedom must be eliminated to make Eq. (8.27) applicable. The 
three equations for the displacement of the mass, the displacement at the end of the 
ceramic, and the voltage can be combined to eliminate the displacement at the end 
of the ceramic. This leaves the following pair of static equations for the displace¬ 
ment of the mass, x, and the voltage, V, in the usual form which identifies the 
effective circuit parameters: 


F b = 


K e K; 

K E + K ; X 


NKi 

K E + Ki 


V = K e x — N e V, 


Q = 


NKi 

K E + K; 


x + 


Cq + 


N 2 

K E + Ki 


V 


N e X + CoeV, 


where K, is the stiffness of the insulating layer or glue bonds. These equations 
show that all three of the circuit parameters are changed. The effective stiffness 
depends on both K; and K E . The clamped capacity is changed since clamping the 
mass still leaves the ceramic free to move. In addition, the force transferred from 
the ceramic to the mass is reduced, making N e < N. Since the model has been 
transformed to one degree of freedom, Eq. (8.27) can be used to find the effective 
coupling coefficient with the result 


k 2 _ k 2 

1 + K E /Ki ~~ 1 + (1 -k 2 )(K D /Ki)' 


(8.30) 


Since the effective coupling coefficient decreases as the inactive layer becomes 
more compliant, insulating layers or glue bonds should be made as thin as possible. 
The resonance frequency is also reduced by the factor (1 + K E /K;) -1 / 2 . 

Calculating the energies in terms of the effective circuit parameters shows that, 
for a given voltage, a glue bond or an insulating layer does not change the input 
energy. But the converted mechanical energy is reduced to l fi [N 2 V 2 /K E ] [K;/ 
(K e + Kj)], because the increase in the clamped capacity causes more energy to 
be stored electrically. The reduction in converted mechanical energy lowers the 
coupling coefficient. 

The effects of three different types of inactive components have been discussed 
separately. Now their combined effects will be considered, since transducers often 
contain all three types, and sometimes more. When a stress rod and glue bonds 
are considered together the bond stiffness, Kj, is mechanically in series with the 
ceramic, while the rod stiffness, K s , is mechanically in parallel with the ceramic 
and K;. As shown in the equivalent circuit of Fig. 8.7, the stress rod compliance, 
C s = 1/K S , becomes a series element and the glue bond or insulator compliance, 
Cj = 1/K;, becomes a shunt element. 
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FIGURE 8.7. Circuit with both stress rod and glue bond. 


The motion at the end of the ceramic is an internal degree of freedom that must 
be eliminated as was done for the glue bond alone. The resulting static equations 
for the variables at the two transducer ports are: 


F b = 


K e K; 
K E + K; 


K s 


NKi 

KE + K, 


V = K E x-N e V, 


Q = 


NK; 

K E + Ki 


x + 


Cq + 


N 2 

K E + K, 


V = N e x + C 0e V. 


Thus N e and Co e are unchanged from the case of the glue bond alone, but the 
stress rod modifies the effective stiffness. Using these results for the effective cir¬ 
cuit parameters in Eq. (8.27) gives 


k 2 k 2 


r K s , K S 1 
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(8.31) 


This expression reduces to the results for the stress rod alone when K; —>* oo and 
for the glue bonds alone when K s -> 0 Note that the two effects interact in such a 
way that the combined effect is not equal to the product of the individual effects. 

The effect of cable capacitance, C c , can also be included if Co e is determined 
from the above equation for Q after Co is replaced by Co + C c . Then the effective 
coupling coefficient resulting from all three inactive components acting together 
is given by Eq. (8.27) as 


k 2 = 






K Ei 
1 + ^- 


(8.32) 


K s K s C c ' 

r , k d i 

. 1 + K“ + KD + Q. 
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_ 


which reduces to Eq. (8.31) when C c = 0, and to Eq. (8.28) when K; —> oo and 
K s -* 0. 
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Table 8.2. The Effective Coupling Coefficient for Various Inactive Components 


Inactive Component 


k = 

.90 

.70 

.50 

cable 

Eq. (8.28), Cc/Cf = 0.2 

k e = 

.82 

.64 

.46 

stress rod 

Eq. (8.29), K s /K d = 0.2 

k e = 

.82 

.64 

.46 

glue bond 

Eq. (8.30), K ; /K d = 5 

ke — 

.88 

.67 

.47 

the three above 

Eq. (8.33) 

k e — 

.74 

.56 

.39 

eddy currents 

Eq. (8.34), x r = 0.8 

k e — 

.88 

.66 

.46 


Numerical examples are given in Table 8.2 using typical values of the inactive 
components specified in terms of Cf and K D for three active material coupling val¬ 
ues, k. Note that the combined effect of three inactive components is significantly 
less than the product of the individual effects. 

Magnetic field transducers contain analogous or equivalent inactive components 
that reduce the coupling coefficient. For example, leakage inductance reduces the 
coupling coefficient in a way similar to cable capacitance. But magnetic trans¬ 
ducers are also subject to the effect of eddy current shielding (see Section 7.15), 
which changes the inductance and the electromechanical turns ratio as shown in 
the circuit of Fig. 7.17. This circuit corresponds to the following expression for k 2 , 
analogous to Eq. (8.27): 


k? = 


N- C H 

me^e 


N,i e C e H + Loe 


(8.33) 


where N me , C e H , and Lo e are the effective turns ratio, open-circuit compliance, 
and clamped inductance. Eddy current shielding gives N me = XrN m> Loe = XrLo 
and Cj , 1 = C H where x r is the real part of the eddy current factor. Using these 
values Eq. (8.33) gives 


k 


2 

e 


Xi-k 2 

1 + (Xr - l)k 2 


Xrk 2 , 


(8.34) 


where k 2 is the material coupling coefficient when eddy currents are insignificant 
and Xr — 1- The approximate form of Eq. (8.34) holds when eddy currents are 
small and Xr is near unity. A numerical example is given in Table 8.2. 


8.4.3. The Effect of Dynamic Conditions on the 
Coupling Coefficient 

The calculations in Section 8.3 of the elastic potential energy, the kinetic energy, 
and the effective dynamic stiffness and mass of a vibrating bar can be used to 
evaluate the effect of standing waves on the electromechanical coupling coeffi¬ 
cient [3, 12, 16, 17]. Eq. (8.12) shows that the dynamic stiffness of a fixed-end 
bar of length L with no mass loading remains close to the static stiffness until 
the frequency approaches the fundamental mode resonance where L equals one 
quarter-wavelength. At that frequency the stiffness exceeds the static stiffness by 
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the factor 7 t 2 /8 = 1.234. Although the bar is a distributed system it can be treated as 
a single-degree-of-freedom system with an effective dynamic coupling coefficient 
defined at the resonance frequency and applicable near resonance. Recall that all 
the expressions for k 2 in Section 1.41 show that an increase in stiffness results in 
a decrease in coupling if the other parameters remain the same. Equation (8.27) 
is most convenient for calculating the dynamic coupling coefficient as long as we 
make the reasonable assumption that N and Co do not depend on frequency, for it 
then contains only one frequency dependent parameter, K E , given by Eq. (8.12). 

For a piezoelectric bar the effective coupling coefficient is reduced by the in¬ 
creased dynamic stiffness in a way that depends on the electrode arrangement. 
Consider first the segmented bar electrode arrangement that was treated in Sec¬ 
tion 7.231. Equation (7.47) gives the expressions for N e and Co e and shows 
that the standing waves in the bar depend on s 33 . Thus the static stiffness is 
K e = Ao/nhs E 3 , and the effective dynamic stiffness of the fundamental mode 
is K e = 7t 2 K E /8 from Eq. (8.12). These values of N e , Co e . and K E when put in 
Eq. (8.27) give the effective coupling coefficient, but the result can also be found, 
and perhaps some insight gained, by noting that the dynamic increase in stiffness is 
mathematically equivalent to adding a stress rod of stiffness K s = [(7t 2 /8) — 1]K E . 
When this value of K s is used in Eq. (8.29), with k = k 33 , we find that the effective 
dynamic coupling coefficient for the fundamental mode of the bar with no mass 
loading is 


k 33 

ketU = k 2 3 + (7t 2 /8)(l -k 2 3 )’ 


(8.35a) 


which may also be written 


k 2 

edl 


k 2 

K 33 


\r 2 Tl 2 1 _ \r- 

K edl 1 K 33 


(8.35b) 


When k 33 is small, k 2 dl ~ 8 k 33 /tt 2 ; when k 33 approaches unity, k e di ~ k 33 , 
and, when k 33 has a typical value of 0.707, k e( n = 0.669. Thus in this mode the 
dynamic reduction of coupling is only about 6 % for the segmented bar, but in a 
real transducer this reduction would be combined with other reductions caused by 
inactive components. 

A different estimate of the dynamic effect on coupling can be made by calcu¬ 
lating the resonance and antiresonance frequencies for a specific mode of the bar 
as was done following Eq. (8.3). For the fundamental mode we found a> r i/cu a i 
= 0.773, which, using Eq. (2.77a) gives k e ffi = [1 — (tUri/cUai) 2 ] 1 ^ 2 = 0.634, 
to be compared with 0.669 found above. This is a real difference caused by the 
dependence of cu r and cu a on both the dynamic stiffness and the dynamic mass 
at two different frequencies; if there were no dynamic effects both calculations 
would give k e( n = k e ffi = 0.707. Also note that if the mass was the same at cu r 
and u> a the expression for k e ffi would become [1 — K E (tUrO/K^tUai)] 1 / , which 
is similar to Eq. (1.16) but does not follow from it, because K E (eu r i) and K d (tu a i) 
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differ, not only due to the short-circuit/open-circuit conditions, but also due to 
the frequency dependence of the stiffness. Equation (8.27), with the effective dy¬ 
namic stiffness evaluated at cu r i, gives an effective dynamic coupling coefficient 
that does not depend on the frequency dependent part of the stiffness difference 
between tu r and u> a , and also does not depend on mass. 

The effective coupling can be calculated for any other odd mode of the bar that 
could also be excited by this electrode arrangement. For the next mode with no 
mass loading, where k r L = 37C/2, Eq. (8.12) shows that K E = (97t 2 /8)K E , and 


k 


2 _ 
ed3 


; 

K 33 


k 2 3 + (97t 2 /8)(l - k 2 3 ) 


(8.36) 


In this mode for k 33 = 0.707, k e d 3 ~ 0.29, showing that, for the higher modes, 
the effective coupling is decreased strongly by dynamic effects. For the n th mode 
(n= 1,3,5 •••) 


Note that 


edn 
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k 2 

K 33 


k 2 

edn 


ll 2 7t 2 1 


-k 2 ' 

K 33 


(8.37) 
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k 2 

K 33 

1 — k 2 
1 K 33 


(8.37a) 


since the value of the infinite series is Jt 2 /8 [21]. This interesting result came from 
informal technical memoranda of the Clevite Corporation. An interpretation of 
this sum over modes will be given following Eq. (8.39a). 

The effective coupling coefficients above apply to the modes of a bar with no 
mass loading. The same procedure that led to Eq. (8.35b) shows that the general 
result for the fixed-end segmented bar, with arbitrary mass loading, is 


k 2 K e k 2 
K e _ K 33 

1 — k 2 ~~ K E l-k 2 3 ’ 

where Eq. (8.12) gives 

Kf = i ( k r E L V T sin 2k E L ~ 
K e 2 \ sin k E L / [ 2k E L 


(8.38) 


and k E is a solution of 

k E Ltank E L = M b /M. 

For example, for M b /M = 7t/4,k^L = Jt/4, K E /K E 1.01, and k e « k 33 , 
as expected in this case where the bar is only 1/8 of a wavelength long and the 
dynamic stiffness only slightly exceeds the static stiffness. 

The effective coupling coefficient for the other bar-electrode arrangements can 
be found in a similar way. The length-expander bar also has the electric field par¬ 
allel to the bar (see Section 7.233), but in this case the electric field is not constant 



Electromechanical Coupling Coefficient 399 


along the bar. The controlling elastic constant is s ® 3 rather than s| 3 , and the dy¬ 
namic stiffness from Eq. (8.12) is Kj = 7t 2 Ao/8s 33 L for the fundamental mode 
with no mass loading. The values of N e and Co e are given in Eq. (7.53), and Eq. 
(8.27) for k e can be expressed in terms of Kjj* by use of K E = (1 — k 2 ). Then 

Eq. (8.27) gives 




(8.39) 


The relationship between k e and k 33 for the length-expander bar differs from that 
for the segmented bar because K® rather than K E is the effective stiffness. 

For the n th mode k 2 n = 8k 33 /n 2 7t 2 and 


°° cp2 °° i 

Z k en=^f Z^= k 33> (8.39a) 

n,odd n,odd 

using the value of the infinite series given above. This result emphasizes the poor 
energy conversion capability of the high-order modes. If all the modes were driven 
together at their modal frequencies with the same energy input, U e , the total con¬ 
verted energy would be Xn°odd ^en^e = k^ 3 U e , which is the same converted 
energy as if the bar was driven at a single frequency well below the fundamen¬ 
tal mode with the energy U e . 

For the 31 bar with electrodes on the sides (see Section 7.232), N e and Co e 
are given in Eq. (7.48), and the controlling elastic constant is s E ,. Thus K E = 
TT^Ao/Ss^L and Eq. (8.27) gives 


M _ 8 k 31 

1 - k 2 7i~ 1 — k 31 


(8.40) 


The relation between the effective coupling and the material coupling is the same 
for the segmented bar and the 31 bar because the effective stiffness is K E in both 
cases. 

The effective coupling coefficients calculated above for the three different bar- 
electrode arrangements are consistent with the energy definition in which 


k 


2 

e 


Up 

Up + CoeV 2 /2 ’ 


Here U p = '/2 Kd C ( j is the converted mechanical energy with Kd given by Eq. 
(8.12). The rapid decrease of effective coupling with mode number is directly 
related to the increasing complexity of the standing wave strain distribution which 
varies as cos m 7 tz/ 2 L) along the bar with m odd. For m = 1, L = A/4, the strain is 
maximum at the fixed end, zero at the free end, and has the same sign throughout 
the bar. For m = 3, L = 3A/4, the strain has opposite signs in 2/3 of the bar, 
leaving only 1/3 in which piezoelectric excitation is effective. Since the elastic 
energy is proportional to strain squared the converted energy is 1/9 the value for 
n = 1 , consistent with the 1 /n 2 decrease of k 2 n . 
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The three different bar-electrode arrangements analyzed above were also dis¬ 
cussed by Woollett who determined the effective coupling coefficients for the 
modes of bars free on both ends [3], The results are the same as Eqs. (8.35b), 
(8.39), and (8.40) for the fixed-free bar. 

The coupling coefficient determined from measured resonance/antiresonance 
frequencies, as in Eq. (7.83) and Eq. (12.5), is an effective coupling coefficient in 
the broadest sense, because it includes all the effects such as inactive components, 
dynamic conditions and energy loss mechanisms that apply to the particular trans¬ 
ducer being measured. Measurement of the coupling coefficient of a transduction 
material alone requires elimination of all these effects. 
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9 

Nonlinear Mechanisms and 
Their Effects 


Most natural mechanisms and man-made devices are nonlinear, although linear¬ 
ity is often a good approximation and has been the basis for most engineering 
developments. In many devices the effects of nonlinearity become apparent only 
under high drive conditions, while other devices are inherently nonlinear and ex¬ 
hibit nonlinear effects, such as frequency doubling, for the smallest of drives. In 
the latter cases approximate linearity can only be achieved by imposing a bias. 
Among the electroacoustic transducers only the piezoelectric and moving-coil 
mechanisms have a linear mechanical response to an applied field, and it remains 
linear only for small amplitudes. 

The electrostrictive, magnetostrictive, electrostatic and variable reluctance 
mechanisms differ significantly from the piezoelectric and moving-coil mecha¬ 
nisms in that they have no region of linear operation, even for small amplitudes, 
unless linearization is imposed by applying a bias. In these cases the natural me¬ 
chanical response, before linearization, is an even function of the applied electric 
or magnetic fields and therefore follows a square law for small amplitudes. The 
means of linearization is basically the same in all cases; a large electric or mag¬ 
netic bias field is applied which establishes a polar axis that gives the material 
or device a one-way character. Then a superimposed alternating drive field that is 
smaller than the bias field can only increase and decrease the magnitude of the 
total field without changing its direction. The bias produces a linear component of 
the motion, but the nonlinear components are still present and become significant 
as the drive level is increased. 

The first part of this chapter will describe the nonlinear mechanisms in the six 
major transducer types using the one-dimensional, lumped-parameter transducer 
models first discussed in Chapter 2. Transducers often contain structural features 
that introduce other nonlinearities in addition to the basic transduction mechanism, 
and some of these will also be included. Nonlinear mechanisms have observable 
effects such as distortion of the transducer output waveform, reduction of the out¬ 
put power relative to linear extrapolation from low-level or change-of-resonance 
frequency and coupling coefficient. The remainder of this chapter will be devoted 
to analyzing such effects to provide quantitative understanding of their causes and 
to show how they might be controlled. 


402 
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One of the most important practical effects of nonlinearity is harmonic distor¬ 
tion. It occurs in all the transducer types and is caused by many different nonlin¬ 
ear mechanisms. We will find that the nonlinear mechanical equations for simple 
lumped-parameter models of all the transducer types can be formulated in a com¬ 
mon way that gives solutions for the harmonics that apply to all the types. It 
will also be shown that these solutions can be used for estimating harmonics in 
transducers with more complex structures if the active drive part undergoes one¬ 
dimensional motion, and if the other moving parts contain no significant nonlin¬ 
earities; for example, flextensional transducers may be in this category. Analysis 
of harmonic distortion in distributed-parameter transducers will also be illustrated 
for the case of nonlinear longitudinal vibrations of a bar. Nonlinear distortion is 
usually a precursor to the ultimate nonlinear effects of mechanical failure, electri¬ 
cal breakdown, and overheating. 


9.1. Nonlinear Mechanisms in 
Lumped-Parameter Transducers 

9.1.1. Piezoelectric Transducers 

Materials with coupled elastic and electric or magnetic properties can be described 
by phenomenological equations of state that relate stress, T, and strain, S, to elec¬ 
tric field, E, and electric displacement, D, or magnetic field, H, and magnetic flux 
density, B. Both electric and magnetic fields could be included in the same set 
of equations, and temperature and entropy could also be included for a complete 
description [1], However, for present purposes it is sufficient to consider materi¬ 
als in which only electric or only magnetic fields are important and to consider 
thermal effects only in that material properties are understood to be temperature 
dependent. The equations to be used here are series expansions with the same phe¬ 
nomenological basis as those used in Chapter 2, but here the first nonlinear terms 
(squares and cross products of the independent variables) will be kept. Although 
S and D were chosen as dependent variables in the linear equations of Section 2.1, 
with nonlinear equations it will be more convenient to make T and D dependent. 

The lumped-parameter longitudinal resonator transducer models used in Chap¬ 
ter 2 will also be used in this section to illustrate nonlinear mechanisms. In the 
ideal piezoelectric ceramic longitudinal resonator all the nonlinearity resides in 
the active material and is included in the equations of state. The basic piezoelec¬ 
tric transducer which will be discussed first is based on a thin 33-mode bar of 
piezoelectric ceramic with the electric field parallel to its length. Fig. 9.1 shows 
the basic mechanical components in a schematic form that also applies to the other 
transducer types for the purposes of this section (Figs. 2.5, 2.7, 2.8, 2.9, and 2.10 
show more detail for each type). 

The only electric field components are E 3 and D 3 , and there is only one 
stress component, T 3 , because of the stress-free conditions on the sides of the 
thin bar. However, there are both transverse. Si and S 2 , and parallel, S 3 , strain 
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Fixed End 


FIGURE 9.1. 33-mode piezoelectric longitudinal vibrator with working strain parallel to 
poling direction and electrodes on the ends of the bar. 


components, and all three appear in the equation for T 3 when strain is an indepen¬ 
dent variable. However, Si and S 2 can be eliminated approximately after express¬ 
ing them as functions of T 3 and E 3 by use of the linear equations [2, 3]. Then the 
one-dimensional, nonlinear equations of state can be written as a series expansion 
to second order: 


T = c I S-e 1 E + c 2 S 2 -2c a SE-e 2 E 2 , (9.1) 

D = eiS + £iE + c a S“ + 2e 2 SE + £ 2 E~. (9.2) 

The derivation of equations of state from thermodynamic potentials is described 
by Berlincourt et al. [1] in the linear case, and by Ljamov [4] and Mason [5] in 
the nonlinear case. In these phenomenological equations; the number of terms to 
be used depends on the application, and the values of the coefficients are usually 
determined by measurements (a magnetostrictive example will be mentioned in 
Sect. 9.1.3). 

In these equations T, S, E, and D are the components parallel to the bar, but the 
subscripts are omitted here to simplify the equations, because only the 3 compo¬ 
nent of each is involved. The coefficient notation in Eqs. (9.1 and 9.2) is related to 
the standard linear piezoelectric notation (see Chapter 2), but, since the presence 
of nonlinear terms requires new coefficients, new notation is necessary. Thus we 
let the coefficient subscripts refer to the order of the term rather than to directions. 
For example, the coefficient c 1 is a first-order elastic constant, c 2 is a second-order 
elastic constant, ei is a first order, and e 2 and c a are second-order, piezoelectric 
constants, £1 and e 2 are first- and second-order permittivities, etc. Some of the co¬ 
efficients are the same in both equations because they are derivatives of an energy 
function that is an exact differential. Ljamov [4] used essentially the same second- 
order equations. Note that the coefficients ci, ei and £1 are not c| 3 , 633 , and £ 33 , 
respectively, because of approximate elimination of the transverse strains as pre¬ 
viously mentioned [2]. The relationships in Appendix A.4 apply to first-order co¬ 
efficients, and the values in Appendix A.5 are first-order coefficients measured at 
low amplitude. 
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For sufficiently small values of the applied electric field, the linear terms in 
Eqs. (9.1) and (9.2) are dominant, and the operation of a piezoelectric transducer 
is approximately linear. However, for larger fields some of the other terms be¬ 
come important and nonlinear effects may be significant. Note that Eqs. (9.1 
and 9.2) contain seven independent coefficients, while the linear equations that 
are adequate for most transducer work contain only three. Note also that non¬ 
linearity destroys electromechanical reciprocity, since |T/E|s=o = e i + e 2 while 
|D/S|e=o = e i + c a , and these two ratios are not equal unless the nonlinear terms 
are negligible. 

The equation of motion for the one-dimensional, lumped-parameter transducer 
in Fig. 9.1 is basically the same as Eq. (2.7), except that now the nonlinear Eq. 
(9.1) will be used, where stress is a dependent variable which can be inserted 
directly into the equation as follows: 

Mx + Rx = -AT = A[cjS - e x E + c 2 S 2 - 2c a SE - e 2 E 2 ]. (9.3) 


In this chapter. A, rather than Ao, is the cross-sectional area of the active ma¬ 
terial, and Fb is omitted because only projector operation will be considered. The 
strain as a function of displacement, x, and the electric field as a function of x and 
voltage, V, are the same as in Section 2.1: 

S = x/L 0 , (9.4) 

E = V x cos cut/(Lo + x). (9.5) 


The voltage is written as Vi cos cut, rather than Vie jan , in Eq. 9.5 because com¬ 
plex exponential notation cannot be used in nonlinear analysis where products of 
the variables are involved. 

Equation (9.5) also shows that voltage drive is being specified (see the last para¬ 
graph of Section 2.8.8). Nonlinear analysis of electric field transducers, where the 
drive forces depend on electric field, is easier for voltage drive than for current 
drive, while the opposite is true for magnetic field transducers, where the drive 
forces depend on magnetic field. This distinction is significant, and justifies defin¬ 
ing voltage drive of electric field transducers and current drive of magnetic field 
transducers as direct drive, while current drive of electric field transducers and 
voltage drive of magnetic field transducers is defined as indirect drive. The method 
of harmonic analysis to be described in Sect. 9.2.1 holds for direct drive of all the 
transducer types. Nonlinear analysis for indirect drive is more complicated as will 
be discussed briefly in Sect. 9.2.2. Using Eqs. (9.4) and (9.5) in Eq. (9.3) gives: 


Mx + Rx 


-A 



Vi cos cut 
Lq + x 



- 2c a 


xVi cos cut 
Lq(Lq + x) 



(9.6) 

Note that now the denominator of Eq. (9.5) is not being approximated by Lo as 
it was in Chapter 2. This means that the variation of the electric field caused by the 
motion is being included, although the voltage amplitude is maintained constant. 
Equation (9.6) is a nonlinear differential equation for x, which can only be solved 
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approximately. An approximate solution can be found more conveniently if we 
expand the second, fourth, and fifth terms on the right by use of the binomial 
series. For example. 


eiVj cos cut 
Lq + x 


eiVi cos cut(Lo + x) 1 


Lq 




■■■)■ 


(9.6a) 

It can be seen that the other terms on the right-hand side of Eq. (9.6) with 
(Lo + x) in the denominator can be expanded in a similar way, and then the equa¬ 
tion can be written in the form 


n' m' 

x + rx = zz Y nm x n cos mcut, (9.7) 

n=0 m=0 


where r = R / M, and n' and m' determine the number of terms to be included. The 
y nm are the coefficients of each term of the form x n cos mcut and include the con¬ 
stant factor (A/M). The low-order y nm for Eq. (9.6), which applies to piezoelectric 
transducers, are given in Table 9.1. For example, it can be seen that the first parts 
of the expanded term in Eq. (9.6a) give: 

y 01 = AeiVi/MLo and y n = -AeiVi/ML^. 

The quantity y 01 is the amplitude of the linear drive term, while y n is the coeffi¬ 
cient of a nonlinear term that gives the first-order effect caused by the variation of 
the electric field. 

There are several reasons for putting the equation of motion in the form of Eq. 
(9.7), the most important being that this form will be shown to apply to direct 
drive of all the other major transducer types with different expressions for the 
y nm coefficients for each type. It follows that solutions of Eq. (9.7) in terms of 
the y nm coefficients can then be used to describe nonlinear effects for direct drive 
of all the major transducer types. In addition, the functions x n cos mcut are con¬ 
venient for perturbation analysis and facilitate physical interpretation, with the 
coefficients, y nm , determining the strength of each term. 


Table 9.1. My nm for Piezoelectric (Ej = Vj/Lq) and Moving Coil Transducers (addi¬ 
tional results are given in reference [3]) 


nm 

piezoelectric 

moving coil 

00 

V 2 e 2 A Ej 

- V4L1I 2 

10 

—ciA/L 0 - e 2 AE 2 /L 0 

-Kj- V 2 L 2 I 2 

20 

c 2 A/Lq + 3e 2 AEj2/LQ 

K 2 - 3/4L3I 2 

01 

ej AE[ 

B 0 ld 

11 

—AE^ei - 2c a )/L 0 

B1 l c I 

21 

AE](e! - 2c a )/L 2 

B 2 1c I 

02 

l fl e 2 AEj 2 

- V 4 Ld 2 

12 

-e 2 AE|/L 0 

- V 2 L 2 I 2 

22 

3e 2 AE 2 /2 Lq 

- 3/4 L 3 I 2 
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Of the first nine terms in Eq. (9.7) the three for n = 0 are a constant force for 
m = 0, the fundamental drive force for m = 1 and a second harmonic drive force 
for m = 2. None of these forces for n = 0 make the equation nonlinear in a mathe¬ 
matical sense, but the constant force and the second harmonic force have nonlinear 
effects, that is, they cause a static displacement and a second harmonic displace¬ 
ment. Both of these displacement components are proportional to the square of 
the drive voltage and are present only because of the second-order terms in the 
equation of state (see Table 9.1). 

The term for n = 1, m = 0 is the ordinary linear spring force with amplitude 
depending mainly on the elasticity of the material but also on the square of the 
drive voltage as shown in Table 9.1 if the nonlinear constant e 2 is significant. Thus 
y 10 determines the square of the velocity resonance frequency, eu r , which can be 
written 

—YlO = = U>o + U>d’ ( 9 -8) 

where a>o is the velocity resonance for low amplitude drive and cu ( i is the first- 
order drive-dependent part of the resonance frequency. The quantity cujj can be 
identified from y 10 in Table 9.1 by its dependence on the drive voltage, showing 
that cujj = e 2 AVi 2 /LQM, while cUq = ciA/LoM. The term for n = 1, m = 1 is 
linear in x, but the time-dependent coefficient of x makes it as difficult to solve as a 
term nonlinear in x. Physically this term represents a time-dependent spring force 
or a displacement-dependent drive force. The remaining terms are all nonlinear 
in x; some are nonlinear spring terms, some are nonlinear drive terms, others are 
mixed. 

Perturbation solutions of Eq. (9.7) will be deferred to Sect. 9.2.1, following dis¬ 
cussion of nonlinear mechanisms in the other transducer types. For direct drive 
of each transducer type it will be found that the equation of motion can be put 
in the form of Eq. (9.7), and the perturbation results will then be applicable to 
all types. The perturbation solutions will give the harmonics in the displacement, 
from which the harmonics in the strain, velocity, or acceleration can be found. The 
harmonics in the unspecified electrical variable (current for electric field transduc¬ 
ers, voltage for magnetic field transducers) can then be obtained from the time 
derivative of Eq. (9.2) by use of the nonlinear solution for the displacement and the 
specified electrical variable. For example, the current in the piezoelectric case is 

I = A(dD/dt) = A[eix/L 0 + £iE + 2c a xx/Lo + (2e 2 /L 0 )(xE + xE) + 2e 2 EE], 

where x is the nonlinear solution for the displacement and E is given by Eq. (9.5) 
in terms of x and the applied voltage. 

Indirect drive of all the transducer types can also be analyzed by perturbation 
methods. In that case the analysis is more complicated because the equation of 
motion contains the unspecified electrical drive variable, while the specified drive 
variable is in the electrical equation. Thus the two nonlinear transducer equations 
must be solved simultaneously. Some results for indirect drive have been obtained 
in order to investigate the influence of drive type on harmonic distortion [6, 7] (see 
Sect. 9.2.2). 
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9.1.2. Electrostrictive Transducers 

In electrostrictive materials, where the stress and strain are even functions of the 
electric field, appropriate equations of state are obtained by extending the series 
expansions in Eqs. (9.1) and (9.2) to fourth order [3], and then setting the coef¬ 
ficients of all the terms in E and E 3 equal to zero. Other terms, such as those for 
third- and fourth-order elasticity, will also be omitted for simplicity. The ratio¬ 
nale here is to use equations that have the correct dependence on electric field and 
have about the same number of terms as the piezoelectric equations. The resulting 
equations are: 


T = ciS+c 2 S 2 -e 2 E 2 -e 4 E 4 , (9.9) 

D = 2e 2 SE + 4e 4 SE 3 + dE + e 2 E 2 . (9.10) 

The ferroelectric electrostrictive materials that are of most interest usually ex¬ 
hibit hysteresis and have a remanent polarization which is not described by these 
equations. As discussed briefly in Section 2.2, Piquette and Forsythe [ 8 , 9] have 
developed a more complete, three-dimensional phenomenological model for elec¬ 
trostrictive ceramics that explicitly includes saturation and remanent polarization. 
However, some important electrostrictive materials such as PMN have very little 
remanent polarization and very narrow hysteresis loops [10]. In these cases T and 
D as functions of S and E can be approximately described by single average curves 
corresponding to Eqs. (9.9) and (9.10). 

As described in Section 2.2 for materials with small remanence, it is necessary 
to maintain a bias field, Eq. to achieve linearity for small amplitude operation. 
A compressive prestress. To, is also often required to avoid tensile failure when 
these materials are driven with high fields. These electrical and mechanical bias 
fields cause a static electric displacement. Do, and a static strain. So- When an 
alternating electric field, E 3 , is applied in addition to the bias it causes alternating 
values of the other variables, T 3 , S 3 , and D 3 and the equation for the total stress is 
given by Eq. (9.9) as 


T 0 + T 3 = Cl (So + S 3 ) + c 2 (S 0 + S 3) 2 - e 2 (E 0 + E 3 ) 2 - e 4 (E 0 + E 3 ) 4 . (9.11) 

The same longitudinal resonator transducer considered in the previous section 
will be considered here, but now the active material is a bar of biased electrostric¬ 
tive ceramic. After expanding the right side of Eq. (9.11) the static terms can be 
canceled, because they alone satisfy the equation, since when E 3 = 0, S 3 and T 3 
also equal zero. This gives the expression for the alternating stress that is needed 
in the equation of motion: 


T 3 = (ci + 2c 2 S 0 )S 3 + c 2 S 2 E 3 - (e 2 + 6 e 4 E 5 )E^ - 4e 4 E 0 E^ - e 4 E 4 . (9.12) 

T3 can be expressed in terms of the displacement of the mass, x, the bias voltage, 
Vo, and the drive voltage, V3 = V30COS cut, by use of the relations: S3 = x / Lo, 
Eq = Vq / Lo, and (Eo + E3) = (Vq + V3/(Lq + x) which can be solved for 
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E 3 = (V 3 — xVo/Lo)/(Lo+ x), where Lo is the length of the bar after application 
of Eo and To. Then the equation of motion becomes: 

M t x + R t x = —AT 3 = —A[(ci + 2 c 2 So)jj- + c 2 

—e 2 (2E 0 E 3 + E 3 ) - e 4 (4EQE 3 + 6ElE 2 3 + 4E Q E 3 3 + E 3 ). 

(9.13) 

Eq. (9.13) can be written in the form of Eq. (9.7), and some of the low-order y nm 
that result are given in Table 9.2. The case of y 02 will be used in Sect. 9.2.1 to 
calculate a second harmonic component for comparison with the electrostrictive 
theory and measurements of Piquette and Forsythe [9], 

The values in Table 9.2 apply to electrostrictive materials with very small re- 
manence in which the bias must be maintained. At the other extreme are the 
electrostrictive materials with high remanence that, when permanently polarized, 
become the piezoelectric ceramics. These were discussed in Section 2.2 to show 
how the linear piezoelectric ceramic coefficients are related to the electrostrictive 
coefficients. They also display nonlinear effects for high-voltage drive, and the 
analysis and results in Sect. 9.1.1 and Table 9.1 for piezoelectric materials apply 
to them. It should be noted, however, that the piezoelectric ceramic coefficients 
depend on the remanent polarization, which may be changed by high static stress, 
high temperature, or high alternating field [3], 

9.1.3. Magnetostrictive Transducers 

Magnetostriction is, in many ways, the magnetic analog of electrostriction, espe¬ 
cially since we are not considering magnetic and electric loss mechanisms. For 
example, magnetostrictive strain is an even function of the magnetic field, and 
therefore an approximate phenomenological description of a magnetostrictive ma¬ 
terial can be obtained simply by changing from electrical to magnetic nomencla¬ 
ture in the electrostrictive equations, Eqs. (9.9) and (9.10). The result is 

T = Cl S + c 2 S 2 -e 2 H 2 -e 4 H 4 , (9.14) 

B = 2e 2 SH + 4e 4 SH 3 + PjH + ( 4 2 H 2 . (9.15) 


Table 9.2. My nm for Electrostrictive (Fq = Eq = Vq/Lo, F 3 q = E 30 = V 30 /LO) and Mag¬ 
netostrictive (Fo = Ho = nIo/2Lo, F 30 = H 30 = nl 3 o/ 2 Lo) Transducers with Maintained 
Polarization (additional values are given in reference [3]) 

nm_ M Ynm _ 

00 A[V 2 e 2 F 30 + 3e 4 (FgF 30 + F 3 Q / 8 )] 

10 -(A/ L 0 )[c 1 + 2S 0 c 2 + 2e 2 (F§+V 2 F^)] 

20 — (A/Lq)[c 2 - 3e 2 (Fq + V 2 F^)] 

01 A[2e 2 F 0 F 30 + e 4 (4F3F 30 +3F 0 f3q)] 

11 - (A/L 0 )(4e 2 F 0 F 30 ) 

02 A(l / 2 e 2 )F2 q 
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Again the longitudinal resonator transducer, as in Section 2.3 and Fig. 2.7, will 
be used to develop the nonlinear equation of motion. The quantity Lo is the length 
of the magnetostrictive bars after application of a prestress. To, and a magnetic 
bias field. Ho, A is the cross-sectional area of both bars and n is the number of 
turns in the coil on each bar. With Io the bias current, I 3 = I 30 cos cut the drive 
current (for direct drive of a magnetic field transducer), and x the displacement of 
the mass, the relations among the variables are S = x / Lo, Ho = nlo / Lo, and Ho + 
H 3 = n(I 0 + I 3 )/(Lo + x) giving 

H 3 = n(I 3 - xI 0 /Lo)/(L 0 + x). 

Since these relationships and Eqs. (9.14 and 9.15) are analogous to those 
for electrostriction the equation of motion and the y nm are also analogous, and 
Table 9.2 includes the y nm for magnetostriction as well as electrostriction. 

It will be shown in Sect. 9.2.1 that the harmonics generated by nonlinear mech¬ 
anisms can be expressed in terms of the y nm coefficients that depend on material 
parameters such as those in Eq. (9.14). Such material parameters must be deter¬ 
mined by measurement. Figs. 9.2 and 9.3 (Figures 3 and 4 of Reference 11) are 
examples of measurements on Terfenol-D that might be used for this purpose. 
They give strain as functions of magnetic field and stress for several bias condi¬ 
tions, each bias condition having different fixed values of stress bias and magnetic 
field bias as given in Table 9.3. 



FIGURE 9.2. Eight measured hysteresis loops of extensional strain versus applied mag¬ 
netic field [11] in Terfenol-D for constant stress values of Table 9.3. 
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T 3 (MPa) 

FIGURE 9.3. Eight hysteresis loops of extensional strain versus stress [11] in Terfenol-D 
for constant magnetic fields of Table 9.3. 


Table 9.3. Magnetic bias fields as a function of prestress [11] 


Bias Condition 

Compressive Prestress 

Magnestic Bias Field 

1 

1.01 ksi 

6.9 MPa 

0.15 kOe 

11.9kA/m 

2 

2.22 

15.3 

0.4 

31.8 

3 

3.42 

23.6 

0.7 

55.7 

4 

4.64 

32.0 

1.0 

79.6 

5 

5.96 

40.4 

1.3 

103 

6 

7.07 

48.7 

1.6 

127 

7 

8.28 

57.1 

1.9 

151 

8 

9.49 

65.4 

2.2 

175 


The measurements in Figs. 9.2 and 9.3 were used to evaluate the coefficients in 
Eq. (9.14), but the results were incomplete due to a lack of measured values of the 
static strain for each bias condition [2], 

A different approach to using the data in Figs. 9.2 and 9.3 was taken by Mof¬ 
fett et al. [11], Rather than interpreting the measurements in terms of a nonlinear 
theory, they used the data to calculate values of the linear constants d 33 , s^, and 
ill; for each bias condition and each level of alternating drive. Because of the non¬ 
linearity, these parameters are not constant but depend on the bias and the drive 
level. 
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9.1.4. Electrostatic and Variable Reluctance Transducers 

The nonlinearity in the simple models of body force transducers discussed in the 
previous three sections arose only from physical effects included in the equations 
of state of the active material. In real transducers other sources of nonlinearity 
often exist associated with structural features, especially those related to mount¬ 
ing and sealing. In the surface force transducers to be discussed now the driving 
mechanism, the spring, and other components all may include nonlinearities. The 
specific nonlinear mechanisms to be discussed in the next two sections occur of¬ 
ten, but in any particular transducer design there may be other mechanisms that 
introduce unexpected nonlinear effects [12], 

The nonlinearity of the electrostatic transduction mechanism has already been 
mentioned in Section 2.4 because this mechanism is basically nonlinear, and the 
output motion is second harmonic unless a large bias voltage, Vo, is applied. But 
the bias leads to another nonlinear effect, the instability that occurs when Vo ex¬ 
ceeds [8K m L 3 /(27 e A)] 1 / 2 as will be shown in Sect. 9.2.3. The equation of motion 
for voltage drive of the electrostatic transducer, including the nonlinearity associ¬ 
ated with the basic mechanism, was given in Eq. (2.47). Now another common 
nonlinear mechanism in electrostatic transducers will be added to the equation of 
motion, a nonlinear spring force represented by the power series, 

F(x) = Kix + K 2 x 2 + K 3 x 3 + • • • . (9.16) 


Equation (2.47) then becomes, with x = xo + xj and V = Vo +Vi cos cut, 

? , 7 eA(Vo + Vi cos cut) 2 

Mxi+Rxi+Ki(xi+x 0 )+K2(xi+xo)-+K 3 (xi+xo) 3 =-—---r~-, 

2(L 0 + x 1 ) i 

(9.17) 

where Lo = L + xo, and xo is the static displacement caused by the bias. The num¬ 
ber of terms in the spring force is arbitrarily limited here to three; in practice the 
number required depends on the drive level and specific features of the transducer. 
When the right side of Eq. (9.17) is expanded it can be put in the form of Eq. (9.7) 
with the y nm given in Table 9.4. The physical meaning of some of these terms can 
be clarified by collecting those that comprise the total nonlinear effective spring 
constant of the biased transducer, Kq (xi): 


K 0 (xi) = 


^Ki + 2 x 0 K 2 + 3x 2 K 3 - 

/ 3eAV 2 

+ lK 2 + 3x 0 K 3 + ^y’ 



2eAV|\ 
L o ) 


(9.18) 


It can be seen that the nonlinearity of the spring, expressed by K 2 and K 3 , 
combines with the bias, expressed by Vo and xq, to change the effective value of 
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the linear spring constant as well as the coefficients of the nonlinear spring terms. 
The negative stiffness, that appeared in Section 2.4 as part of the linear solution, 
appears here as part of the linear spring constant, and it can also be seen that, even 
when the mechanical spring is linear, (i.e., when K 2 = K 3 = 0 , the bias makes the 
effective spring nonlinear). 

In Section 2.5 the equation of motion for the variable reluctance transducer was 
derived assuming that the energy in the gaps in the magnetic circuit was much 
greater than the energy in the magnetic material. That assumption will be contin¬ 
ued here, which makes the variable reluctance mechanism analogous to the elec¬ 
trostatic, including the y nm coefficients in Table 9.4. Additional results for My nm 
are given in reference [3] including approximate effects of magnetic saturation for 
the variable reluctance transducer. 


9.1.5. Moving Coil Transducers 

Three different sources of nonlinearity in the moving coil transducer (see Fig. 2.10) 
are now added to the linear equation, Eq. (2.65), discussed in Chapter 2 to obtain: 

M,x + R t x + K m (x)x = B(x)l c I + ^I 2 - (9.19) 

2 dx 

K m (x) represents a nonlinear spring, as in Eq. (9.16), that is often important in 
moving coil transducers. The elasticity of the coil suspension and the elasticity 
of the enclosed air in back-enclosed transducers are two distinct components of 
K m (x) which it is useful to consider separately because the latter can be readily 
calculated while the former usually cannot. Thus K m (x) will be written 

K m (x) = K s (x)+K a (x) = (K sl +K al )+(K s 2 +K a 2 )x+(K S 3 +K a 3 )x 2 +- • • (9.20) 

where 

Ka(x)= ^°(l + —) (Y ) =K al +K a2 x + K a 3 x 2 + --- 

is the spring constant of the enclosed air for adiabatic variations of pressure and 
volume. For adiabatic conditions, the pressure change, p, and the volume change. 


Table 9.4. My nm for Electrostatic Transducers (Eo= Vo/Lo, Ej= Vi/Lg). The results are 
analogous for Variable Reluctance Transducers (neglecting magnetic saturation) with e. Eg, 
and E[ replaced by (X, Hg = n!g/2Lg and Hj= nIj/2Lg, respectively 


nm 

M Ynm 

00 

- !/4£AE 2 

10 

— (K,+ 2x 0 K 2 + 3x 2 K 3 ) + (£ A/LgKE 2 + E 2 /2) 

20 

—(K 2 + 3x 0 K 3 ) - (3e A/2L 2 )(E 2 +E 2 /2) 

01 

— £ AEg Ej 

11 

(2 £ A/L 0 )E 0 Ej 

02 

— £ AEj/4 
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Ax, are related to the initial pressure and volume, po and vo, by (po + p)(vo + 
Ax) 1 ' = poVq where yis the ratio of specific heats of the air and A is the area of the 
vibrating surface. Solving for p and calculating A 3p/dx gives K a (x). The linear 
and nonlinear spring constants of the air can be found by expanding the expression 
for K a (x) with the results 

K a i = yA 2 p 0 /v 0 , 

K a2 = —(Y+l)K al (A/vo), 

Ka 3 = ^(y+l)(y+2)K al (A/v 0 ) 2 . 

Analysis of measurements on a specific moving-coil transducer designed for 
underwater use showed that the linear elasticity of the enclosed air, K a i, exceeded 
the linear elasticity of the suspension, K s i, while the nonlinear elasticity of the sus¬ 
pension was much greater than the nonlinear elasticity of the enclosed air. These 
results are given in Table 9.5 [6]; they are not typical, but they are a good example 
of how the suspension design can introduce nonlinearity. 

In Eq. (9.19) B(x) describes the variation of the magnetic field with position; it 
can usually be expressed as a power series, 

B(x) = B 0 + B 1 x + B 2 x 2 + --. , (9.21) 

where Bo is the radial magnetic field in the central part of the gap, and the other 
terms are corrections that apply when the coil moves away from the center. For 
sufficiently small displacement B(x) ~ Bq, and this term in Eq. (9.19) is the or¬ 
dinary linear drive force. However, if the length of the gap is not much greater 
than the length of the coil, large displacement will bring part of the coil out of 
the gap into the smaller fringing field and the nonlinearity in this term may be¬ 
come important. In the underwater moving-coil transducer mentioned above [6], 
the magnetic field nonuniformity was measured and found to be an insignificant 
source of nonlinearity compared to the nonlinearity in the suspension stiffness. 

The third source of nonlinearity in Eq. (9.19) is caused by the secondary mag¬ 
netic field produced by the drive current. This field contains stored energy of 
'/2 LI 2 where L is the inductance of the coil, and, if the inductance varies with 
position in the gap, it causes an additional force on the coil given by 

F= — (I 2 /2)dL/dx, 

parallel to the primary Lorentz force [13]. This force only exists if the inductance 
varies as the coil moves, which often occurs, since motion of the coil changes 


Table 9.5. Linear and Nonlinear Spring Constants (N/m) 


i 

K s i 

K ai 

i 

0.57 x 10 5 

2 x 10 5 

2 

6.8 x 10 6 

-0.84 x 10 6 

3 

1.3 x 10 8 

0.18 x 10 7 
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its spatial relationship to the magnet. The inductance can also be expressed as a 
power series, 

L(x) = L c + Ljx + L 2 X 2 + • • • (9.22) 

where L c is the clamped inductance, and the other coefficients are determined by 
measurement. When Eqs. (9.20), (9.21), and (9.22) are used in Eq. (9.19), and 
current drive is specified with I = Io cos cut, Eq. (9.19) can be put in the form 
of Eq. (9.7). The y nm coefficients are given in Table 9.1 where Ki = K s i + K a i, 
etc. Note the mathematical similarity between the piezoelectric and moving-coil 
mechanisms, the two “linear” transduction mechanisms. Geddes has described a 
comprehensive, but different, approach to analyzing harmonic distortion in mov¬ 
ing coil transducers [14]. 


9.1.6. Other Nonlinear Mechanisms 

The possibility of nonlinearity in resistive mechanisms always exists and has been 
observed in a significant way in a low-frequency underwater moving-coil trans¬ 
ducer similar to the one mentioned above [6], In this case the observed harmonic 
amplitudes were independent of drive level and independent of frequency above 
resonance, but they did depend on the orientation of the transducer axis with re¬ 
spect to the vertical direction [12], The orientation dependence suggested that fric¬ 
tion was the cause of the harmonics, since the moving parts of this transducer 
were mounted with bearings on a centering rod. Both even and odd harmonics 
were observed, whereas only odd harmonics would be expected if the frictional 
forces obeyed ordinary Coulomb damping where the magnitude of the friction 
force is constant but changes direction when the velocity changes direction. It was 
shown that a generalized version of Coulomb damping—in which the frictional 
force changes direction with velocity, but the magnitude of the force changes with 
time—would generate both even and odd harmonics. The parameters of the gen¬ 
eralized model could be adjusted to make the harmonic amplitudes agree approx¬ 
imately with the measurements [12]. 

When friction is important it is a unique source of harmonic distortion in trans¬ 
ducers, because it generates harmonics at low amplitude, while other sources 
of distortion are usually only important at high amplitude. Thus the friction¬ 
generated harmonics put a lower bound on the distortion-free dynamic range of 
projectors which otherwise would not exist. 


9.2. Analysis of Nonlinear Effects 

Since the nonlinear mechanisms discussed above usually affect transducers in un¬ 
desirable ways, the purpose of nonlinear analysis is to understand quantitatively 
how these effects arise and, thus, gain some control over them. Harmonic dis¬ 
tortion is an important nonlinear effect that occurs in all transducer types and in¬ 
creases as the drive amplitude increases; it will be discussed in detail in Sects. 9.2.1 
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and 9.2.2. Instability is another nonlinear effect that occurs in some transducers. 
As mentioned in Chapter 2, it can interfere with linear operation in some cases, 
and will be discussed in Sect. 9.2.3. As the drive amplitude is increased, not only 
does harmonic distortion increase, but other high-amplitude effects may also oc¬ 
cur. The transducer efficiency decreases as some of the input energy goes into 
generating harmonics. The resonance frequency, normally considered to be con¬ 
stant, changes with drive level, as can be seen in Eq. (9.8). And other parameters, 
such as the electromechanical coupling coefficient, may also change as the drive 
level increases. 


9.2.1. Harmonic Distortion-Direct Drive 
Perturbation Analysis 

The harmonic components resulting from any of the nonlinear mechanisms de¬ 
scribed in the previous sections (except for friction) will now be calculated by 
finding approximate solutions of Eq. (9.7) using perturbation analysis [15, 16]. 
These solutions will apply to direct drive of any of the six major transducer types 
[3], It will be convenient to rewrite Eq. (9.7) as follows: 

x + rx + cuqX = y 01 cos cot + y 00 + tujjx + ^ Y nm x n cos meet. (9.23) 

n,m= 1 

In Eq. (9.23) the terms with coefficients Yoi and Yio = cu^—tug have been removed 
from the summation to clearly separate the usual linear terms from the perturbing 
nonlinear terms. In addition Yio has been separated into the part independent of 
drive level, cUq, and the part dependent on drive level, cuy The latter causes a 
nonlinear change of resonance frequency with drive level; the former is the con¬ 
stant low-level resonance frequency. Although Yoo is a nonlinear force, it was sep¬ 
arated from the sum to emphasize that it is a force independent of both x and 
t that can only cause a static displacement, (i.e., a zeroth-order harmonic). The 
upper summation limits are not indicated, because the number of terms included 
is a matter of judgment in each situation. Expressing all the physical perturba¬ 
tions in a series of the functions Y n m xn cos muJ t is convenient mathematically, and 
gives solutions applicable to all transducers, but it should be noted that more than 
one such term may be associated with an individual physical mechanism. For 
example, the power series representation of a nonlinear spring in Eqs. (9.16) or 
(9.20) involves Yio> Y 20 ’ Y 30 ''' > anc * inclusion of the term with coefficient e 2 in 
the piezoelectric equations of state involves several different y nm as can be seen 
from Table 9.1. 

Before starting the analysis a simple description of the growth of harmonics in 
a nonlinear vibrating system may be helpful. Consider Eq. (9.23) with only one 
nonlinear term, y^x 2 : 


x + rx + cugX = Yoi cos cut + y 20 x 2 . 
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When the applied drive is small, x is small, y 90 x 2 is small enough to be negligible, 
and the linear solution, x & Xoi sin (tut — <[)), is a good approximation, where 
Xoi is the linear approximation of the fundamental amplitude, given in Eq. (9.30). 
As the drive is increased, x increases, and y 2 o x2 increases relative to x, and may 
no longer be negligible. The term in the equation makes an exact solution 
impossible, but the physical effect of this term can be approximated by using the 
linear solution for x to obtain 

Y20 x2 ^ Y 2 o x oi sin 2 (cut - 4>) = ^Y 2 o x oi [ 1 - cos(2cut - 24>)]. 

This shows that the y^ 0 x 2 term will have the same effect as a static drive force plus 
a second harmonic drive force, which will add a static displacement and a second 
harmonic displacement to the solution. As the drive is increased still more the am¬ 
plitude of the static and second harmonic components will increase, and they will 
give rise to another generation of harmonics through the same nonlinear process. 
Perturbation analysis is a systematic procedure for calculating these generations, 
or orders, of harmonics. 

The perturbation procedure starts by assuming that the solution can be repre¬ 
sented as a power series in a dimensionless perturbation parameter 8: 

x(t) = x 0 (t) + 8xi(t) + 8 2 x 2 (t) H- (9.24) 

where xq is the linear solution, (i.e., the unperturbed or zeroth-order solution), 
8xi(t) is the first-order solution that contains the first generation of harmonics, 
8 2 x 2 (t) is the second-order solution that contains the second generation of har¬ 
monics, etc. When the differential equation contains only one perturbing term, 
such as y 20 x 2 in the case above, 8 is usually chosen to be a small quantity pro¬ 
portional to the coefficient of that term. In the present case where the nonlinear 
differential equation, Eq. (9.23), contains several nonlinear terms with different 
coefficients it is necessary to choose a perturbation parameter that can be related 
to all the terms. The parameter. 


8 = X 01 /L 0 , (9.25) 

is a convenient perturbation parameter; Xoi is the linear approximation to the fun¬ 
damental amplitude, and Lo is a length that is characteristic of the transducer be¬ 
ing analyzed. For example, in the piezoelectric transducer, Lo is the length of the 
piezoelectric bar. The quantity X 01 /L 0 is a suitable perturbation parameter in this 
situation, because it is a small, dimensionless quantity that is independent of any 
particular nonlinear mechanism. The quantity 8Lo/Xoi= 1 is then introduced into 
Eq. (9.23) as follows; 


1 8L0 2 , x - '' ( 8L0 \ 

x+rx+a> 5 x = Y01 cos u>t+ —(Yoo+u> d x)+ ^ Ynm I ) 

n.m=l ' / 


n+m—1 


x cos meet. 


(9.26) 
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Including the perturbation parameter in this way makes the zeroth and second har¬ 
monics appear in first-order perturbation, while third harmonics, plus corrections 
to the linear fundamental, appear in second-order perturbation. The zeroth-order 
solution is the linear fundamental given by 8 = 0 . 

When Eq. (9.24) is substituted into Eq. (9.26) the terms can be divided into 
groups where each term in the group is proportional to the same power of 8 . Thus 
each group of terms is the coefficient of a polynomial in 8 that remains equal 
to zero as time changes. Since the coefficients depend on time, each one must 
separately vanish, which leads to the following three equations: 

Xo + rxo + 025 x 0 = Y 01 cos cut, (9.27) 


xi+rxi+0)5x1 


l_/0 o 

—[Yoo + +Y 20 x 0 +Yi 1 xo cos cut+y 02 cos 2cut], (9.28) 

N 01 


•• • 2 / J -'0 13 2 

x 2 + rx 2 + cu 0 x 2 = I — J [Y30 x 0 + Y21 x o cos CUt + Yl2 x 0 cos 2 cut 

Lo 2 

+ Y 03 cos 3cut] + -—[ 0 ) 5 x 1 +YnXicoso)t + 2Y'> 0 x 0 xi]. (9.29) 

X01 

Equation (9.27) is the zeroth-order equation with the usual linear solution. Equa¬ 
tions (9.28) and (9.29) are the first- and second-order equations, which are linear 
in xi and x 2 respectively, with drive terms that depend on the solutions of the 
lower-order equations. The last point is very important, because it means that all 
the equations can be solved in succession using the solutions of the lower-order 
equations. It is also important to note that perturbation analysis has transformed 
the original unsolvable nonlinear equation into a series of easily solvable linear 
equations. Since the equations are linear.the solution for each drive term can be 
found separately from the others, and they can be added together if necessary, or 
considered separately to determine which are most important. 

Since these equations contain products, such as x ( 2 and xoxi, the complex expo¬ 
nential notation used in earlier chapters cannot be used here. Therefore, the linear 
solution obtained by solving Eq. (9.27) must be used in real form, that is, 

x 0 = Xqi sin(cut - $ 1 ), (9.30) 


where 


Xoi = Y 01 / <^o z m(v), v = cu/cu 0 , 


Zm(Nv) = [(1 - N 2 v 2 ) 2 + (Nv/Q m ) 2 ] 1/2 = |Z m (Ncu)|, (9.31) 

cUqM 

, X m (Ncu) Qm ,, p 2 1 \ 

= -rT~ = n 0 (n ' v “ !) ' 


Z m (Ncu) = R m + j X m (Ncu) is the mechanical impedance at frequency Ncu, Q m = 
cuq/ r = cuoM/R m is the mechanical quality factor and N is the harmonic order. 
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(Note that Reference 3 used a different definition of tan <}>n)- If tu d had not been 
separated from u)q in Eq. (9.23) these expressions for Xoi, z m , Z m , Q m and tan c|>n 
would all have tuo replaced by cu r which depends on drive level. The separation of 
the level-dependent part of the resonance frequency from the constant part makes 
it possible to keep using these familiar low-level quantities while also obtaining 
the changes which occur with drive level. 

When X(j, the zeroth-order solution, is used in Eq. (9.28), the equation for the 
first-order solution becomes 

xi + rxj + C 05 X 1 = ^-[Yoo + <^dXoi sin(a)t — 4 >i) + 720 X 5 ! sin 2 (cut — 4 >i) 
Xoi 

+ YuXqi sin(cut — 4>i) cos cut + y 02 cos2cut], (9.32) 


It can be seen that perturbation analysis not only provides a systematic way of 
solving for the harmonics, but also illustrates the physical mechanisms of har¬ 
monic generation. For example, the first drive term in Eq. (9.32) is a constant 
force, independent of x or t, and the solution for that term is a static displacement, 
while the second drive term varies with the fundamental frequency and therefore 
gives a correction to the linear fundamental. Similarly, the third drive term, when 
expanded, is a constant force plus a second harmonic force that gives another sta¬ 
tic displacement and the first approximation to the second harmonic displacement. 
Thus the mathematical process of perturbation analysis closely follows the physi¬ 
cal process of harmonic generation. 

Before discussing the complete solution of Eq. (9.32) we should emphasize 
that the solution for each drive term can be considered separately. For example, if 
there was reason to think that nonlinearity of the spring was the most important 
source of harmonics in a particular transducer, the term involving y 20 could be 
considered alone. When expanded, this term gives a static force and a second 
harmonic force. The amplitude of the resulting second harmonic displacement is 
y 20 X 2 /2cu 2 z m (2v) which can be compared with the fundamental amplitude to 
assess its significance. 

The complete solution of Eq. (9.32) for the first-order displacement, when mul¬ 
tiplied by 8 , gives the second term of the perturbation series in Eq. (9.24): 


5xi = _ cn d X 01 

^0 


cos(cut —cf) 1 ) + 
U)5z m (v) 2 o)q 


y 2 

A 01 


Yu 

2wl 


Xqi sin (|)i — 


Xoi 

: m ( 2 v) 


1 z m (2v) 
cos(2tut — 4>i — 4 ) 2 ) 


sin(2cut — 2(f) 1 — if> 2 ) 


Y02 


cu5z m (2v) 


sin(2cut — cf> 2 ) - 

(9.33) 


The first, third, and fifth terms are contributions to the static displacement that 
result from Yoo>Y 20 ’ anc * Yi 1 • The second term is a correction to the linear fun¬ 
damental in Eq. (9.30). Note that y 20 and y n both produce zeroth and second 
harmonics, while y (p produces only second harmonic, because it is the coefficient 
of a term that does not involve x. The most useful parts of the first-order solu¬ 
tion are usually the second harmonic components relative to the amplitude of the 
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linear fundamental. Using the expression for Xoi following Eq. (9.30) these dis¬ 
placement ratios are: 


X 202 

x^T 

X112 

x^T 

X022 

x^T 


Y20Y01 

3tu„z nl (2v)/ m (v) 


sin(2cut — 24 > 1 — 4u), 


Y11 

2tr>QZ m (2v) 


cos(2tut — 4>i — 4 ^ 2 ), 


Yo2 z m(V) 

y 01 z m (2v) 


sin(2cut — 4 * 2 ), 


(9.34) 

(9.35) 

(9.36) 


where the three subscripts on X are n,m and the harmonic order N. These compo¬ 
nents are the main contributions to the second harmonic displacement, but small 
corrections to the second harmonic would appear in higher-order solutions. 

Recall that these three contributions to the second harmonic arise from three 
different physical mechanisms: X 202 front a nonlinear spring, X 112 from the vari¬ 
ation of electric field as displacement varies, and X 022 from a square law drive. In 
any particular case one of these contributions may dominate the others. Since Xoi 
is proportional to y 01 it can be seen from the y nm (e.g., from Table 9.1) that X 112 
and X 022 increase with the square of the drive voltage or current, while X 202 has 
two parts, one increasing with the square, the other with the fourth power, of the 
drive. Similar results for the third harmonic components have been obtained by 
using the zeroth- and first-order solutions, xo and x 1 , in Eq. (9.29) [3], 

It will be more meaningful to show the frequency dependence of the harmonic 
components after converting the displacement harmonics above to acoustic pres¬ 
sure harmonics. We will assume that the radiation process is linear, and that each 
harmonic radiates independently of the others. Then any of the results in Chap¬ 
ter 10 for the radiated pressure in terms of the velocity or acceleration of a trans¬ 
ducer surface, such as Eq. (10.18) for the pulsating sphere, can be used to convert 
the displacement harmonics to pressure harmonics. Since u = j cu x, the ampli¬ 
tudes of velocity harmonics are enhanced by the harmonic order, N, and the am¬ 
plitudes of acceleration and pressure harmonics are enhanced by N 2 , relative to the 
displacement harmonics. It follows from Eq. (10.18) that the pressure amplitude 
of a particular harmonic component designated by nmN at a distance r is 


IPnraNWI = 


pA(No>) 2 X nmN 

4jtr 


The ratio of the nmN pressure harmonic to the fundamental pressure is 

PnmN(r) _ N 2 X nmN 
POlO) Xoi 


where the displacement ratios for second harmonic components are given by 
Eqs. (9.34-9.36); for example, IP 202 /P 01 1 = (2y 2o y 01 )/[cUoZ m (2v)z m (v)]. We can 
show the frequency dependence of the fundamental and the harmonics separately 
from the y nm parameters, which contain the electric or magnetic drive amplitudes. 
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by defining dimensionless pressure amplitudes, P nm N, related to the actual pres¬ 
sure amplitudes, |p nm Nl- as follows, where a = 47tr/pA: 

alpoil _ v 2 
Yoi z m(v) ' 

20CO)q IP202 1 _ (2v) 2 

Y20T5l Z m(v)z m (2V)' 

2cccOq IP112I _ ( 2 v ) 2 

Y11Y01 ~~ z m (v)z m ( 2 v)’ 

«IP022l = (2 V) 2 
Yo 2 _ z m(2V) ' 

The frequency dependence of the pressure harmonics normalized in this way 
applies to direct drive of all the transducer types. These quantities are plotted in 
Fig. 9.4 [3] as functions of the dimensionless frequency, v, for Q m = 10, 3 and 1. It 
can be seen that P 202 and Pi 12 depend on the fundamental amplitude, and therefore 
on both z m (v) and z m (2v). Thus these components peak near cu = a>o/2 where 
the second harmonic of the drive frequency excites the transducer resonance, and 
also near cu = cuq at the transducer resonance. However, P 022 peaks only at cuo/2 
because it depends only on z m (2v). It can also be seen that the peaks are greatly 
diminished for Q m = 3 and completely damped out for Q m = 1. 

Similar results for eight different third harmonic components are shown in 
Fig. 9.5, obtained by solving Eq. (9.29) for the second-order solution [3]. When the 
solution for xi in Eq. (9.33) is used in Eq. (9.29) it can be seen that terms contain¬ 
ing the product of two different y nm will appear. The third harmonic components 
that result from these terms sometimes have three peaks because they depend on 
z m (v), z m (2v), and z m (3v). Measurements of harmonic amplitudes as a function 
of frequency, when compared with Figs. 9.4 and 9.5, may help determine the type 
of physical mechanism that causes them. 

Results such as Eqs. (9.34)-(9.36) can be readily incorporated into linear trans¬ 
ducer models because the harmonic displacement components can be expressed in 
terms of the fundamental displacement at the drive frequency and at the harmonic 
frequencies. For example, Eq. (9.34) can be written, 

X 202 = ^X 2 1 (cu)X 0 i(2cu) sin(2cut - 2ch - $ 2 ), (9.37) 

z Yoi 

and the other second and higher harmonic components can also be expressed in 
terms of the fundamental in similar ways [3], In Eq. (9.37) X 202 is expressed en¬ 
tirely in terms of linear parameters except for the nonlinear amplitude parameter 
y 20 . Thus the function X 01 , which contains all the parameters that determine the 
linear dynamic mechanical behavior of the transducer, also determines the fre¬ 
quency dependence of the harmonics for direct drive. Of course, the amplitudes of 
the harmonics are determined by the nonlinear parameters, y nm . 


P01 = 
P202 = 
P112 = 
P022 = 
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FIGURE 9.4. Normalized pressure P (in dB) as a function of the dimensionless frequency v 
for the (a) linear fundamental and second harmonics caused by (b) X 2 , (c) X cos cut. and 


(d) cos2cut for Q ra = 1(-), 3(-), and 10(-)[3], 


Equations (9.34)-(9.36), although obtained from a one-dimensional transducer 
model, can also be applied to transducers with more complex structures if the 
electromechanical drive part of the transducer undergoes one-dimensional motion 
and if the other moving parts contain no significant nonlinearities. Flextensional 
transducers driven by a piezoelectric ceramic stack often satisfy these condi¬ 
tions. The harmonics generated in the piezoelectric ceramic drive stack of such 
a transducer are transmitted through the rest of the transducer structure and radi¬ 
ated into the medium by approximately linear processes. Thus linear models of 
such transducers can be combined with expressions such as Eq. (9.37) to estimate 
harmonics [7a]. 

The results for the second harmonic components, which apply to any trans¬ 
duction mechanism, will now be related to the physical properties of electrostric- 
tive ceramic and compared with measurements made by Piquette and Forsythe on 
PMN [8]. From Table 9.2 it can be seen that the leading terms of the appropriate 

Ynm are: 

M y 01 = 2e2A Eo E30 = 2 ei ACV0V30/L5), 

M y 02 = 72 e 2 A E 2 0 = 1/2 e 2 A V 30 /L 0 ) 2 , 

M Yu = 4e 2 A E 0 E 3 o/L 0 = 4e 2 A(V 0 V 30 /L 2 ), 
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M y 20 = c 2 A/Lq, 
M CU5 = ci A/Lq. 


At low frequency, where z m ( V ) and z m ( 2 v) are approximately unity, the magni¬ 
tudes of the relative second harmonics are given by Eqs. ( 9 . 34 )-( 9 . 36 ) as 


X202 

_ Y20Y01 _ C2e 2 V 0 V3o 

( 9 . 38 ) 

X01 

2ujg CjL^ 

X112 

Yn _ 2 e 2 V 0 V 3 o 

( 9 . 39 ) 

X01 

2u>2 C1L5 

X022 

X01 

_ Y52 _ ^30 

Y01 4 V 0 ' 

( 9 . 40 ) 


Note the different ways in which these relative second harmonic components de¬ 
pend on material properties: X202/X01 is zero when the second-order nonlinear 
elastic constant, c 2 , is zero; X112/X01 is proportional to the first-order electrostric- 
tive constant, e 2 ; and X022/X01 does not depend on any of the material constants, 
because X022 and X01 both depend on e 2 . The latter ratio is an example of the fact 
that any biased square law mechanism produces a fundamental and a second har¬ 
monic with relative displacement magnitudes given by Eq. ( 9 . 40 ); other examples 
will be found in Sect. 9 . 3 . For the y 20 and y n mechanisms, decreasing the bias 
while keeping the drive level constant decreases the relative second harmonic, but 
for the y (p mechanism it increases it. In most cases when the transducer is being 
driven such that V30 is a significant fraction of Vo, the X022 component dominates 
the other second harmonic components. 

Piquette and Forsythe used their model for PMN to calculate expressions for the 
harmonics [ 9 ], They also measured the second harmonic in an experimental PMN 
transducer with V30 / Vo varying from ~0.2 to almost 1 and with bias fields up 
to 700 volts/cm. Therefore X022 was probably the most important component in 
their measurements. They gave the results in terms of the acceleration ratio which 
is 4 times the displacement ratio, which makes the 022 acceleration ratio equal 
to V30 / Vo from Eq. ( 9 . 40 ). This value of the ratio agrees very closely with the 
measurements in their Table 1 , and also agrees exactly with their Eq.( 30 ) when 
their saturation parameter is zero and the frequency is well below resonance. 


9.2.2. Harmonic Distortion for Indirect Drive 

The method of harmonic analysis described in the previous section is restricted 
to direct drive, (i.e., voltage drive of electric field transducers and current drive of 
magnetic field transducers). Direct drive requires solution only of the mechanical 
transducer equation, such as Eq. ( 9 . 23 ), where each term represents a force. In¬ 
direct drive, (i.e., voltage drive of magnetic field transducers and current drive of 
electric field transducers), requires simultaneous solution of both the mechanical 
and electrical transducer equations. Thus, harmonic analysis for indirect drive is 
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more complicated than for direct drive. Since many power amplifiers have low 
internal impedance, approximate voltage drive is common in practice, making di¬ 
rect drive common for electric field transducers, while indirect drive is more com¬ 
mon for magnetic field transducers. The two types of drive cause quite different 
harmonics in some cases, which suggests possibilities for reducing harmonic dis¬ 
tortion [6], For example, current drive has been reported to reduce harmonics in 
moving coil transducers [17], 

A general analysis of indirect drive displacement harmonics has been made [7], 
but the detailed results are too complicated to present here. The practical question 
of which drive gives lower harmonic distortion was addressed by comparing the 
results from References [3] and [7], Indirect drive generates more components of 
each displacement harmonic than direct drive, because it involves nonlinear mech¬ 
anisms in both the electrical and mechanical parts of the transducer. Thus indirect 
drive would be expected to generate higher displacement harmonics than direct 
drive when electrical, mechanical and electromechanical nonlinearities are all sig¬ 
nificant. However, even with no electrical nonlinearities, indirect drive harmonics 
differ from direct drive harmonics and may be higher [7], 

The comparison in Reference 7 did not provide a general answer to the question 
of which drive gives lower harmonics, but some specific results can be mentioned. 
For example, it was found that for transducers with low electrical loss, indirect 
drive usually generates higher second harmonics than direct drive at resonance, 
except when the coupling coefficient is extremely high fk > 0.925) and springs 
are the dominant nonlinearity. Until recently, coupling coefficients this high were 
found only in moving coil transducers, but they have also been measured in the 
newest transduction materials such as single crystal PMN-PT (see Appendix A.5). 

9.2.3. Instability in Electrostatic and 

Variable-Reluctance Transducers 

Instability in electrostatic and variable reluctance transducers was mentioned in 
Chapter 2, because this nonlinear effect could interfere with linear operation of 
these transducers. Instability in these transducers will be analyzed here in terms of 
the electrostatic transducer, but the results apply to the variable reluctance trans¬ 
ducer if magnetic saturation is neglected. The nonlinearity of the electrostatic 
transducer may make it unstable if the bias voltage is too high. Letting y = xo/L, 
Eq. (2.48), which expresses the static balance between the electric force and the 
spring force, can be written 

y 3 + 2y 2 + y + A = 0, (9.41) 

where A = eAoV^/2K m L 3 for the electrostatic transducer, and A = p,Ao(nIo) 2 / 
2K m L 3 for the variable reluctance transducer. This cubic equation has been stud¬ 
ied extensively, and its implications are well known [18, 19, 20], As the bias 
voltage is increased, the moveable plate moves toward the fixed plate where, for 
Vo = 0, the two plates were separated by distance L. Thus the physically mean¬ 
ingful range of displacement of the moveable plate is — 1 < y < 0. The number 
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of real roots of Eq. (9.41) in this range are as follows: for A < 4/27 there are two 
real roots, for A = 4/27 there are two equal real roots given by y = — 1/3, and for 
A > 4/27 there are no real roots. The situation is illustrated in Fig. 9.6 where the 
two opposing forces are plotted with the sign of the electric (or magnetic) force 
reversed to show these roots at the points where the forces are equal and opposite. 

As long as the voltage is low enough to make A < 4/27, there is a stable equi¬ 
librium point between y = 0 and y = — 1 /3 where the moveable plate comes to 
rest. The other root for this voltage, at y < — 1/3, is an unstable equilibrium point 
as can be seen from Fig. 9.6 by considering the net force that results by making 
a small displacement away from this point. If a voltage is applied such that A > 
4/27 the moveable plate collapses into the fixed plate. Thus the bias voltage must 
be less than the value that makes A = 4/27 and y = —1/3, that is, Vo must be less 
than [8K m F 3 1(21 eAo)] 1 / 2 to avoid instability. Note that Eq. (2.55) shows that 
this value of Vo corresponds to k = 1. For the variable-reluctance transducer, Vo 
and £ are replaced by nloand |i. 

These conclusions hold for a linear spring force of —Kqx. Springs are always 
nonlinear to some extent, usually in a way that makes them stiffer as the dis¬ 
placement increases. Hunt [19] pointed out that for a cubic spring, with force of 
— K3X 3 , the gap would close at xo = — 3F/5 rather than xo = —LI 3. He also 
mentioned experiments on electrostatic transducers in which gap closure occurred 
before xq = —LI3 , probably because of bending of the flexible diaphragm that 



V = X 0 /L 


FIGURE 9.6. Static equilibrium diagram for electrostatic and variable reluctance transduc¬ 
ers. Note the stable equilibrium point at y = —0.16 and the unstable point at y = —0.59 
for the case where A — 0.1. For A = 4/27 there is one equilibrium point at y = —1/3. For 
A > 4/27 there are no equilibrium points [20]. 
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formed one plate of the transducer. A more realistic spring model is a mixture of 
linear and cubic terms (a hard spring which stiffens as the displacement increases) 
with a force of —Kix — K3X 3 . In this case the equilibrium equation, instead of Eq. 
(9.41), is 

y+py 3 = -7T^A2’ (9 ' 42) 

(l +y ) 2 

where y = xo/L and p = K 3 L 2 /Ki. Determination of the equilibrium points for 
a given value of A and p now requires solution of a fifth-degree equation, but 
the displacement at which gap closure occurs can be found without solving that 
equation. At gap closure not only is Eq. (9.42) satisfied but the slopes of the two 
forces are also equal as can be seen from Fig. 9.6 in the linear case. Since each 
term of Eq. (9.42) is proportional to force, differentiating with respect to y gives 
the slope equation: 

„ ? 2A 

1 + 3 Py =tt^a3- (9 - 43) 

(i + y ) 3 

Dividing Eq. (9.42) by Eq. (9.43) and rearranging gives 


py 2 = - 


3y+l 
5y + 3 ’ 


(9.44) 


which determines the value of y at gap closure for the nonlinear spring. It shows 
that for p = 0 (a linear spring) y = —1/3 as before, for P -> 00 (a cubic spring) 
y = — 3/5 in agreement with Hunt, for p = 4, y = — '/2 and for P = 5/4, y = — 2/5. 
These values of y for a given p can be used in Eq. (9.41) to find the value of A, 
and then the voltage, that causes gap closure. Hard nonlinear springs, that stiffen 
as the displacement increases, raise the bias voltage at which instability occurs in 
the electrostatic transducer as the results above show quantitatively. In the variable 
reluctance transducer the same effect raises the bias current at which gap closure 
occurs. 

The results above hold when the bias voltage or current is increased slowly from 
zero to a value corresponding to a stable equilibrium point. If the increase is rapid 
the moveable plate will overshoot the intended point, and the overshoot may cause 
the gap to close and remain closed. For the linear spring this situation has been an¬ 
alyzed [20] for the case where the voltage (or current) is increased instantaneously, 
with the result that gap closure occurs when A exceeds 1/8 rather than 4/27. The 
difference is only about 9%, since the voltage (or current) is proportional to the 
square root of A. 

Now we extend the discussion of instability in electrostatic and variable reluc¬ 
tance transducers to include dynamic instability caused by adding the alternating 
drive voltage (or current) to a stable bias voltage. As the drive voltage is increased, 
causing the displacement excursions about the equilibrium point to increase, the 
equilibrium point also changes, and eventually the gap closes when the excursions 
reach a critical amplitude. It was pointed out above that the first-order solution in 
Eq. (9.33) contains three static terms that change the static equilibrium displace¬ 
ment, and the most important of these terms is y 00 /c= —£AVj/4KiL ( ^ from 
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Table 9.4. This term is an increment of static displacement toward gap closure, 
that increases with the square of the drive voltage, starting from the static dis¬ 
placement of — £AVq/2KiLq when the drive voltage is zero. The other two first- 
order static terms change this increment somewhat and higher-order perturbation 
solutions would change it further. But the perturbation method does not predict 
whether, or at what drive level, the gap will close. 

To investigate dynamic stability in an electrostatic transducer a different ap¬ 
proach is necessary [20], Consider Eq. (9.17) with a linear spring (K 2 = K 3 = 
0 ) and with an undetermined phase angle, 0 , between the drive voltage and the 
displacement: 


Mx + Rx + Kix 


— eA[V 0 + Vi cos(cut + 0 )] 2 
2(L + x ) 2 


(9.45) 


Dividing Eq. (9.45) by L and substituting an approximate solution in the form 


y = x/L = y 0 + yi cos cot, 


(9.46) 


gives a set of three equations for yo, yi, and 0 , since the static terms, the terms 
containing cos cut, and the terms containing sin cut must separately equal zero, 
while the terms involving second and third harmonics can be ignored. At reso¬ 
nance, these equations simplify considerably, and the equation that determines yo 
becomes 

Yo + 2 y l + yo(l + \y\) + ^rt v o + ^V?] = 0 . ( 9 . 47 ) 

Equation (9.47) is a cubic equation for yo of the same form as the equation that 
determined static stability, as can be seen by omitting the terms containing yi and 
Vj and obtaining Eq. (2.48). In the dynamic case the coefficient of the yo term 
depends on the alternating amplitude, yi, and the term that does not contain yo de¬ 
pends on the drive voltage, V 1 . This term shows that, because of the nonlinearity, 
increasing the drive voltage has the same effect as increasing the bias voltage; it 
drives the transducer closer to the point of collapse where Eq. (9.47) has no real 
solution. Approximate conditions for dynamic instability to occur can be found by 
numerical solution of the three equations mentioned above for yo, yi and 0. This 
has been done at resonance for different values of Q m [20]. 


9.3. Nonlinear Analysis of 

Distributed-Parameter Transducers 

The analysis in the first part of this chapter was limited to lumped-parameter 
transducers described by nonlinear ordinary differential equations. As discussed 
in Chapters 7 and 8 , the lumped-parameter assumption fails when the length 
of a vibrating section of the transducer exceeds about one quarter-wavelength. 
Distributed-parameter analysis is then required based on partial, rather than ordi¬ 
nary, differential equations. Similarly, analysis of nonlinear effects in distributed 
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systems requires solution of nonlinear partial differential equations. Nonlinear ef¬ 
fects relevant to transducers are associated with both longitudinal and flexural 
waves in bars and discs. In this section nonlinear analysis of distributed systems 
will be illustrated by calculating the second harmonics generated by nonlinear 
longitudinal waves in the thin segmented piezoelectric ceramic bar described in 
Section 7.231. 

The stress in the bar is related to strain and electric field by Eq. (9.1), but now the 
stress and strain are not only functions of time but also functions of position along 
the bar. Using notation consistent with Section 7.231, let C be the displacement of 
an element of the bar parallel to the bar at position z along the bar; then the strain 
at z is df /3z. With these variables Eq. (9.1) becomes 

T(z,t) = c 1 ^-e 1 E + c 2 f^) -2c a E^-e 2 E 2 . (9.48) 

8 z \8 z / 3z 

Voltage drive will be specified by making the electric field E = E 3 cos cut, and it 
will be assumed, because of the segmented construction, that E is uniform along 
the length of the bar. The longitudinal forces per unit volume on an infinitesimal 
element of the bar are given by 3T/3z, as in Chapter 7, and the equation of motion 
of the element is 

3T 

— = PC, (9.49) 

dz 

where p is the density of the bar material. When 8T/dz is calculated from Eq. 
(9.48) the terms involving only E will drop out, because E is uniform along the 
bar, making these forces equal and opposite on each side of the infinitesimal el¬ 
ement. The stresses involving only E will enter the analysis later by way of the 

boundary conditions. Thus the nonlinear partial differential equation describing 
wave motion in the bar is 

dr d 2 c 

[ Cl + 2 c 2 A - 2c a E] -4 = pc. (9.50) 

8 z 3z- 

A perturbation parameter will be defined analogous to that used in the lumped- 
parameter case: 

8 = C01/L0, 

where fot is the amplitude of the linear fundamental at the free end of the bar, 
and Lo is the length of the bar. The perturbation parameter could be introduced by 
multiplying nonlinear terms by powers of SLo/foi as was done in Section 9.2.1, 
but the same result is obtained more easily by multiplying quadratic terms in Eq. 
(9.3) by 8 (cubic terms would be multiplied by 8 2 if they were included) and then 
letting 8=1 when the perturbation orders are combined in the end. Thus the wave 
equation is written as 


[ci+28c 2 ^-28c a E]^ = pc, 


(9.51) 
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and the solution is assumed as the perturbation series, 

<T(z, t) = Co(z, t) + Sfi (z, t) + • • • . (9.52) 


Substituting this series into the wave equation and separating terms by powers 
of 8 gives 


d 2 £o 

Cl ^ = Pf0 ’ 


(9.53) 


Cl 


S 2 Cl 

dz 2 


+ 2c 2 


dCo d 2 Co 

dz dz 2 


— 2c a E 


d 2 Co 

dz 2 


= PCI, 


(9.54) 


where only zeroth- and first-order equations are used to be consistent with only lin¬ 
ear and quadratic terms in the expression for the stress. The zeroth-order equation, 
being homogeneous and linear in Co, can be solved as in Chapter 7. The solution 
for Co can then be used to evaluate the inhomogeneous terms in the first-order 
equation, which can also be solved since it is linear in Cl ■ 

The general solution of Eq. (9.53) has the form 


fo(z,t) = (A sinkz + B coskz)(C sin cut + D cos cut), (9.55) 

where k 2 = cu 2 p/ci, (ci/p) 1/72 is the speed of longitudinal waves in the ceramic 
bar and A, B, C, and D are constants. As a specific example consider the bar 
clamped (Co = 0) at the end z = 0 and free (T = 0) at the other end, z = Lq. 
Note that the driving electric field enters the solution only by way of the boundary 
condition on the stress. In real transducers the ends of the bar would be connected 
to masses, resistances, and radiation impedance (see Chapter 7), rather than being 
clamped or free. Applying the boundary conditions above to Eq. (9.55) and Eq. 
(9.56) gives B = C = 0, AD = eiE 3 /cikcoskLo , and 

C1E3 

Co(z, t) = -sinkzcos cut = foi sinkz cos cut. (9.56) 

c 1 k cos kLo 

Only the linear parts of the stress were used in the boundary condition on the 
zeroth-order solution, but both linear and quadratic terms in the stress will be used 
in the boundary condition on the first-order solution. 

Using this solution for Co, the inhomogeneous drive terms in Eq. (9.54) for c'l 
can be evaluated giving 


^2 9- ^ 

ci—-=- +c a E 3 k 2 goi sinkz(l +cos2cut)-C 2 k 3 A?, sin2kz(l + cos2cut) = pCi. 

dz- ' 2 


(9.57) 


Since Eq. (9.57) is linear in fj, the solutions for the two drive terms can be found 
separately; for example, let fn(z, t) be the solution for the drive term containing 
c a . Both Cu and the drive term must be expanded in a series of functions that 
satisfy the homogeneous part of the equation. Since the homogeneous equation 
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for Ci is the same as that for Co. the appropriate functions are the modal functions 
associated with the solution for Co in Eq. (9.56), that is, sin k n z where k n Lo = (n 
+ 1/2 ) 7 t, n = 0,1,2- . The expansion for Cil must also be consistent with the time 

dependence of the drive term containing c a . Thus assume that 411 has the form 

00 00 

Cu(z, t) = z b n sin k n z + c n sin k n z cos 2cut, (9.58) 

n=0 n=0 

and expand the z-dependent part of the drive term, sin kz, in the same functions 


sinkz = ^^d„ sink n z. 


n=0 


It can be shown, from the orthogonality of the sink n z functions, that 

2k(—l) n coskLo 


dn = 


L 0 (k 2 -k 2 ) • 


(9.59) 


(9.60) 


Substituting Eqs. (9.58 and 9.59) into Eq. (9.57), with the c a term only, shows 
that 


b n = 


2(-l) n c a eiE 2 (cu/cu n ) 

c^Lod - a> 2 /tu 2 ) ’ Cn “ (1 - 4cu 2 /cu 2 ) 


where tu 2 = cjk 2 /p, and the solution for Cl 1 is 


fn(z, t) = 2 ]b n sink n z 
n=0 


cos2cut 
1 — 4cu 2 /cx)2 


(9.61) 


(9.62) 


Let C 12 (z, t) be the solution for the other drive term in Eq. (9.57), the one con¬ 
taining the coefficient C 2 . The same procedure that gave Eq. (9.62) for C\ 1 gives: 


OO 

C 12 (z, t) = y f n sin k n z 
n=0 



cos 2cut 

1 — 4tu 2 /cu- 


(9.63) 


where 

f _ 2 c 2 e 2 E 2 (-l) n (cu/u) n ) 4 cos 2 kL 0 

Cjk 2 Locos 2 kLo(l — 4cu 2 /uj2) 

Both C 11 and C 12 consist of a static component (or zeroth harmonic) and a second 
harmonic, all of which have z-dependence expressed as a sum of normal modes of 
the clamped-free bar. Both also satisfy the same conditions at the ends of the bar, 
i.e., 

4 * 11 = 4*12 = 0 at z = 0, (9.65) 


34*n/5z = dCn/dz = 0 atz = Lo. 


(9.66) 
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The sum Cn + 412 is a solution of Eq. (9.57) for C 1 , but it is not the complete 
solution because it does not satisfy the boundary condition on the stress at z = Lo. 
The stress contains the term e 2 E 2 = '/2 e 2 E 2 (1 + cos 2 cut), making it necessary 
to add another term to the solution, call it Cl 3 , that will satisfy the part of the 
boundary condition that depends on e 2 E 2 . Since e 2 E 2 contains a static term and 
a second harmonic term, and since <fi 3 must also satisfy the boundary condition at 
z = 0 , a reasonable form for the addition to the solution is 

C 13 (z, t) = ai 3 o sin kz + ai 32 sin 2kz cos 2cut. (9.67) 

To make the complete first-order solution satisfy the boundary condition to the 
same order of approximation as it satisfies the original differential equation, the 
perturbation parameter is inserted in the quadratic terms in the expression for 
the stress, Eq. (9.48): 

T(z,t) = cA-e 1 E+ 8 c 2 (^ N ) - 28c a E^—8e 2 E 2 . (9.68) 

dz \ 8z / 8z 

Substituting f = Co + §<Ti and dropping terms in powers of 8 higher than 
the first gives an expression for the stress correct to first order in 8 consistent 
with C \: 


T , 

T(z,t) = ci — 
8 z 


eiE + 8C2 


(0 


,9Co 


3ft 


28c a E- a - - 8 e 2 E 2 + 8 ci (9.69) 


dz 


dz 


Setting 8=1, since 8 has served its purpose of identifying the first-order terms, 
and using C\ = Cl 1 + C 12 + C 13 and 8Cn/8z = dCxi/dz = 0 at z = Lo gives the 
boundary condition on the stress at z = Lq: 


T(L 0 ,t) 


= 0 = (ci 


2c a E) 


SCO 


8z 


z=L 0 


ejE + c 2 



e 2 E 2 + ci 


8 C 13 


dz 


z=L 0 


(9.70) 

Using Eq. (9.56) to calculate 8Co/8z and Eq. (9.67) for £ 13 , leads to evaluation of 
the constants a 130 and a 132: 


ai30 


E 2 


2 cikcos kLo 


( e 2 ■ 


2 c a ei 

ci 


_ C2e t i 

7 


a 130 cos kLo 


(9.71) 


ai32 


2 cos 2kLo 


(9.72) 
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The complete solution of the original differential equation, Eq. (9.3), to first 
order, is 


C( z, t) = fo + S<Ti = Co + 5cn + 5ct2 + §Ci3 = Coi sin kz cos cut 

cos 2cut 


2> n + f n )sink n Z 


n=0 


1 + 


1 — 4cu 2 /o> 2 J 


+ ai 3 o sin kz + ai 32 sin 2kz cos 2cut. (9.73) 

Eq. (9.73) also satisfies, to first order, the boundary conditions 


C(0, t) = 0 and T(Lq, t) = 0. 


(9.74) 


The solution consists of a fundamental component, three separate static com¬ 
ponents, and three separate second harmonic components. Each of the three 
nonlinear parameters, C 2 , c a , and e 2 , gives rise to a static and a second harmonic 
component; the b n coefficients depend only on c a , the f n coefficients depend only 
on C 2 , but ai 3 o and ai 32 depend on all three nonlinear parameters. Carrying the 
solution to higher order would give corrections to these results plus higher-order 
harmonics. 

The fundamental and second harmonic displacements at the free end of the bar 
should be the same as the lumped-parameter results at low frequency. For kLo 1 
the fundamental component in Eq. (9.56) is 


Co(Lo, t) 


e iE3Lo 

-cos cot = 

Cl 


e iE3Ao 

-cos cot, 

K m 


(9.75) 


where K m = ciAo/Lo is the effective spring constant of the short bar as in Sec¬ 
tion 2.1 with ci = l / s 33 = Young’s modulus. The amplitude of c'o(Lo, t) equals 
Xoi in Section 9.2.1 showing that, at very low frequency, the linear approxima¬ 
tion of the fundamental wave motion in the bar reduces to the lumped-parameter 
approximation. 

Now consider the second harmonic results at very low frequency. For co a>o 
the sums in Eq. (9.73) can be approximated by the n = 0 terms, and the three 
components of C l at the end of the bar are; 

2c a eiE?cu 4 

Cn(Lo,t) =b 0 (l + cos 2cut) = - . (1 + cos 2u>t), (9.76) 

Cjk“LocuQ 

2c9e 2 E 2 cu 4 

Ci 2 (L 0 ,t) = fo(l +cos2cot) = - ~ 1 3 (1 + cos 2cut), (9.77) 

Cjk-LoojQ 

Ci3(L 0 ,t) = ~~(e 2 + — - ^-)(1 +cos2cut). (9.78) 

2c i ci cf 
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It is evident from the frequency dependence that, for cu <$C cuo, the components 
C 11 and f 12 are small compared to L 3 . Denoting the second harmonic part of C\ 3 
by ft 32 , the amplitude relative to the fundamental amplitude at the end of the 
bar is 


Cl32 


Co 


z=Lo 


„ , e 2 c a C 2 ei 


(9.79) 


Use of the appropriate terms of the piezoelectric y nm from Table 9.1 in Eqs. 
(9.34—9.36) shows that the three terms of |4"i 32 /<T() | z — 1_ 0 are - respectively. 


IX022I/X01, |X 112 |/X 0 i and IX202I/X01. 


This confirms that the nonlinear distributed-parameter results for the displacement 
at the end of the bar are equal, at low frequency, to the nonlinear lumped-parameter 
results. 

Some of these results can also be applied to biased electrostrictive or magne- 
tostrictive material. In material such as PMN with a maintained bias field, Eo, let 
E = Eo + E 3 cos cut, c a = 0, and, for simplicity, omit the nonlinear elasticity by 
making c 2 = 0. Under these conditions, the first-order solution has only one sec¬ 
ond harmonic component resulting from the coefficient e 2 . Then, with ei replaced 
by 2e 2 Eo. following the procedure used in Section 2.2, Eqs. (9.56 and 9.73) give 
for the fundamental and second harmonic displacement amplitudes at x = Lq: 


with the ratio 


. 2e 2 E 0 E 3 sin kL 0 

foi sinkLo =---—- 

c 1 k cos kLo 


ai 3 2 sin2kLo 


e 2 E| sin 2kLo 
4cikcos 2kLo’ 


2 ml Harmonic E3 tan 2kLo 
Fundamental 8 Eq tan kLo 


(9.80) 

(9.81) 


(9.82) 


This ratio equals E 3 / 4Eo when kLo 1 corresponding to, cu cuo as found 
before in Eq. (9.40) from the lumped-parameter calculation. But Eq. (9.82) is valid 
for higher frequencies and shows that the ratio increases with frequency and peaks 
when cu approaches cuo/2 and 2kLo approaches n/2. This is consistent with the 
results in Fig. 9.4 showing that the second harmonic peaks when the drive fre¬ 
quency is near half the fundamental resonance frequency. 

A similar analysis can be carried out to find the harmonics for flexural waves 
in a bar. For the case above of biased electrostrictive or magnetostrictive material, 
the ratio of second harmonic to fundamental displacement amplitudes is similar 
to Eq. (9.82), and also reduces to E 3 / 4 E 0 at low frequency. The value E 3 / 4 E 0 
for this ratio at low frequency also applies to electrostatic and variable reluctance 
transducers and to all other biased square law mechanisms. 
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9.4. Nonlinear Effects on the Electromechanical 
Coupling Coefficient 

The definition of the electromechanical coupling coefficient, k, in Section 1.41, 
and the further discussion in Section 8.41, is limited to linear transducer oper¬ 
ation. Under these conditions all energy conversion is assumed to occur at the 
drive frequency, and the coupling coefficient is considered to be independent of 
drive level. Since some of the promising modern transduction materials have sig¬ 
nificant nonlinear characteristics, which at high drive levels would convert some 
energy to harmonics, it would be useful to consider a more general definition of 
the coupling coefficient. For example, a definition that included only converted 
mechanical energy at the drive frequency might be preferable. Then k would be 
expected to decrease with drive level as increasing amounts of the input energy 
went into harmonics. Such considerations do not reduce the usefulness of linear 
definitions of k as a measure of quality in comparing different transducer materi¬ 
als, concepts or designs, because nonlinear definitions would reduce to the linear 
values at low drive levels. However, since high drive conditions usually degrade 
transducer characteristics that are related to k, such as efficiency and bandwidth, 
a nonlinear generalization that could indicate such degradation would be useful. 

The energy-based definitions of k in Section 1.41 and Section 8.41 are suitable 
for generalization to nonlinear conditions. Piquette [21] has calculated k under 
nonlinear conditions by using his nonlinear equations of state for electrostrictive 
materials, discussed briefly in Section 2.2 [8, 9], and by using Eq. (8.25) as the de¬ 
finition of k. The ambiguities associated with this definition and with the concept 
of mutual energy (see Section 8.412) were avoided by showing that the chosen 
equations of state gave the expected results for k in the linear case. His nonlinear 
results for k appear to have reasonable features, such as becoming exactly zero 
when the maintained bias is zero and diminishing rapidly when the drive ampli¬ 
tude exceeds the fixed bias. 

Horn et al. [22] and Robinson [23] have also discussed the coupling coefficient 
for nonlinear electrostrictive materials. Another approach to estimating nonlin¬ 
ear effects on the coupling coefficient could be based on perturbation calculations 
such as those described in Section 9.2.1. The first approximation to the reduction 
in the fundamental amplitude associated with increasing harmonic amplitudes is 
given by second-order perturbation. This reduction in fundamental amplitude cor¬ 
responds to a reduction in converted fundamental mechanical energy, which could 
be used to define a coupling coefficient that decreases as a function of drive level. 


References 

1. D.A. Berlincourt, D.R. Curran, and H. Jaffe, “Piezoelectric and Piezomagnetic Mate¬ 
rials and Their Function in Transducers.” Physical Acoustics, Vol. 1, Part A, Edited by 
W.P. Mason. Academic Press, New York, 1964 



436 9. Nonlinear Mechanisms and Their Effects 


2. C.H. Sherman and J.L. Butler, “Harmonic distortion in magnetostrictive and elec- 
trostrictive transducers with application to the flextensional computer program 
FLEXT,” Image Acoustics, Inc. Report on Contract No. N66609-C -0985, 30 Sept. 
1994 

3. C.H. Sherman and J.L. Butler, “Analysis of harmonic distortion in electroacoustic 
transducers,” J. Acoust. Soc. Am., 98, 1596-1611(1995) 

4. V.E. Ljamov, “Nonlinear acoustical parameters in piezoelectric crystals,” 52, 199-202 
(1972) 

5. W.P. Mason, Piezoelectric Crystals and Their Application to Ultrasonics , Van Nos¬ 
trand, New York, 1950 

6. C.H. Sherman and J.L. Butler, “Perturbation analysis of nonlinear effects in moving 
coil transducers”, J. Acoust. Soc. Am., 94, 2485-2496 (1993) 

7. C.H. Sherman and J.L. Butler, “Analysis of harmonic distortion in electroacoustic 
transducers under indirect drive conditions,” J. Acoust. Soc. Am.. 101, 297-314 
(1997) 

[7a] J.L. Butler, FLEXT, (Flextensional Transducer Program), Contract N66604-87-M- 
B328 to NUWC, Newport, RI, Image Acoustics, Inc., Cohasset, MA 02025. 

8. J.C. Piquette and S.E. Forsythe, “A nonlinear material model of lead magnesium nio- 
bate (PMN).” J. Acoust. Soc. Am., 101, 289-296 (1997) 

9. J.C. Piquette and S.E. Forsythe, “Generalized material model for lead magnesium mo- 
bate (PMN) and an associated electromechanical equivalent circuit.” J. Acoust. Soc. 
Am., 104, 2763-2772 (1998) 

10. W.Y. Pan, W.Y. Gu, D.J. Taylor, and L.E. Cross,“Large piezoelectric effect induced by 
direct current bias in PMN-PT relaxor ferroelectric ceramics,” Jpn. J. Appl. Phys., 28, 
653-661 (1989) 

11. M.B. Moffett, A.E.Clark, M. Wun-Fogle, J.F. Lindberg, J.P. Teter, and E.A. McLaugh¬ 
lin, “Characterization of Terfenol-D for magnetostrictive transducers.” J. Acoust. Soc. 
Am., 89, 1448-1455 (1991) 

12. C.H. Sherman and J.L. Butler, “Harmonic distortion in moving coil transduc¬ 
ers caused by generalized Coulomb damping.” J. Acoust. Soc. Am., 96, 937-943 
(1994) 

13. W.J. Cunningham, “Nonlinear distortion in dynamic loudspeakers due to magnetic ef¬ 
fects.” J. Acoust. Soc. Am., 21, 202-207 (1949) 

14. E. Geddes, Audio Transducers, copyright 2002, Chapter 10 

15. J.J. Stoker, Nonlinear Vibrations, Interscience Publishers, Inc., New York, NY, 1950 

16. J.A. Murdock, Perturbations—Theory and Methods , John Wiley & Sons, New York, 
1991 

17. P.G.L. Mills and M.O.J. Hawksford, “Distortion reduction in moving coil loudspeaker 
systems using current-drive technology.” J. Audio Eng. Soc., 37, 129-147 (1989) 

18. Janszen, R.L. Pritchard, and F.V. Hunt, “Electrostatic Loudspeakers.” Harvard Univer¬ 
sity Acoustics Research Laboratory, Tech. Memo. No. 17, April 1, 1950 

19. F.V. Hunt, Electroacoustics: The Analysis of Transduction and Its Historical Back¬ 
ground, John Wiley & Sons, New York, NY, 1954 

20. C.H. Sherman, “Dynamic mechanical stability in the variable reluctance and electro¬ 
static transducers.” J. Acoust. Soc. Ant., 30, 48-55 (1958). See also C.H. Sherman, 
“Dynamic Mechanical Stability in the Variable Reluctance Transducer.” thesis submit¬ 
ted to the University of Connecticut, 1957 

21. J.C. Piquette, “Quasistatic coupling coefficients for electrostrictive ceramics.” 
J. Acoust. Soc. Am., 110, 197-207 (2001) 



Nonlinear Effects on the Electromechanical Coupling Coefficient 437 


22. C.L. Horn, S.M. Pilgrim, N. Shankar, K. Bridger, M. Massuda, and R. Winzer, 
“Calculation of quasi-static electromechanical coupling coefficients for electrostrictive 
ceramic materials.’' IEEE Trans. Ultrason. Ferroelectr. Freq. Control, 41, 542-551 
(1994) 

23. H.C. Robinson, “A comparison of nonlinear models for electrostrictive materials,’’ Pre¬ 
sentation to the 1999 IEEE Ultrasonics Symposium, 17-20 Oct. 1999, Lake Tahoe, NV 



10 

Acoustic Radiation from Transducers 


In this chapter we concern ourselves with the calculation of acoustic characteris¬ 
tics of transducers, such as directivity function, directivity factor, directivity index, 
and self radiation impedance. Convenient formulae and numerical information 
for frequently used cases will also be given. The classical analytical methods are 
limited in their ability to calculate the acoustical characteristics of realistic trans¬ 
ducers, and it is usually necessary to simplify the details of a transducer and its 
surrounding structure in order to apply those methods. However, finite element 
numerical modeling of the acoustic field can provide more realistic information to 
augment the analytical results in many cases. The well-known acoustics books by 
Kinsler and Frey et al. [1], Morse and Ingard [17], Pierce [2] and Blackstock [3] 
provide excellent background for this chapter. 


10.1. The Acoustic Radiation Problem 

The acoustic medium is an essential part of electroacoustic transduction. It is usu¬ 
ally a fluid, in most cases either water or air, characterized by only two properties, 
static density, p, and bulk modulus, B. But in transducer analysis and design, p and 
sound speed, c = (B/p) 1 2 , are the more convenient properties. The product of 
these two quantities, pc, the specific acoustic impedance, is much higher for wa¬ 
ter than for air (~ 1.5 x 10 6 vs. 420kg/m 2 s) causing water to have a much more 
significant effect on the operation of a transducer than air. We will consider that 
the medium surrounding an individual transducer is homogeneous, isotropic, non- 
viscous and large enough that its boundaries need not be considered. However, 
transducers are often used or tested under quite different conditions, for example, 
near the water surface, mounted on the hull of a ship, or in a water-filled tank (see 
Chapter 12). In such cases the proximity of other media or structures may strongly 
affect the operation of a transducer. 

When the moveable surface of a transducer vibrates in an acoustic medium 
it produces a disturbance in that medium called an acoustic field that varies with 
time and position in the medium. The acoustic radiation problem consists of deter¬ 
mining the acoustic field that results from a specified vibration of a particular 
transducer surface. The acoustic field in a fluid is a scalar field that can be 
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completely described by one quantity, usually the variation of pressure from 
the static pressure, called the acoustic pressure, p. Other characteristics of the 
acoustic field that are of interest, such as the components of the particle velocity 
vector, u, can be derived from the pressure. The linear acoustic equations can be 
written [2], 


du - 

p— = —Vp, 

5t 

(10.1a) 

dp' - ^ 

-T- + pv • u = 0, 
o t 

(10.1b) 

p = c 2 p', 

(10.1c) 


where t is the time, V is the gradient operator and p' is the acoustic density, that is, 
the variation of density from the static density, p. The first equation is the equation 
of motion for a particle of the medium, the second is the equation of continuity for 
conservation of mass and the third is the equation of state of the medium. 

Substituting the equation of motion into the time derivative of the equation of 
continuity and using the equation of state to eliminate p' gives the scalar wave 
equation for the acoustic pressure: 


? 1 d 2 p 

v ‘ p -?a! = 0 ’ 


( 10 . 2 ) 


where V 2 is the Laplacian operator. Since the specific cases to be considered here 
all have harmonic time dependence, the symbol p in the following equations will 
represent the spatial dependence of the acoustic pressure field, (e.g., the pres¬ 
sure has the form p(x,y,z)e JU,t in rectangular coordinates). The second term in 
Eq. (10.2) then becomes k 2 p where k = tu/c = 2k/ A is the acoustic wave number 
and A is the acoustic wavelength. The wave equation in this form is known as the 
Helmholtz differential equation: 

V 2 p + k 2 p = 0. (10.2a) 


In the familiar Cartesian or rectangular (x,y,z), cylindrical (r,4>,z), and spherical 
(r,0,4> ) coordinate systems (see Fig. 10.1) the Helmholtz equation takes the fol¬ 
lowing forms (note that the symbols, r and 4), are used in both the cylindrical and 
spherical systems, that ip has the same meaning in both systems, but r has different 
meanings): 


S 2 p S 2 p 0 2 p 
8x 2 dy 2 3z 2 


+ k 2 p = 0, 


(10.3) 


1 8 
r 8r 



j_e2p ^p 
r 2 S4> 2 Sz 2 


+ k 2 p = 0, 


(10.4) 


d z Tp 7 
—% + k"p = 0, 


; 0 04t 


(10.5) 


i s ( 2 dp\ , i 8 ( . o a P \ 

,-SV *j + Sm0M( s, " e 5e) 
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FIGURE 10.1. Rectangular (x, y, z), cylindrical (r, cf), z) and spherical (r. 0, 40 coordinate 
systems. 



FIGURE 10.2. Sphere vibrating as a rigid body showing normal and tangential velocity 
components. 


In general the velocity at each point of a vibrating surface has a component 
normal to the surface and a component tangential to the surface. For example, for 
a sphere centered on the origin and vibrating as a rigid body parallel to the z-axis, 
the velocity at the two points lying on the z-axis has only a normal component, 
while at all the points lying in the x-y plane (at 0 = 90°) it has only a tangential 
component. At all other points of the surface the velocity has both normal and 
tangential components as shown in Fig. 10.2. 

Only the normal components of velocity produce an acoustic field in a non- 
viscous medium, because the tangential components slip without disturbing the 
medium. If the medium is viscous the tangential components cause a disturbance, 
but it extends only a short distance from the vibrator and does not contribute to the 
radiated acoustic field. 

The acoustic field can be divided into two spatial regions. In the near field, part 
of the motion of the medium does not travel far from the vibrator because it corre¬ 
sponds to energy being alternately transferred to the medium and then returned to 
the vibrator. In Chapter 1 this part of the energy was associated with the radiation 
mass which increases the effective mass of the transducer. In the far field the en¬ 
ergy transferred to the medium never returns, because it is radiated away, and the 
acoustic power radiated to the far field is proportional to the radiation resistance. 
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Solutions of the wave equation include both parts of the acoustic field. Obviously 
the radiated far field is the useful part of the acoustic field in most cases, but in 
other cases the near field is important because it causes problems such as cavita¬ 
tion and acoustic interactions between transducers. 

An acoustic radiation problem is given by specifying the normal velocity of vi¬ 
bration of a particular surface. A solution of the wave equation appropriate to the 
surface is used to calculate the particle velocity in the medium normal to the trans¬ 
ducer surface and this velocity is made equal to the specified normal velocity on 
the transducer surface. This is the boundary condition that determines the specific 
solution of the specified problem. The general relation between the pressure and 
the particle velocity vector, u, in the medium, is given by the equation of motion, 
Eq. (10.1a), which, for harmonic time dependence, becomes 

1 - 

u =-Vp. (10.6) 

J^P 

All the characteristics of the acoustic field produced by that particular vibrating 
surface can then be calculated from that solution of the wave equation. 

One of the most useful analytical methods of solving the wave equation is sepa¬ 
ration of variables. For example, in rectangular coordinates the solution is assumed 
to be the product of a function of x, a function of y and a function of z, that is, 

P (x, y, z) = X(x)Y(y)Z(z). (10.7) 

Substituting this expression into Eq. (10.2a) shows that the functions X, Y, and Z 
satisfy the equations 


d 2 X , 

“TT + k x X = °> 
dx“ 

(10.8) 

d 2 Y 2 

—2 + k y Y = 0, 

dy 

(10.9) 

d 2 Z 2 

-^+k 2 Z = 0, 
dz~ 

(10.10) 


where k x , k y , and k z are constants related to each other by 

k x + k 2 + k 2 = k 2 . (10.11) 

Since Eqs. (10.8-10.10) have solutions e ± j kxX , e ± j k r y , and e ±jkzZ the complete 
solution for the acoustic field in rectangular coordinates is given by Eq. (10.7) as 

p(x, y, z)e> cut = P 0 ej (an±kxX±kyy±kzZ) , (10.12) 

where Po is a constant determined by the boundary condition. This expression rep¬ 
resents plane waves of amplitude, Po, traveling in the direction given by a vector 
with x, y, z components of k x , k y , and k z called the wave vector. For example, for 
a plane wave traveling in the positive x direction, k x = k and k y = k z = 0. 
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Plane waves are a basic concept in acoustics although they exist only as an 
approximation in limited regions of space. When describing the receiving response 
of a hydrophone it is usually assumed that the hydrophone is receiving a plane 
wave, and in calibration of transducers the attempt is usually made to achieve plane 
wave conditions (see Chapter 12). In a plane wave the particle velocity vector is 
parallel to the direction of propagation, and an important property of the wave 
is the ratio of acoustic pressure, p, to particle velocity amplitude, u. The ratio, 
p/u, is called the specific acoustic impedance and is found from Eq. (10.6) to 
equal pc for a plane wave. It follows that the mechanical impedance, the ratio of 
force to velocity, associated with a section of plane wave front of area A is pcA, 
the characteristic mechanical impedance of the medium, which is important for 
comparison with the radiation impedance of projectors. 

Solutions of the wave equation in cylindrical, spherical, and several other co¬ 
ordinate systems can also be found by separation of variables. In these cases the 
solutions of interest for radiation problems must satisfy the radiation condition, 
which means that at large distances from the origin the solution takes the form of 
an outgoing wave. The result of separating variables in cylindrical coordinates for 
an outgoing wave is, 

p(r, cM)^ 1 = A m Hg)(k r r)ei (mc|,±kzZ+a,t >, (10.13) 

where A m is an amplitude constant determined by the boundary conditions, 
H m (k, r) = J m (k r r) — j Y m (k r r) is the cylindrical Hankel function of the second 
kind, J m (k r r) and Y m (k r r) are Bessel and Neumann functions, k, 2 +k z 2 = k 2 , and 
m is a positive or negative integer. The choice of H n / 2, (k r r), with the time factor 
e jcut , gives outgoing waves. 

Separation of variables in spherical coordinates gives for an outgoing wave, 

p(r, 0, ctOe*^' = A nm h( 2 )(kr)P™(cos0)e) (cut±m ^, (10.14) 

where h n (2) (kr) = j n (kr) — jy n (kr) is the spherical Hankel function of the sec¬ 
ond kind, jn(kr) and y n (kr) are spherical Bessel and Neumann functions, P n m 
(cos 0) are the associated Legendre functions, and m and n are positive integers 
with n > m. 

These solutions of the wave equation contain two parameters that are inde¬ 
pendent of the spatial coordinates and time: in rectangular coordinates, where 
k 2 + k 2 + k 2 = k 2 , any two of k x , k y , or k z ; in cylindrical coordinates, m and 
either k r or k z ; and in spherical coordinates m and n. Since the wave equation is 
linear any combination of these solutions with different values of these parameters 
is also a solution. Thus more solutions can be constructed by summing over the 
integer parameters and integrating over the continuous parameters. As a simple 
example consider a sphere of radius, a, with every point on its surface vibrating 
sinusoidally in the radial direction (i.e., normal to the surface) with the same ve¬ 
locity, uo e jcut , a pulsating sphere as shown in Fig. 10.3. 

Thus there are no tangential velocity components in this case. The solution in 
spherical coordinates, Eq. (10.14), is appropriate since the vibrating surface is a 
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FIGURE 10.3. Sphere vibrating with uniform velocity, the pulsating sphere. 


sphere. It is also apparent, since the normal velocity is the same at all points of the 
surface, that the acoustic field must be the same in all directions,(i.e., independent 
of 0 and 4>). This is only the case if m = n = 0 in Eq. (10.14) which then becomes, 
since Po°(cos 0) = 1, 

P(r) = A 0 h ( ( , 2) (kr) = jA 0 e _jkr /kr. (10.15) 


The amplitude, Ao, can be found from the boundary condition that the vibrating 
surface of the sphere remains in contact with the medium at all times. Thus, uo, 
the normal velocity of the surface, must equal the normal velocity in the medium 
at r = a. This condition gives 


1 dp 
jcup dr 


Ao 

r ii 


jk+ - 

r=a 

a_ 



and it follows that the amplitude is 


(10.16) 


A „ = “ ,pu ° ka V . 

(1 + jka) 


(10.17) 


Substitution of Ao into Eq. (10.15) gives the complete solution for the acoustic 
field of the pulsating sphere in terms of the normal velocity on the surface, uq: 


P(r) = 


jpcuoka 2 e -> k(r a ) 
1 +jka r 


(10.15a) 


The acoustic waves from a pulsating sphere (see Section 3.23) are called sim¬ 
ple spherical waves because they propagate in all directions with the same am¬ 
plitude. They are a useful approximation for the far field of transducers of any 
shape that have surface velocities in phase at frequencies where the transducer 
dimensions are small compared to the wavelength. It is only necessary to replace 
the source strength of the pulsating sphere by the source strength of the transducer. 
Source strength is defined as the integral of the normal velocity over the area of the 
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vibrating surface: 


Q = y J u(r) ndS, (10.18) 

A 

where n is the unit vector normal to the surface and dS is the area element on 
the surface of the transducer (see Sect. 10.4.1 regarding this definition of source 
strength). Note that source strength is equal to volume velocity with units of 
m 3 /s. Thus the source strength of the pulsating sphere is Q = 47ta 2 uo. For ka 
1 the amplitude constant is Ao = tupuoka 2 = [pck 2 /47t]Q, and Eq. (10.15) 
becomes 

p(r) = — Qe“ jkr . (10.15b) 

47tr 

This expression holds approximately for many transducers with shapes other than 
spherical at sufficiently low frequency, but at higher frequency the pressure am¬ 
plitude varies with direction. 

The pulsating sphere is also the basis for the point source concept. The point 
source is the idealized case in which the radius of the pulsating sphere approaches 
zero while the velocity increases to make Q = 47ta 2 uo remain finite. Point sources 
can be considered non-scattering because of their infinitesimal size and thus can 
be superimposed to give the fields of other more realistic sources—as we will do in 
the next sections. Since the wave equation is linear, any superposition of solutions 
that satisfy the same type of boundary conditions on the same surface is also a 
solution. 

The instantaneous acoustic intensity vector, I, defined as the product of the 
acoustic pressure and the particle velocity vector, pu, is a measure of the flow of 
acoustic energy. It has dimensions of energy per unit area per unit time or power 
per unit area usually expressed in W/m 2 or W/cm 2 . The magnitude of the time- 
average intensity vector, denoted by <I>, is of most interest. Appendix A.3 shows 
that in general, 

< I >= y 2 Re(pu*), (10.19a) 

and for plane waves Eqs. (10.6) and (10.12) give 


PP* _ IPrms I ~ 
2 pc pc 


(10.19b) 


The acoustic energy flows in the direction of propagation of the plane wave. For 
simple spherical waves the particle velocity vector has only a radial component 
which is obtained from Eq. (10.15): 


u r 


i gp = p_ r 1 + J_ 

jcup dr pc |_ jkr 


( 10 . 20 ) 


Then the intensity is '/2 Re ( pu*) = pp*/2pc as for plane waves. Although this 
expression for the time-average intensity holds exactly only for plane waves and 
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simple spherical waves, it may be used for all projectors in the far field where 
the radiation is essentially spherical, although it may vary with direction. The 
energy flow in simple spherical waves is radially outwards. A reactive component 
of intensity also exists (see Section 4.5.7 and Appendix A.3). 


10.2. Far-Field Acoustic Radiation 
10.2.1. Line Sources 

It can be seen from Eq. (10.15b) that the pressure field for the pulsating sphere 
does not change form as the distance from the sphere increases. However, most 
acoustic radiators have more complicated pressure distributions in the near field 
that become approximate spherical waves with directional dependence at suffi¬ 
cient distance from the radiator. A simple example is a uniformly vibrating cylin¬ 
drical line source of length L and radius a where a is much smaller than both L 
and the wavelength. It can be considered to consist of a large number of adjacent 
infinitesimal point sources each of length dzo as shown in Fig. 10.4. 

The differential contribution to the pressure field from each point source is given 
by Eq. (10.15b) as 

dp = J S dQe ” jkR ’ (1 °' 21) 

where dQ = 27tauodzo is the differential element of source strength and uo is the 
radial velocity. Although cylindrical coordinates are natural for this line source 
with cylindrical symmetry, spherical coordinates are more convenient for calcu¬ 
lating the far field since it consists of spherical waves. Thus Fig. 10.4 shows that 
R = [r 2 + zo 2 — 2rzo cos 0] 1 / 2 is the distance from dQ at zo to the far-field point 
(r, 0); the field is independent of c[) because of the symmetry. The pressure field of 
the whole line is given by superimposing the fields of all the point sources. This is 


z 



FIGURE 10.4. Coordinates for calculating the far-field at (r, 0) of a line source of length, L. 
A source element of length dz 0 is shown. The field is independent of c|). 
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accomplished by integrating Eq. (10.21) over zq from -L/2 to +L/2. The integra¬ 
tion can only be done easily in the far held where r > > L and R in the denominator 
can be approximated by r. However, R in the exponent must be approximated by 
r— zq cos 0 to preserve the phase relations that are critical in determining the direc¬ 
tivity function. The result for the far-held pressure of the continuous line source 
in terms of the angle a = (n/2) — 0 is 


p(r, a) 


jpckQo e jkr sin[(kL/2) sin a] 
47 t r (kL/2)sina 


( 10 . 22 ) 


where Qo = 2ttaLuo is the source strength of the whole line. The factor e _jkr /r in 
Eq. (10.22) shows that the far held consists of spherical waves, as it does for all 
hnite size sources. But these are not simple spherical waves, because the pressure 
amplitude varies with direction from the source as shown by the dependence on 
the angle a. When spherical waves depend on angle, as they do in most cases, 
components of particle velocity and intensity exist that are perpendicular to the 
radial components, but in the far held they are negligible. 

The function of a in Eq. (10.22) is the familiar sinx/x, or Sinc(x) function, and 
its square is the normalized acoustic intensity directivity function or beam pattern 
with maximum value unity in the plane that bisects the line source where a = 0. 
As a increases, the pressure decreases with a null at (kL/2)sina = n, then another 
lobe and another null, and so on, with the number of nulls depending on the value 
of kL. A typical pattern in one plane is illustrated in Fig. 10.5. 

The most useful part of the beam pattern is the main lobe, and its most important 
feature is its angular width. Usually the - 3dB points on each side of the main 
lobe are used as a measure of the beam width (BW). This occurs when (kL/2) 
sina ~ 1.4 giving a beamwidth of 2sin '(2.8/kL), which, when L A and the 
beams are narrow, simplifies to 


BW = 5.6/kL radians = 51A/Ldegrees. 


The side lobes on both sides of the main lobe usually are undesirable, and the 
first side lobe, being the highest, is the most troublesome. Its peak occurs when 
(kL/2)sin a ~ 3n/2 with a value of (2/37t) 2 or 13.5 dB below the peak of the 
main lobe. This result applies to the continuous line source with uniform source 


Source 

Axis 



FIGURE 10.5. Far-field beam pattern of a line source for kL = 371. The symmetrical three 
dimensional pattern is given by rotation about the axis of the source. 
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strength. Line arrays of individual transducers can be shaded to reduce the side 
lobes relative to the main lobe (see Chapters 5 and 6). 

The directivity factor, defined in Eq. (1.20), can be calculated from the beam 
pattern function in Eq. (10.22). The normalized maximum intensity is unity at 
a = 0, and the normalized intensity averaged over all directions is 


L 


271 71 



0 0 


sin[(kL/2) sin a] 
(kL/2) sin a 



sin[(kL/2) sin a]" 2 
(kL/2) sin a 


cos ada. 


where a = (jt/2) — 0. Using q = (kL/2)sina converts this integral to a form that 
can be approximated, for kL 1, by a tabulated definite integral [1,4] as follows: 


I 


a 


2 

kL 


kL/2 


sm 2 q 


dq : 


Thus the directivity factor is 


and 


D f = 


1 ( 0 ) 

la 


DI = 10 log 2L/A 


2 

kL 


OO 


0 


sin 2 q 


dq — 


2 K 

kL 2 


kL _ 2L 
k A ’ 


20- lOlogBW dB, 


(10.23) 


(10.23a) 


with the beam width (BW) in degrees. Both Horton [4a] and Burdic [4b] discuss 
the line source and other acoustic sources, and give Df for the line source in terms 
of the Sine Integral (Si) by exact evaluation of the integral above. Horton also 
gives an approximation that improves the value in Eq. (10.23a): 


D f = 



A 

7t 2 L 


), 


which shows that 2L/A is correct to within about 10% when L > A. 


(10.23b) 


10.2.2. Flat Sources in a Plane 

The far field of flat radiators mounted flush in a large, rigid plane baffle can be 
formulated from point source fields by first considering two point sources of equal 
source strength vibrating in phase and close together as shown in Fig. 10.6. Imag¬ 
ine the infinite plane that bisects the line joining the two sources and that is per¬ 
pendicular to that line. At every point on that plane the pressures from the two 
equal sources add, but the components of particle velocity normal to the plane are 
in opposite directions and cancel. Thus the field of the two sources is consistent 
with an infinite rigid plane baffle lying midway between them. The field of the two 
sources can be added to the fields of other pairs of equal point sources lying on 
each side of the same infinite rigid plane to construct the fields of continuous flat 
sources lying in the plane. The procedure is similar to that used for the line source. 
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FIGURE 10.6. Two point sources of equal strength have an infinite plane between them on 
which the normal velocity components cancel. 



Image 


FIGURE 10.7. Field of a small source near an infinite rigid plane by method of images. 


but the differential element of source strength is now the sum of two point-source 
fields, each the same as Eq. (10.21): 


dp = 


jpck 

4k 


dQ 


—e-^i 

Ri 


—e“j kR 2 

R 2 


(10.24) 


where Rj and R 2 are the distances from each source to an arbitrary field point (see 
Fig. 10.6). 

The reasoning that led to Eq. (10.24) is also the basis for the method of images. 
That method uses the fact that the field of a point source near an infinite rigid plane 
is the sum of the fields of the point source in free space and its image on the other 
side of the plane, as shown in Fig. 10.7 (also see Section 4.51). 

Now the field of an extended flat radiator mounted in the plane can be found by 
integrating Eq. (10.24) over the surface of the radiator while letting each pair of 
sources come together on the plane making Ri = R 2 = R. This can be done in any 
convenient coordinate system and for a flat radiator of any shape with any fixed 
velocity distribution, although the integral can seldom be evaluated analytically. 
Letting dQ = u(ro)dSo, the result for the pressure is 

^ jpck /’/’-* e - J kR 

P (r) = I I u(r 0 )—dS 0 . (10.25) 


Equation (10.25) was first given by Rayleigh [5] and is often referred to as the 
Rayleigh integral. It is one of the most frequently used equations in acoustics. 

The circular radiator with uniform normal velocity (called a circular piston be¬ 
cause of the uniform velocity) will be discussed first because it is used so often to 
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approximate the sound fields of transducers. For this case cylindrical coordinates 
are appropriate with the origin at the center of the piston. Letting the normal ve¬ 
locity of the piston be uo and writing the differential element of area as dSo = ro 
drodcjto, where ro and 4>o are source coordinates on the surface of the piston as 
shown in Fig. 10.8, Eq. (10.25) becomes 

271 a 

jpckuo f f e -jkR 

P(r, z) = ^ J J —— r 0 dr 0 dct) 0 , (10.25a) 

o o 

where R 2 = r 2 + z 2 + rg — 2rro cos 4>o- a is the radius of the piston, and the field 
coordinate 4> does not appear because of the circular symmetry. 

The integration in Eq. (10.25a) can be done analytically only for a limited num¬ 
ber of field points: those in the far field, those on the axis of the piston, and those 
on the edge of the piston. The average pressure over the surface of the piston can 
also be calculated, which gives the radiation impedance (see Section 10.4). 

As always, the far field consists of spherical waves and is more conveniently 
calculated after changing to spherical coordinates where R 2 = r 2 + r f 2 — 2rro sin 0 
cos cj)o and again, because of symmetry, 4> does not appear. In the far field, where 
r ro < a, the distance to the field point simplifies to R = r — ro sin 0 cos 4>o- and 
Eq. (10.25a) becomes 


271 a 

p(r, 0) = ~y~ j y ^ kroSin0COS( ' 5o r O drodct)o, (10.26) 

o o 

where R in the denominator was approximated by r. This is a known integral [6] 
that results in the first-order Bessel function, Ji, and the final result is 


P(r, 9) = jpcku 0 a 2 


e J kr J i (ka sin 0) 
r ka sin 0 


(10.27) 



FIGURE 10.8. Cylindrical coordinates for calculating the field of a circular piston radiator 
in an infinite rigid plane. 


450 


10. Acoustic Radiation from Transducers 


0 = 0 ° 



FIGURE 10.9. Far field beam pattern of circular piston in an infinite rigid plane for ka = 
3jt. The three dimensional pattern is given by rotation about 0 = 0°. 


The function of 0 in Eq. (10.27) is the directivity function with a main lobe on 
the axis of the piston surrounded by a series of side lobes as shown in Fig. 10.9. 
The -3dB points on the main lobe occur for kasin0 = 1.6, and the beam width for 
large ka is given by 


BW = 3.2/ka radians = 58A/D degrees, 


where D = 2a is the piston diameter. Thus the acoustic beam of a piston is 20% 
broader than the beam of a line with length equal to the piston diameter, but the 
first side lobe is 17.8 dB below the main lobe, while the first side lobe for the line 
is only down 13.5 dB. 

The maximum intensity occurs at 0 = 0, and is obtained from Eq. (10.27) as 


Io = 


(PP*) 1 9=0 
2 pc 


k 2 pcu^a 4 

8 ? 


(10.28) 


The average intensity to be used in calculating the directivity factor, defined in 
Eq. (1.20), is equal to the total radiated power divided by the area of a sphere at 
a distance r in the far field. Since the total radiated power, W, can be expressed in 
terms of the radiation resistance, R r , the average intensity can be written as 


I a = W/4ttr 2 = (R r u5/2)/47tr 2 (10.29) 

and then the directivity factor becomes 

D f = I 0 /I a = (7tk 2 pca 4 )/R r . (10.30) 

The radiation resistance for the circular piston will be calculated in Section 10.4, 
and when used in Eq. (10.30) it gives 


D f = (ka) 2 /[l - Ji(2ka)/ka]. 


(10.31) 
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When ka exceeds 7t. Ji (2ka) becomes small and 

D f « (ka) 2 = (27ta/A) 2 = 4 ttA/A 2 , (10.31a) 

where A is the area of the piston. The same result is also obtained by letting 
R r = pc7ta 2 in Eq. (10.30), showing that pc loading is the basic requirement for its 
validity. This simple form is a very convenient approximation for the Df of large 
piston sources with shapes other than circular (see below for rectangular pistons). 
When ka is much less than 1, Eq. (10.31) gives Df ~ 2, because of the rigid 
baffle and Df being defined in terms of 47tr 2 rather than 2ttr 2 . Thus Eq. (10.31) is 
a good approximation for small pistons with a large baffle, and it is also good for 
large pistons with no baffle, because then the piston approximately baffles itself. 
Fig. 10.10 shows DI = lOlogDf as a function of ka for the circular piston in a 
baffle. Note that DI for a two dimensional radiating surface, such as the piston, is 
much greater than that for a one dimensional line radiator; for example, a piston 
with 2ka = 20 has DI ~ 20dB, while a line with kL = 20 has DI « 8dB. 

Equation (10.25) can be applied to other radiators in rigid plane baffles. For 
a rectangular piston vibrating with uniform normal velocity, uo, in the x,y plane 
with side lengths a and b (see Fig. 10.11), the far field is given by 

b/2 a/2 

p(r,e, 4 >) = j j ei ksin 0 (xoCOS * +y o sin *)dx o dy o 

-b/2-a/2 

jpckuoab e~ jkr sin[(ka/2) sin 0 cos 4)] sin[(kb/2) sin 0 sin eft] 

2n r (ka/2) sin 0 cos 4> (kb/2) sin 0 sin cf) 

(10.32) 



FIGURE 10.10. Directivity index vs. ka for the circular piston. 
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Field Point 

(x, y, z) 



FIGURE 10.11. Coordinates for calculating the field of a rectangular piston radiator in an 
infinite baffle. 


This expression shows that the far-held beam patterns in the x, z (cf) = 0) and 
y, z (cj) = Jt/2) planes are the same as those of a line source. It can also be seen 
that the patterns in other planes for other values of <£> are the product of two sim¬ 
ilar functions. In these cases the far field is the Fourier transform of the source 
function, since sinx/x is the Fourier transform of a “box car” function. The di¬ 
rectivity factor for a large rectangular piston is found to be 47tab/A 2 = 47tA/A 2 , 
by following the procedure used above for the circular piston with R r = pcab. 
Thus Eq. (10.31a) is valid for rectangles as long as both sides are long com¬ 
pared to the wavelength, for only then is the piston approximately pc loaded with 
R r Rs pcab. 

Far-field directivity functions have also been obtained for circular radiators with 
axially symmetric nonuniform velocity distributions that approximate flexural disk 
transducers [7]. The results show, as expected, that when the velocity at the center 
of the source is higher than the average velocity, the main lobe is broader and the 
side lobes are lower. The far field of the wobbling (or rocking) piston has also 
been calculated [8]. 

The following convenient approximations for the directivity index of pistons 
that are large compared to the wavelength can be derived from Eq. (10.31a) and 
the approximations for beam widths given previously for the line and circular 
piston: 


DI Rs 45dB — 20 log BW, for circular pistons, 

DI Rs 45dB — lOlogBWi — lOlogBWA, for rectangular pistons, 

where BWj and BWi are the beam widths in planes parallel to the sides of the 
rectangle, and all beam widths are in degrees. (Note: These and other radiation- 
related expressions are listed in Appendix A. 13). 

The field of the annular piston in a plane rigid baffle (see Fig. 10.12) provides a 
good example of the utility of superposition. 
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a - b 



FIGURE 10.12. The boundary conditions for two concentric circular pistons combine to 
give the boundary condition for an annular piston when the velocities are equal and opposite 
(u b = —u a ). The sound field of the annular piston is the sum of the sound fields of the two 
pistons. 


The far-held pressure of two circular pistons, one of radius a, the other of radius 
b with b < a, lying in the same plane with centers at the same point is given by 
Eq. (10.27) as 


p(r, 0) = jpck 



J i (ka sin 0) 
ka sin 0 


+ u b b 2 


J i (kb sin 0) 
kb sin 0 


(10.32a) 


where u a and u b are the velocity amplitudes of the two pistons. If u b = —u a the 
combined velocity distribution and pressure held is that of an annular piston of 
width (a-b) with velocity u a . When (a - b) a, the annular piston becomes a thin 
ring with the far-held directivity function proportional to Jo(kasin0). The held 
of the thin ring can be found directly from Eq. (10.25a) by using a delta function 
velocity distribution, u(ro) = uoaS (ro —a), or by writing a = b+ A in Eq. (10.32a) 
and letting A —> 0 while u a bA remains equal to the source strength. The result in 
the far held is 


p(r, 0) = jpcku 0 a 2 Jo(ka sin 0) 



(10.32b) 


r 


Superposition holds at all points in the near held and far held, but only the far 
held can be expressed in a simple way by using Eq. (10.27). As other examples 
of the use of Eq. (10.32a), u b = u a gives the held of a piston with a step function 
velocity distribution, while more complicated axisymmetric velocity distributions 
can be stepwise approximated by combining the helds of several concentric pis¬ 
tons. This approach is the basis for an early patent by Massa intended for control¬ 
ling side lobes [9]. Note that the superposition takes a simple form in these cases 
because the pistons are concentric, but the solutions for non-concentric pistons in 
the same plane can also be superimposed. 
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Although individual transducers often have some surrounding structure that rep¬ 
resents a partial baffle it is usually small compared to the wavelength and some¬ 
times far from rigid, making the infinite rigid baffle case of questionable value (see 
Section 12.75). The effects of finite size baffles and non-rigid baffles usually must 
be analyzed by numerical methods (see Sections 7.4 and 11.4). Piston transducers 
located in the interior of large, close-packed arrays are baffled by the surround¬ 
ing transducers, and can be considered to be in a rigid baffle if the interactions 
between transducers are included (see Chapter 5). 


10.2.3. Spherical and Cylindrical Sources 

Some other cases that are easy to calculate and very useful as approximate models 
for transducers can be obtained from the spherical coordinate solution of the wave 
equation in Eq. (10.14). The spherical source that vibrates along the z-axis as a 
rigid body (see Fig. 10.2) has the same z-component of velocity over its whole 
surface, but the normal component of velocity varies over the surface as cos 0. 
Since this vibration is symmetric about the z-axis, the acoustic field it radiates 
must have the same symmetry, and the index, m, in Eq. (10.14) must be zero. 
Thus the field can be described by the Legendre polynomials, P n (cos 0), and, since 
Pi (cos 0) = cos 0, it is the only function of 0 needed to make the field match the 
normal velocity on the surface. Thus the solution for the sphere vibrating as a rigid 
body is 

p(r, 0) = Aih^lkr) cos 0. (10.33) 

The cos 2 0 intensity beam pattern of this transducer is its most important charac¬ 
teristic, because it is the basic pattern of the various vector hydrophones described 
in Section 4.5. It also approximates the far field of any transducer with a rigid oscil¬ 
lating motion or with two similar parts moving out of phase. This pattern is called 
a dipole because it is the second in a series of multipole radiators corresponding to 
the index, n, on the Legendre polynomials, and it follows that the omnidirectional 
pulsating sphere pattern is called a monopole. Two point sources with small sepa¬ 
ration compared to the wavelength, and vibrating 180° out of phase, also have the 
dipole pattern. The dipole pattern is often combined with other patterns to achieve 
directional radiation or reception (see Section 4.5.6). Similar far-field patterns can 
be obtained by use of the circumferential extensional modes of cylindrical trans¬ 
ducers (see Section3.2.6) [10]. 

The far-field radiation from sources on an infinitely long rigid cylinder has been 
calculated by Laird and Cohen [11]. A useful simple case is a uniformly vibrating 
ring of axial length 2L that completely encircles the cylinder, for which the far- 
field pressure in spherical coordinates (r, 0) is 


P(r, 0) 


2pcuoL Sinc(kLcosO) e jkr 
7t sinOH^kasinO) r 


(10.34) 


Radiation from portions of a cylinder will be discussed more fully in Chapter 11. 
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10.3. Near-Field Acoustic Radiation 
10.3.1. Field on the Axis of a Circular Piston 

The part of the acoustic field near a transducer, the near field, is more spatially 
complicated than the far field and, therefore, more difficult to calculate. One of 
the few cases that can be easily calculated and expressed in a simple way is the 
field on the axis of a circular piston in an infinite rigid plane. At a point z on the 
axis of the piston in Fig. 10.8 the distance R in Eq. (10.25a) is R 2 = z 2 + r^, since 
r = 0. Because z remains constant in the integration over the surface of the piston, 
RdR = rodro, and Eq. (10.25a) becomes 

271 R2 

p(0, z) = j I e-J kR dRdct) 0 , (10.35) 

0 Ri 

where Rj = z and R 2 = (z 2 + a 2 ) 1 / 2 . Integrating Eq. (10.35) gives 


p(0, z) = — pcu 0 [e 
= 2j pcuo sin 


-jk(z 2 +a 2 )F2 _ — jkz 


- (\/ a 2 + z 2 — z) 


a 2 +z 2 +z) 


(10.36) 


Equation (10.36) shows that the pressure amplitude on the surface of the pis¬ 
ton at the center is 2pcuo sin(ka/2), and, if ka is large enough, the pressure varies 
along the piston axis between maxima of 2pcuo and zero as shown in Fig. 10.13. 
When the diameter of the piston equals k, the quantity ka = n and the only max¬ 
imum occurs on the surface at the center. When ka < Jt, the maximum is at 
the center with a value less than 2pcuo; when ka > n one or more maxima oc¬ 
cur along the axis. The maximum on the axis farthest from the piston occurs at 



z/a 

FIGURE 10.13. Pressure amplitude on the axis of a circular piston for ka = n where the 
only maximum is on the surface, for ka = 2n and ka = 471. 
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z = a 2 /A - A/4; beyond that the pressure decreases steadily and approaches the far- 
held z-dependence of c~ |kz / z. The transition from near held to far held is gradual, 
but this example shows that when z exceeds a 2 /A the far held has been approxi¬ 
mately reached. The transitional distance 2a 2 /A is referred to as the Raleigh dis¬ 
tance. Estimates of where the far held begins are important when making acoustic 
measurements and can be based on the circular piston case ( see Chapter 12). 

The axial pressure variations displayed by the circular piston are extreme be¬ 
cause of the high degree of symmetry in this case; such large variations occur only 
on the axis, only for a circular piston, and only for sufficiently high frequency. For 
a rectangular piston, the held in a region directly in front of the piston is more 
uniform and has some resemblance to a plane wave when the piston is large com¬ 
pared to the wavelength. Note that, although the pressure on the axis of the circular 
piston varies from zero to 2pcuo, the average value is approximately pcuo as in a 
plane wave. 

The held at any point on the axis of a thin ring can be found from Eq. (10.25) 
by using the delta function velocity distribution, u(ro) = U(ja8(ro - a). The result is 

p(0, z) = jpcku 0 a 2 [e“ jk(z2+a2)1/2 /(z 2 + a 2 ) 1/2 ]. (10.36a) 

All the pressure contributions from a thin ring source arrive at a point on the axis 
in phase; thus there are no pressure amplitude fluctuations along the axis as there 
are for the piston. The expressions for the pressure at any point on the axis of a 
piston or ring provide a convenient basis for extrapolating near-held transducer 
measurements to the far held (see Chapter 12). 


10.3.2. The Effect of the Near Field on Cavitation 

Cavitation occurs in water when the acoustic pressure amplitude exceeds the hy¬ 
drostatic pressure. Then during the negative pressure part of each cycle tiny bub¬ 
bles may form around particulate impurities in the water that act as cavitation 
nuclei. The bubbles in the otherwise homogeneous medium cause scattering and 
absorption of sound. Thus cavitation in the near held of high power transducers 
and arrays limits the radiated acoustic power. Urick [12] discusses many practical 
aspects of cavitation, while here we show how pressure variations in the near held 
of a transducer may affect the onset of cavitation. 

For a plane wave near the surface of pure water cavitation may begin when the 
pressure amplitude exceeds one atmosphere (~10 5 Pa) and the cavitation limited 
intensity is then 


I c = p 2 /2pc = 1/3 W/cm 2 . (10.37) 

The cavitation limit is increased at a water depth of h feet, which adds h/34 
atmospheres to the static pressure at a temperature of 40° F. It is also increased if 
there is little dissolved air in the water, or other impurities that act as cavitation 
nuclei; then the water can be considered to have an effective tensile strength of 
T atmospheres [12], The limit may also increase with frequency, but this effect 
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is small below about 10 kHz. The spatial variation of pressure in the near field 
of transducers, such as that illustrated in Fig. 10.13, is a factor that decreases the 
cavitation limit because cavitation begins at the maxima of pressure amplitude. 
Thus estimating the cavitation limited output of a transducer requires knowledge 
of the spatial variations of pressure amplitude in its near field. The radiated power 
of the transducer can be related to the maximum pressure in the near field, and the 
cavitation-limited intensity at the surface of the transducer resulting from all these 
effects can be expressed as 

I c = (y/3)(l + h/34 + T) 2 W/cm 2 . (10.38) 

In Eq. (10.38) yis the dimensionless near-field cavitation parameter defined as [13] 

y = (R r /p cA)/(|p m | /p cu 0 ) 2 , (10.39) 

where R r is the radiation resistance referred to the velocity uo, A is the radiating 
area of the transducer, and p m is the maximum pressure amplitude in the near field 
for the velocity uo. Note that, if a transducer could radiate a plane wave, y would 
be unity, since then R r = p cA and p m = p cuq. For a pulsating sphere, where 
the surface pressure is uniform, y is also unity. However, the near field of most 
transducers contains a reactive part of the pressure, which does not contribute to 
radiation but does contribute to forming pressure maxima, which makes y less 
than unity. 

Numerical results for y are shown in Fig. 10.14 for flat circular sources in a rigid 
plane baffle [13]. 

This figure compares the uniform-velocity piston and circular plates vibrating 
in fundamental flexural modes with different nonuniform velocity distributions. 



ka 

FIGURE 10.14. Cavitation parameter for circular radiators with different velocity distrib¬ 
utions. All except the piston are flexing plates with different boundary conditions [13]. 
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The supported-edge and clamped-edge plates have the most nonuniform velocity 
distributions, because the velocity is zero on the edge, and they have the lowest 
values of y. The supported-center case has the highest value of y but only for 
small ka. It should be noted that for none of these circular sources does y approach 
unity for very small ka. This is related to the fact that the pressure distributions for 
circular sources do not become uniform no matter how small the source compared 
to the wavelength. This will be shown for the circular piston by comparing the 
pressure on the edge with the pressure at the center. 

The field on the edge of the circular piston can be calculated from Eq. (10.25) 
using polar coordinates R and a in the plane of the piston with the origin at an 
arbitrary point on the piston edge (see Fig. 10.15). Then the differential area is 
RdRd a, the integration over R goes from 0 to 2acos a, and the integration over a 
from 0 to Jt/2 covers half the area. After integrating over R and multiplying by 2, 
the pressure on the edge in cylindrical coordinates, (r,z), becomes 

71/2 

p(a, 0) = ~~ J (1 - e“ 2jkacosa )da. (10.40) 

o 

This integral can be evaluated in terms of zero-order Bessel (Jo) and Struve (So) 
functions with the result 

p(a, 0) = 1/2 P cu 0 [l - J 0 (2ka) + jS 0 (2ka)]. (10.41) 

At very low frequency, where ka <£ 1, the pressure on the edge simplifies to 

pi (a) = j p cu 0 (2ka/7t), (10.41a) 

while Eq. (10.36) gives the pressure at the center of the piston for ka 1 as 

pi (0) = j p cu 0 (ka). (10.41b) 

The factor j in Eqs. (10.41a,b) shows that these are reactive pressures related to 
radiation mass. The radiation resistance has been neglected in this approximation 



FIGURE 10.15. Coordinates for calculating the pressure on the edge of a circular piston. 
The integration over R goes from 0 to 2a cos a, the integration over a goes from Jt/2 to 
—71/2. 
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for ka 4C 1. Thus the pressure at the center is higher by the factor n/2 than the 
pressure on the edge, even as ka approaches zero. Using pi(0) for the maximum 
pressure in Eq. (10.39) with R r /p cA = 1/2 (ka) 2 (as will be shown in Section 10.4.2 
for small ka) gives a cavitation factor of '/2 as shown in Fig. 10.14. 

Although these examples of the cavitation factor do not apply exactly to any 
real transducer, they are useful for estimating cavitation-limited power in practical 
cases. 


10.3.3. Near Field of Circular Sources 

We pointed out that the near field of the circular piston can only be calculated 
analytically from Eq. (10.25) along the axis and on the edge. However, the near 
field can be calculated from that equation at any point by numerical integration, 
and that has been done for some specific cases long ago, mainly by Stenzel [14], 
These results are still useful and are included in Rschevkin’s book [15], where the 
field on the surface and directly in front of the piston is given for several values 
of ka. 

Comparing the circular piston in an infinite, rigid, plane baffle with two closely 
related cases gives another example of near fields. It is evident from the way the 
circular piston problem was solved that it is equivalent to the same piston vibrating 
equally on both sides without a baffle. Now consider the same piston oscillating as 
a thin rigid body in which the outward velocities on the two sides are 180 degrees 
out of phase (see Fig. 10.16). 

In this case the pressure on the infinite plane surrounding the piston, including 
the edge of the piston, is zero because each side of the oscillating piston makes 
opposite contributions to the pressure at every point on that plane. The field cannot 
be calculated from Eq. (5.25) because there is no infinite rigid plane, but this 
problem has been solved by Silbiger [16] using oblate spheroidal coordinates. His 
result for the pressure at the center of the oscillating piston for ka <$C 1 is 

P2(0) = j p cuo(2ka/Jt), (10.41c) 

while 

p 2 (a) = 0. (10.41d) 

The third case is the same unbaffled piston vibrating on one side only. This case 
is given by superimposing the solutions for the previous two cases, since addition 


i 

1 


i 

t 


FIGURE 10.16. Adding the field of the piston vibrating equally on both sides to the field 
of the oscillating piston gives the field of the piston vibrating on one side. 
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of the surface velocities gives 2uo on one side and zero on the other side as shown 
in Fig. 10.16. Thus the field of the piston vibrating with velocity amplitude, uo, 
on one side only, is half the sum of the fields in the other two cases. Using Eqs. 
(10.41a,b,c,d) the pressures on the edge and at the center of both sides are 

P 3 (a) =j pcu 0 (ka/7t), 

P3 (O)front = j P CU 0 [ka(7t + 2)/27C], 

P3 (0)back = j P cu 0 [ka(7t - 2)/2jc], 

For the unbaffled piston vibrating on one side with ka < 1, the pressure at 
the center of the vibrating side exceeds the pressure on the edge by (jt/2 + 1), 
and it exceeds the pressure at the center of the back side by (7t + 2 )/(tc — 2). 
Comparing this result with the baffled-piston case above shows that the pressure 
on the surface for ka 1 is significantly more nonuniform for the unbaffled piston. 
These reactive pressure distributions on the piston surface are related to radiation 
mass distributions. Some of these near-field results will be used in Chapter 12 as 
an approximate basis for evaluating projectors by near-field measurements. 


10.4. Radiation Impedance 

The radiation impedance is one of the most important characteristics of the 
acoustic field of a transducer. It depends directly on the near field since it is the 
average of the pressure, or of the product of pressure and velocity when the veloc¬ 
ity is nonuniform, over the surface of the transducer. The radiation resistance is a 
measure of the power the transducer is capable of radiating for a given velocity and 
is the critical factor in determining the efficiency and the effective bandwidth. The 
radiation reactance is also important because it affects the resonance frequency of 
the transducer and the bandwidth. In this section we will calculate the radiation 
impedance of typical simple radiators, and will give numerical results. 


10.4.1. Spherical Sources 

The general definition of radiation impedance for fixed-velocity-distribution trans¬ 
ducers, given in Eq. (1.4), is repeated here: 

Z r = (1/uoUq) jj p(r)u*(r)dS. (1.4) 

s 

For the monopole sphere where the velocity is uniform and u( r) = uo the defini¬ 
tion reduces to the surface integral of the pressure: 

271 71 


Z r Q = (1/Uq) 


0 0 


p(a, 0, cf))a 2 sin BdGdcf), 


(10.42) 
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where the pressure on the surface is also uniform and given by Eq. (10.15a) as 


p(a) = 


j pcuoka 
(1 + jka) 


(10.43) 


Thus the integral is evaluated by multiplying by the surface area and, when sepa¬ 
rated into resistance and reactance, gives 


? (ka) 2 + jka 

Z r0 = R r0 +jX r0 = 47ta 2 pc J . (10.44) 

1 + (ka)- 

Equation (10.44) illustrates several general characteristics of radiation impedance 
that hold for any radiators with predominately monopole characteristics. At low 
frequency R r o is proportional to frequency squared or (ka) 2 , while at high fre¬ 
quency it approaches pc times the area, which is the plane wave mechanical im¬ 
pedance, pcA. The reactance X r o at low frequency is proportional to frequency, 
and the radiation mass, defined as X r o /cu, is constant and equal to 47ta 3 p for the 
monopole sphere. This value of the low-frequency radiation mass is three times 
the mass of the water displaced by the sphere or equal to the mass of a layer 
of water surrounding the sphere 0.59a thick. At high frequency jX r o approaches 
—47tapc 2 /jcu, and behaves like a negative stiffness reactance. This negative stiff¬ 
ness has been used to cancel the stiffness of a transducer [16a]. The radiation 
resistance and reactance are shown as functions of ka in Fig. 10.17. 

The low-frequency radiation resistance of the monopole sphere can be written. 


RrO = 


2 *2 


pck“A 

47t 


(10.44a) 



FIGURE 10.17. Radiation resistance and reactance for monpole (-) and dipole (-) 

spherical radiators. 
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where A is the area of the vibrating surface. This is a very useful approximation 
for the radiation resistance of a small, unbaffled, predominantly monopole radiator 
of any shape. Eq. (10.44a) is a special case of the general relationship between 
radiation resistance, directivity factor, and the diffraction constant when the latter 
two quantities are unity (see Section 4.6). 

For the dipole sphere, where the normal velocity is not uniform, a reference 
velocity must be chosen. Since u = uo cos0, a natural choice for reference velocity 
is uo, and the radiation impedance referred to uo is given by Eq. (1.4) as 

Zri = —— JJ p(r) cos 0dS, (10.45) 

s 

where p on the surface is given by Eq. (10.33) with r = a. Equation (10.45) then 
becomes 

Y r 2 tz rTi 

Zri = — / / Ajh^ 2 ’ (ka) cos 2 0 a 2 sin 0d0dcf>, (10.46) 

Uo Jo Jo 

and Ai remains to be evaluated as a function of ka by using Eqs. (10.33) and (10.6) 
to satisfy the boundary condition on the velocity. The result is 


■jh< 2) (ka) 


Zri = R r i + jx rl = 4tta-pc 


h®(ka) — 2112 "'(ka) 




47ta"pc 


(ka) 4 +j[2ka+ (ka) 3 
4 + (ka) 4 


(10.47) 


The last form of Eq. (10.47) is convenient because it is in terms of ka only; it can 
be obtained by expressing the spherical Hankel functions in terms of trigonomet¬ 
ric and algebraic functions [17]. The radiation impedances for the monopole and 
dipole are shown together in Fig. 10.17. 

A similar calculation for the quadrupole sphere, where the sound field is pro¬ 
portional to P 2 (cos 0) = (l/4)(3cos20 + 1), gives the radiation impedance [10] 


Z r2 = 


47ta 2 pc {(ka) 6 + j [27ka + 6(ka) 3 + (ka) 5 ]} 
5 [81 + 9(ka) 2 - 2(ka) 4 + (ka) 6 ] 


(10.48) 


The monopole sphere is an excellent acoustic radiator; the dipole sphere, with 
equal portions of the surface vibrating out of phase, is a poor acoustic radiator, 
and the quadrupole sphere is worse. This is shown by the behavior of the radiation 
resistances at low and high frequency: 


Forka 1: R,o ~ pc A (ka) 2 , 

R r i pcA(ka) 4 /12, 
R r2 « pcA(ka) 6 /405. 
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For ka 1: R r o Rs pc A, 

Rri - pcA/3, 

R r2 « pc A/5. 

These cases also illustrate a problem with the definition of source strength in 
Eq. (10.18). For the dipole and quadrupole sphere (and higher-order multipoles), 
that definition gives zero for the source strength, although these cases do radiate 
useful acoustic power (see Section 3.26). The definition of source strength used 
in Eq. (10.18) is appropriate only for sources that have predominantly monopole 
characteristics. A more general definition of source strength could be based on 
radiated power rather than normal surface velocity. 

10.4.2. Circular Sources in a Plane 

Although the near-field pressure for the circular piston in a plane cannot be cal¬ 
culated analytically except on the piston axis and on the piston edge it is possible 
to calculate the average pressure over the surface of the piston—which is essen¬ 
tially the radiation impedance. This calculation starts with Eq. (10.25a) using a 
coordinate system similar to that in Fig. 10.15, but now the origin is placed at an 
arbitrary point on the surface r = r, z = 0, between the center and the edge, as 
shown in Fig. 10.18. 

Then, after integrating over R from zero to Ro = r cos a + (a 2 - r 2 sin 2 a) 1,/2 , the 
pressure at this point on the piston surface becomes 

2k 

p(r, 0) = — [ (1 - e“ jkR °)da. (10.49) 

2k J 

o 

The radiation impedance for this uniform velocity case is given by integrating 
Eq. (10.49) over the surface of the piston: 



FIGURE 10.18. Coordinates for calculating the pressure at an arbitrary point on the surface 
of a circular piston. The integration over R goes from 0 to r cos a + (a 2 — r 2 sin 2 a) 1/<2 , the 
integration over a goes from 0 to 2k. 
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1 


Uo 


1 


271 a 


Zr = // p(r,0)ds = - 


uo 


p(r, 0)rdrdc|j. 


o o 


(10.50) 


Since p(r,0) is not a function of <[j the integration over c|j gives the factor 2 ti, and 
when Eq. (10.49) is used 


a 271 


a 271 


Z r = pc / (1 — e j kR °)da rdr = pctta 2 


pc 


- jkR °dardr. (10.51) 


o o 


o o 


The remaining integral can be evaluated in terms of first-order Bessel and Struve 
functions. Note that a convenient approximation for the first-order Struve function. 
Si, is now available [18], The result for the radiation impedance of the circular 
piston is 

Z r = R r +jX r = p c 7t a 2 [1 — Ji(2ka)/ka +j Si(2ka)/ka], (10.52) 

At low frequency, the resistance is equal to pc7ta 2 (ka) 2 /2, while at high 
frequency it becomes constant at pctta 2 . The reactance at low frequency is 
pctt a 2 (8ka/3tt) corresponding to a radiation mass of 8a 3 p/3 or a disk of water 
with the same radius as the piston and a thickness of 8a/37t. At high frequency, the 
reactance goes to zero. The resistance and reactance are shown in Fig. (10.19) as a 
function of ka; these are probably the most frequently used curves for estimating 
the radiation impedance of transducers. 



FIGURE 10.19. Radiation impedance of a circular piston in an infinite baffle (-) and no 

baffle (-). The latter from Nimura and Watanabe [19], 
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Figure 10.19 also includes results for a piston vibrating on one side only with 
no baffle; these curves are similar to those given by Nimura and Watanabe [19] 
adjusted to reduce small errors. For example, the curves for the baffled piston can 
be considered exact based on Eq. (10.52), while those for the unbaffled piston 
come from an oblate spheroidal expansion for the oscillating piston [16, 19] com¬ 
bined with the baffled-piston results as explained in Section 10.3.3. The curves in 
reference [19] were adjusted to be consistent with the fact that for small ka the 
unbaffled resistance is half the baffled resistance. The unbaffled piston curves are 
very similar to those given by Beranek [20] for a piston mounted in the end of a 
long tube, which were derived from the Levine-Schwinger calculation for a plane 
wave radiating from the end of a long tube [21]. The unbaffled case usually gives 
a better estimate of the radiation impedance of a single transducer, but in a large 
array the surrounding transducers provide a significant baffle effect. 

Radiation impedance for sources in a rigid plane baffle have been calculated for 
circular sources with nonuniform velocity distributions [7, 8] and for square and 
rectangular pistons [22, 23]. Results for uniformly vibrating circumferential bands 
on long rigid cylinders have also been obtained [24, 25], 

It is obvious that none of the examples discussed in the preceding sections 
conform exactly to the geometry of realistic transducers. Indeed, one of the sim¬ 
plest geometrical shapes that does conform fairly well to many transducers, the 
finite-length cylinder, cannot be handled by the methods that have been presented. 
In spite of this, the results obtained by these analytical methods are valuable, 
because they provide general physical understanding as well as estimates of quan¬ 
tities that are essential for transducer design. Fortunately, finite element modeling, 
FEM, of transducer structures, described in Section 7.4, can be extended to the 
acoustic medium [26], and makes possible acoustic calculations that include re¬ 
alistic features of transducers. Some transducer-specific finite element programs, 
such as Atila [27], and PAFEC [28] avoid the need for large fluid fields by eval¬ 
uating the pressure and velocity on a closed surface near the transducer, and then 
using a Helmholtz Integral approach (see Chapter 11) for calculating the far-field 
pressure and beam patterns. Other numerical methods for acoustic calculations are 
described in Section 11.4. 
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This chapter will extend the results from Chapter 10 by using more advanced 
analytical methods for calculating acoustical quantities such as mutual radiation 
impedance. Before fast computers were available some of the results obtained by 
analytical methods had limited usefulness when they were expressed as slowly 
converging infinite series or integrals that required numerical evaluation. Now 
such series and integrals can be evaluated more easily. In some cases the ana¬ 
lytical methods give more physical insight, or can be reduced to a simpler form, 
than the strictly numerical methods. In this chapter, we will give results for several 
useful cases obtained by anaylytical methods, along with numerical evaluations. 
However, the most advanced analytical methods cannot handle the geometries pre¬ 
sented by practical transducers and arrays; in those cases finite element numerical 
methods are necessary. 

The influence of fast computing increased rapidly from about 1960 when new 
numerical methods for calculating sound fields began to be developed, methods 
which have now grown into the large field called boundary element methods 
(BEM). These numerical methods, when combined with structural finite element 
analysis, have advanced to the point where it is feasible to include many struc¬ 
tural details of a transducer or an array of transducers as well as the acoustics in 
the surrounding medium. An example of such calculated results for an array of 
sixteen transducers, including the water loading, was given in Section 5.6. A brief 
description of some of these numerical methods will be included in this chapter. It 
is fortunate that excellent books on acoustical radiation have been available during 
this period [1, 2, 3, 4, 5], Many books on BEM have appeared recently [6, 7], as 
well as a document on modeling transducers and arrays that includes advanced ra¬ 
diation calculations such as Helmholtz Integral methods, variational methods and 
doubly asymptotic approximations [8], 

11.1. Mutual Radiation Impedance 

11.1.1. Piston Transducers on a Sphere 

We will now use the general spherical coordinate solution in Eq. (10.14) to solve 
more complicated problems such as radiation from a piston on a rigid spherical 

467 



468 11. Advanced Acoustic Radiation Calculations 


surface. This is the first step in analyzing a spherical array of transducers, such as 
that often used in sonar (see Fig. 1.15). We will then take the next step and find the 
mutual radiation impedance between two pistons on a sphere that is needed to an¬ 
alyze a spherical array (see Chapter 5). We use the spherical coordinates (r, 0, cjt) 
in Fig. 11.1, and sum the solution in Eq. (10.14) over all values of the integers, m 
and n, to obtain a general expression for the pressure: 

oo n 

p(r, 0, 43) e j to? = ^ A nm P“(cos0)e jmc|5 h< 1 2) (kr)e' a,t . (11.1) 

n=0 m=—n 

This expression can be applied to any normal velocity distribution on a sphere by 
making the A nm coefficients satisfy the velocity boundary condition. To analyze 
the case of a single circular piston on a sphere it is convenient to locate the spher¬ 
ical coordinate system such that the 0 = 0 direction passes through the center of 
the piston as shown in Fig. 11.1. The normal velocity on the surface of the rigid 
sphere can then be written as 

u(0)e' a ’ t = upe^ 1 for 0 < 0 < 0oi, and 0 elsewhere, (11-2) 

where uo is the uniform normal velocity amplitude of the piston, and 0o; is the 
angular radius of the piston. Note that Eq. (11.2) describes a radially pulsating 
piston with a curved surface, rather than the flat surface of most transducers. This 
is a geometrical approximation that must be made to keep the analysis simple, 
since a sphere with a flat area does not conform to a constant coordinate surface 
in any coordinate system. It is a valid approximation acoustically when the piston 
is small compared to the sphere, that is, when ka (1 — cos0O;) < < 1 for a sphere 
of radius a. 


i 



FIGURE 11.1. Spherical coordinates for a circular piston on a sphere. 
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The boundary condition requires that the normal velocity in the water on the 
surface of the sphere be equal to the normal velocity of the sphere, u(0), at every 
point on the spherical surface at r = a. Since the velocity distribution in Eq. (11.2) 
does not depend on cfj, the radiated pressure field also has no c)j dependence, and 
only the case m = 0 is needed in Eq. (11.1). Then we have, after omitting the time 
factor e jun , 

OO 

p(r, 0) = yA n P n (cos0)h( 2) (kr), (11.3a) 

n=0 


and 


u(0) = 


1 5p 
jo>p or r=a 


k 

jwp 


OO 

^A n P n (cos 0 )h', fka), 
n=0 


(11.3b) 


( 2 \ 

where h' n (ka) = dh^ (x)/ 5x| x= ^ a . The A n coefficients can be determined from 
Eq. (11.3b) by using the orthogonality of the Legendre polynomials [4] with the 
result 

An = o-wn 0 x [ P n-l( COS %) ~ Pn+l(cOS 0 Oi )]. (11.4) 

2jh n (ka) 

Substituting Eq. (11.4) into Eq. (11.3a) gives the pressure field at all points outside 
the sphere: 


P(r, 9) 


pcu 0 ^ r P n _i (cos 0Oi) - Pn+l (cos 0 O i) 


P n (cos0)h^(kr). (11.5) 


An interesting discussion of the shadow zone in the space on the backside of the 
sphere, where 0 > 90°, has been given by Junger and Feit [5] for small pistons. 

When 0oi is large, this model no longer approximates a flat piston on a sphere; 
instead it represents a sphere with a radially pulsating portion. For 0oi = 7t, 
where the entire sphere vibrates with uniform normal velocity, these results re¬ 
duce to the pulsating sphere in Chapter 10, and the coefficients are all zero except 
Ao = pcuo/jhg(ka). For 0oi = Jt/2 half the sphere pulsates while the other half 
is motionless, which could serve as a model for a transducer in a housing. For 
ka no greater than 2 or 3 only a few terms of the series are needed for a useful 
approximation. 

The far-held and the radiation impedance are two practical kinds of information 
that can be obtained from Eq. (11.5). In the far held where kr > > 1, the spherical 
Hankel function becomes (j n+1 /kr)e -J , and Eq. (11.5) becomes 


P(r.0)=^re-*X 


2kr 


n=0 


■ n P n-1 (COS 0 Qj ) ~ P n+ 1 (COS 0 Oi ) ' 
h'(ka) 


P n (cos 0). (11.6) 


Although this result now shows the usual far-held radial dependence, the far- 
held directionality can only be found by numerical calculation. For the case of 
a large spherical array of projectors, where each transducer is small compared to 
the sphere, the value of ka is typically 20-30, and a large number of terms (equal 
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to more than the value of ka) are required for a good approximation to the series. 
For very large ka it is possible to use asymptotic methods to approximate infinite 
series of this type [5], For example, the Watson transformation converts the series 
to a residue series that converges in a small number of terms [9], 

In an array the mutual impedances between all the pairs of transducers must 
be calculated for a complete analysis of the array performance as discussed in 
Chapter 5. For a spherical array we consider another circular piston located on the 
same sphere at a position given by the angles a;j and p -, as shown in Fig. 11.2. 

The mutual radiation impedance between piston transducers was defined in Eq. 
(5.17) as the ratio of the acoustic force exerted on the j th piston by the i th piston to 
the velocity amplitude of the i th piston, which in this case can be written as 

2ji 0 Oj 

Z,= i/ j Pi (a, 0i)a 2 sin0jd0jd4)j, (11.7) 

o o 

where 0qj is the angular radius of the j th piston. The mutual impedance will be 
calculated for pistons of different sizes, although in most arrays all transducers 
have the same size. The integral for Z,j involves two different spherical coordi¬ 
nate systems, the original one used to express pi in Eq. (11.5) and another rotated 
system with its polar axis passing through the center of the j th piston. Since the 
integration is over the surface of the j th piston, the integration variables refer to the 
j th coordinate system, and p;(a, 0;) must be transformed to a function of 0j and <pj 
to evaluate the integral. 

The angles in the two coordinate systems are related by 

cos 0; = cos 0j cos P;j + sin 0j sin p^ cos(4)j — otij), (11.8) 



FIGURE 11.2. Spherical coordinates for two circular pistons on a sphere [10]. 
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and the spherical harmonic addition theorem [3] gives the needed transformation: 

P n (cOS 0i) = P n (COS 0j)P n (cOS Py) + 2 ^ + P™(C 0 S 0j)P“(cOS Pjj) 

m=l v 

x cosm(4)j — ay). (11.9) 

Note that Eq. (11.8) follows from Eq. (11.9) for n = 1. Combining Eqs. (11.9), 
(11.5) and (11.7) and integrating gives the mutual radiation impedance between 
two circular pistons of different sizes separated by the angle on the surface of 
a rigid sphere: 

oo i 

Zij = pc7ta 2 ^ 0 [p n _i (cos 0 O i) - Pn +1 (cos 0 O i)] 

n=0 Zn + 

h^ 2 ^ (kal 

X [Pn— 1 (COS 0 O j) - Pn +1 (cos 0Qj)] ^ (k a ) P n( COS Pij)- (11.10) 

The self-radiation impedance of a circular piston on a rigid sphere is given by Eq. 
(11.10) for P,j = 0 and 0 Oj = 0 oi : 

oo j j^(2) \ 

Zii = pc7ta 2 Y —— [Pn— t(cOS 0Oi) Pn+t(cOS 0Oi)]~ (1U1) 

^2n+l L Jh' n (ka) 

which could also be obtained directly by integrating Eq. (11.5) over the surface 
of the piston. Equation (11.10) was used to calculate mutual radiation impedance 
values [10] for comparison with plane and cylindrical cases in Fig. 5.15. As might 
be expected, for small separations the mutual impedance for small pistons on large 
baffles is essentially the same for all baffle shapes. Although the transducers in the 
spherical array in Fig. 1.15 are rectangular, Eqs. (11.10) and (11.11) can be used 
as approximations after replacing the rectangles by circles of the same area. The 
case of rectangular pistons on a sphere has been formulated, but numerical results 
have not been obtained [10]. 

Rectangular, circular cylinder, and spherical coordinates are the most com¬ 
monly used coordinate systems for acoustical problems because the special func¬ 
tions involved are familiar, but there are eight other coordinate systems in which 
the wave equation can be solved by separation of variables [3]. Useful results have 
been obtained by use of some of them, for example, Silbiger [11] and Nimura and 
Watanabe [12] used oblate spheroidal coordinates to calculate the sound field and 
the radiation impedance of an unbaffled disc vibrating as a rigid body. This is a 
solvable separation-of-variables problem because the limiting form of the oblate 
spheroidal constant coordinate surfaces is an infinitesimally thin disc. This case 
has special significance because it can be combined with the well-known case of 
the circular piston in an infinite rigid plane to obtain results for the disc vibrating 
on one side, as was discussed in Section 10.33. Boisvert and Van Buren [13, 14] 
calculated the sound fields and radiation impedances of rectangular pistons on pro¬ 
late spheroids using prolate spheroidal coordinates. The prolate spheroidal models 
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are more closely related to the shape of various underwater vehicles than those 
in any other coordinate system. McLachlan discussed the application of elliptic 
cylinder coordinates and Mathieu functions to acoustic radiation problems [15], 
and Boisvert and Van Buren have calculated the radiation impedance of rectangu¬ 
lar pistons on infinite elliptic cylinders [16]. 

Although the Helmholtz differential equation cannot be solved by separation of 
variables in the toroidal coordinate system, Weston developed a similar method of 
solution for this coordinate system [17, 18, 19]. It has been applied to calculating 
the sound field of free-flooding ring transducers, resulting in a toroidal model 
applicable to short, thin-walled rings that was used to calculate far-field directivity 
patterns for comparison with measured patterns [20], 


11.1.2. Piston Transducers on a Cylinder 

In spherical coordinates the constant coordinate surface r = a is a finite surface 
which makes this coordinate system especially suitable for describing practical 
problems. Part of the usefulness of spheroidal coordinates also depends on their 
finite constant coordinate surfaces, and especially the limiting cases, that is, a thin 
disc in the oblate system and a thin line of finite length in the prolate system. In 
rectangular coordinates the constant coordinate surfaces are infinite planes and in 
circular cylinder coordinates the constant z surfaces are infinite planes while con¬ 
stant r surfaces are infinitely long cylinders. The boundary conditions for practical 
problems on these infinite surfaces are usually not periodic, and integral transform 
methods are needed for solving the Helmholtz equation. In this section we will il¬ 
lustrate the integral transform method by using Fourier transforms to calculate the 
self- and mutual-radiation impedance for piston transducers on a rigid cylinder. 

Consider piston transducers modeled as small, rectangular portions of an infi¬ 
nitely long cylindrical surface of radius a as shown in Fig. 11.3 (also see Fig. 1.14). 
As in the case of pistons on a sphere these pistons are not quite flat, but the depar¬ 
ture from flatness is insignificant acoustically if the pistons are small compared to 
the cylinder radius. If the piston is located in a cylindrical coordinate system (r, 4>. 
z) with its center at the point r = a, 4> = 0, z = 0 and is vibrating with velocity 
uoe JUJI , the velocity amplitude distribution on the surface of the cylinder is 

u(4>, z) = uo for (-4) 0 < 4> < 4 ) o an d — z o < z < z o) and 0, elsewhere. 

( 11 . 12 ) 

Since the z dependence of this velocity distribution is not periodic, and the range 
of z is from —oo to +oo, Fourier transforms (see Appendix A. 11) provide an 
appropriate method of solution. The Fourier transform of the pressure, p(r, 4>. z), 
is defined by 

OO 

p(r, 4), a) = ^ y p(r, 4>, z)e _j0(z dz, (11.13a) 

— OO 


with the inverse transform given by 
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FIGURE 11.3. Coordinates for two rectangular pistons on a cylinder [22]. 


P(r, 4>, z) = / p(r, 4>, a)e>“ z dz. 


(11.13b) 


We begin the solution with the Helmholtz differential equation in cylindrical co¬ 
ordinates given in Eq. (10.4), and repeated here: 


1 5 
r Sr 



1 S 2 p 
r 2 S<}) 2 


^p 

Sz 2 


+ k 2 p = 0. 


(11.14a) 


The Fourier transform of this equation is obtained by multiplying by e _jaz /27t, 
integrating each term from oo to — oo, and evaluating the term involving S 2 p/Sz 2 
by integrating by parts twice and assuming that p and Sp/Sz vanish at infinity. The 
result is 



1 S 2 p 
r 2 S4> 2 


(k 2 - a 2 )p = 0, 


(11.14b) 


showing that the variable z has been eliminated. Since the c[) dependence of the 
velocity distribution in Eq. (11.12) is periodic, it can be expanded in a Fourier 
series, and the boundary condition on the normal velocity can be written 


u(4>,z) = - 


1 dp 

jtup Sr 


r=a 


oo 

uoZ 

m=0 


e m sinmcfro 
rmt 


cos me]) , 


|z|<zo, (11.15) 


and u(c(),z) = 0 for |z| > zo, where eo= 1, e m = 2 for m > 0, and 2a 4>o and 2zo 
are the piston dimensions as shown in Fig. 11.3. Noting that Eq. (11.15) is an even 
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function of z, and taking its transform gives the boundary condition that p must 
satisfy: 


u(4>, a) 


1 dp 

ja>p dr r=a 


oo . . 

stnazo e m stnmcpo 

-uo > -cos mcb. 

an ' mit 

m=0 


(11.16) 


The solution of Eq. (11.14b) that satisfies the radiation condition is obtained from 
Eq. (10.13): 

OO 

p(r, 4>, cc) = y A m (q) cosmcpHffiQr), (11.17) 

m=0 

where p = (k 2 — a 2 ) 1 / 2 . The coefficients ,4 m (a) are evaluated by making Eq. 
(11.17) satisfy the boundary condition in Eq. (11.16) with the result 

2 e m jtopuo sin azo sin mepo 
A m (Ct) = - pT pT . 

m7t 2 ap[H^ 1 (Pa)-<} 1 (Pa)] 

With this expression for A m (a), the inverse transform of Eq. (11.17) gives the 
solution for the pressure at any point outside the cylinder: 


p(r, cp,z) = 2> m (a) cos mc|)H I (2) (Pr)e'“ z da. 


m=0 


(11.18) 


A form of Eq. (11.18) was first used by Laird and Cohen to calculate far-held 
patterns of rectangular piston radiators on an infinitely long rigid cylinder [21] 
(see Section 10.23). 

The mutual impedance can be calculated by integrating the pressure caused by 
the i th piston over the surface of the j th piston: 

z oj 4oj 

Zy = — [ I Pi(a, 4>i, Zi)ad<|)jdZj, (11.19) 

UOi J J 
— z 0j -4j 

where the j th piston may differ from the i th piston in size, and the integration 
variables are expressed in a different cylindrical coordinate system in which the 
center of the j th piston is at the point (a,0,0). If the two pistons are separated 
in height by zy and in azimuth by cp,,, as shown in Fig. 11.3, the relationships 
between the variables are 


cpi — (pj T (pij and Zi — zj zy, 

and the integrals in Eq. (11.19) can be evaluated with the result: 

16jacup e m sinmepo; sinmepoj cos mepy 
Zi J = ~AI 2L " 


7t 


m=0 


m- 


('D 

f Hj,; (Pa) sin azo; sin azoj cos azy 
X J a 2 P[H® 1 (pa)-<>_ 1 (Pa)] ^ 


( 11 . 20 ) 


o 
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Numerical integration of Eq. (11.20) has been used to evaluate the mutual im¬ 
pedance for several specific cases [22] (see Figs. 5.15 and 5.16). 

The mutual impedance between two rectangular pistons on a cylinder reduces 
to the self impedance by setting 4>oi = cj^oj, zo; = zqj and z;j = cj^ij = 0- F° r 
4> 0i = 4^0j = it Eq. (11.20) gives the mutual impedance between two vibrating 
rings that completely encircle the cylinder. In that case only the term for m = 0 is 
nonzero, and we have 


H {) ((3a) sin azp; sin azqj cos az;. 


Zy(rings) = —8jacup 


a 2 pH ( ! 2) (pa) 


da. 


(11.20a) 


When the two rings have the same height (zo; = zqj) Eq. (11.20a) agrees with the 
result given by Robey [23]. The self radiation impedance for a single ring on an 
infinite cylinder is given for z;j = 0 and zoi = zqj. Eq. (11.20) also reduces to the 
mutual impedance per unit length between two infinite strips on a cylinder: 


Z;j (strips) = 


8jacup ^ e m sinmcpoi sinmcpoj cosrncpijHm^ka) 


7tk 


z 

m=0 


m 2 [H^ 1 (ka)-<>_ 1 (ka)] 


(11.20b) 


This result is obtained by dividing Eq. (11.20) by the length of a strip, 2zoj, and 
then letting zq; = zqj -» oo and evaluating the integral by using [22] 


sin“ azoj 

lim -r— 2 

zoj->°o 7ta-ZQj 


= 8(a). 


The form of the results for transducers mounted on a sphere or cylinder differ 
mainly in the special functions involved. In both cases extensive numerical cal¬ 
culations are required to achieve adequate convergence when summing infinite 
series or integrating numerically, and in the cylinder case the results still apply to 
an infinitely long cylindrical baffle. This situation has been a strong motivation for 
development of numerical methods that can handle objects with finite dimensions 
and more realistic shapes. It would be very useful, for example, to do calculations 
for transducers on a cylinder of finite length, since that would be a good approxi¬ 
mation to many sonar arrays. Numerical methods that can handle such cases will 
be briefly described later in this chapter. 

Note that the above solution for the mutual impedance between pistons on a 
cylinder involves both a Fourier transform and a Fourier series, and that the case of 
the rings on the cylinder is the m = 0 mode of the Fourier series. It is also possible 
to determine the radiation impedance of one ring on a cylinder in terms of series 
only [24]. For this purpose imagine vibrating rings periodically placed along the 
entire length of an infinite cylinder and separated by a distance, d, sufficient to 
make the acoustic coupling between them insignificant (see Fig. 11.4). 

The self-radiation impedance of each ring can then be obtained by integrating 
the pressure over the surface of the ring. It is natural in this approach to determine 
the radiation impedances for each angular mode, which are the values needed for 
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FIGURE 11.4. The actual cylinder and the replicated cylinders with period d used in the 
Fourier series solution [24], 

dealing with transducers such as the multimode cylinder (see Chapters 3 and 4). 
Note that results obtained from this model can be considered to apply to an in¬ 
dividual vibrating ring only for near-field quantities such as radiation impedance, 
because the far field consists of contributions from all the rings on the infinitely 
long cylinder. The general approach used here, which may be worth considering 
in other cases, replaces a given problem with another problem which is easier to 
solve that has features that are approximately equal to the features of interest in 
the original, more difficult, problem. 

The final result given by this approach for the modal radiation impedance of the 
ring is [24]: 

°° p|C) / R 

Z n = (—j7tah 2 ptu8 n /d) V e m Sinc 2 (a m h/2) 11 ™ ' (11.21) 

m^O Pm H n(P m a) 

where (5 2 n = k 2 — a 2 v a m = 27tm/d; eo= 1, e m = 2 for m > 0, 8o = 2, S n = 1 
for n > 0; a is the radius of the cylinder, h is the height of the ring, and d is 
the replication period. The n = 0 mode corresponds to uniform velocity around 
the cylinder and an omnidirectional sound field in the plane z = 0, while n = 1 is 
the dipole mode with both the velocity distribution on the surface, and the sound 
field in the plane z = 0, proportional to costf). Figs. 11.5-11.8 show the normalized 
radiation resistance and reactance calculated from Eq. (11.21) as a function of ka 
for different values of h/2a for the uniform and dipole modes [24], 
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Size Parameter ka 

FIGURE 11.5. Normalized radiation resistance for uniform motion of the cylinder, mode 
n = 0, for h/2a = 0.5 (-), 1.0 (-), and 5.0 (-) [24], 



FIGURE 11.6. Normalized radiation reactance for uniform motion of the cylinder, mode 
n = 0, for h/2a = 0.5 (-), 1.0 (-), and 5.0 (-) [24], 


The self- and mutual-radiation impedance between rectangular pistons in an 
infinite rigid plane [25] has also been calculated by use of Fourier transforms. 


11.1.3. The Hankel Transform 

We can illustrate the use of a different integral transform, the Hankel transform 
(see Appendix A. 11), by the familiar problem of a circular piston in an infinite 
rigid plane (see Chapter 10). Consider a cylindrical coordinate system with the 
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Size Parameter ka 

FIGURE 11.7. Normalized radiation resistance for dipole motion of the cylinder, mode 
n= 1, for h/2a = 0.5 (-), 1.0 (-), and 5.0 (-) [24], 



Size Parameter ka 

FIGURE 11.8. Normalized radiation reactance for dipole motion of the cylinder, mode 
n= 1, for h/2a = 0.5 (-), 1.0 (-), and 5.0 (-) [24], 


piston in the plane z = 0 and the origin at the center of the piston. The boundary 
condition on the normal velocity on the plane z = 0 is u(r) = uo for r < a, the 
radius of the piston, and u(r) = 0 elsewhere. The symmetry of the circular piston 
gives a sound field with no c|j dependence, and, from Eq. (11.14a), the Helmholtz 
differential equation reduces to 


1 d 
r Sr 



S 2 p 

Sz 2 


+ k 2 p = 0. 


( 11 . 22 ) 
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The Hankel transform of p(r,z) is defined by 


p(Y,z) = J p(r,z)J 0 (yr)rdr, (11.23) 

o 

and, when Eq. (11.22) is multiplied by rJo(yr) and 
[26] 

g + (k 2 -r)P = o 

The solution of Eq. (11.24) is of the form 

p(y,z) = A(y)e-jP z , (11.25) 

where p = (k 2 — y 2 ) 12 , and A(y) is determined by the boundary condition de¬ 
scribed above. The Hankel transform of the boundary condition is [27] 


integrated over r, it becomes 
(11.24) 


f 1 dp(y z) 

u(y) = u 0 / J 0 (yr)rdr = u 0 aJ!(ya)/y = - T - 


jcup 8 z 


= PA(y) 

o 


which can be solved for A(y) and substituted into Eq. (11.25) to give 

ojpu 0 aJi(ya) _ j(3z 

p(Y,z) = —7p— e ' 


(11.26) 


The solution for the pressure is then given by the inverse transform: 

OO OO 

P(r,z) = j p(y,z)Jo(yr)ydy= cupu 0 a J dy. (11.27) 


This integral can be evaluated on the axis of the piston (r = 0) or used on the 
surface of the piston (z = 0) to calculate the radiation impedance [5] as was done 
in Chapter 10 starting from Rayleigh’s Integral. 


11.1.4. The Hilbert Transform 

The radiation impedance is defined in terms of the reaction force exerted on a vi¬ 
brator by the sound field that it produces; thus calculation of radiation impedance 
appears to require determination of the near field. We have also often used the 
fact that the radiation resistance is related to the far field through the total radi¬ 
ated power, and, therefore, that the resistance can be calculated from the far field. 
We will now discuss the point previously noted in Section 5.3 that the radiation 
reactance can be determined from the radiation resistance, which therefore makes 
it possible to determine the complete impedance from the far field. As shown by 
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Mangulis [28], this approach is based on the Kramers-Kronig relations which de¬ 
pend on the Hilbert transform (see Appendix A.11). It is also closely related to 
the result by Bouwkamp [29] that the radiation impedance can be calculated by 
integrating the far-held directivity function over complex angles. 

The general relationships that result from the Hilbert transform when applied 
to mechanical impedance, where Z(— tu) = Z*(cu) usually holds, are given by 
Morse and Feshbach [3] as follows: 


R(o>) = - 


xX(x) - tuX(cu) 
(x 2 - CU 2 ) 


dx : 


2eu 

X(u>) = — 
it , 


R(x) - R(tu) 
(x 2 — cu 2 ) 


dx. 


(11.28) 

where the mechanical impedance, Z(tu) = R(cu) + jX(cu), is defined as the ratio 
of force to velocity when both are expressed in complex exponential form. R and 
X are the Hilbert transforms of each other with frequency as the complex variable. 

Integrals of the type in Eq. (11.28) can be evaluated by the calculus of residues, 
as we will illustrate by calculating the reactance from the resistance for the mono¬ 
pole mode of a sphere. The resistance for this case was given in Eq. (10.44) for a 
pulsating sphere of radius a, and in normalized form is 


R(cu) = 


(ka) 2 


CU 


cu 


1 + (ka) 2 cu 2 + a 2 (cu + joc)(cu — ja)’ 
where a = c/a. From Eq. (11.28) we have 

oo 

[x 2 /(x 2 + a 2 ) - cu 2 /(cu 2 + a 2 )] 


cu 

X (cu) = — 
71 


(x 2 — CU 2 ) 


-dx. 


This integral can be separated into two integrals, of which the second is zero be¬ 
cause it has no singularities in the upper half of the complex plane. The first inte¬ 
gral has one singularity in the upper half plane on the imaginary axis at j a, and 
the value of the integral is 


X (cu) = 



x 2 dx 

(x+ja)(x-ja)(x 2 - cu 2 ) 
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cu n a 2 cua ka 

7t a (a 2 + cu 2 ) (a 2 + cu 2 ) 1 + (ka) 2 ’ 


(11.29) 


which is the normalized reactance as given by Eq. (10.44). This example illustrates 
the fact that the radiation reactance of a sound source can be determined from its 
radiation resistance and thus from its far field. Since it is almost always easier to 
calculate the far field than the near field, this approach is sometimes the best way 
to determine the radiation impedance, and it has often been used [30, 31, 32, 33]. 
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11.2. Green’s Theorem and Acoustic Reciprocity 


11.2.1. Green’s Theorem 

In 1828 the mostly self-educated George Green of Nottingham, England published 
an essay on what we now call Green’s theorem and Green’s functions, which have 
found important applications in many fields of physics and engineering, including 
acoustics [34]. We will indicate the mathematical basis for Green’s theorem and 
the acoustic reciprocity theorem, then define Green’s functions and show how they 
can be used to formulate solutions of acoustic radiation problems in a different 
way from those above. 

Consider two scalar functions of position, pi and po, defined in a closed vol¬ 
ume, V, with the surface, S, where S consists of a sphere at infinity, where pi 
and p 2 vanish, plus two or more closed surfaces, such as Si and St in Fig. 11.9. 
Green’s theorem is concerned with relationships between pi and p 2 . Applying the 
divergence theorem of vector analysis to the vector formed by pi Vp 2 gives: 


pi Vp 2 • iidS = 


[pi V“p 2 + Vp, • Vp 2 ]dV. 


(11.30) 


Equation (11.30) is the first form of Green’s theorem where n is the unit vector 
normal to the surface, S. The presence of V 2 p 2 suggests that a useful connection 
with the Helmholtz differential equation may be possible. Interchanging pi and 
P 2 in Eq. (11.30) gives another equation of the same form; when this equation is 
subtracted from Eq. (11.30), and Vp • n = flp/dn is used, we have. 


(pt5p2/3n - p 2 3pi/3n)dS 


(piV 2 p2-p2V 2 pi)dV. (11.31) 


This is the second form of Green’s theorem [35] that can be directly applied to 
the case where pi and p 2 represent the pressures of two sound fields radiated by 



FIGURE 11.9. The volume, V, the surface at infinity, Soo, and two other surfaces, Si. and 
S 2 , with unit normal vectors, n, used in discussing Green’s Theorem. 
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two acoustic sources on surfaces such as Si and S 2 in Fig. 11.9 (moving with 
distributed normal velocities ui and U 2 ) . In that case pi and P 2 satisfy 

V 2 pi + k 2 pi = 0 and V 2 p 2 + k?p 2 = 0, 


and the second form of Green’s theorem shows that 


(ptdp 2 /dn - p 2 dpi/3n)dS = 


PiP2(ki - k 2 )dV. 


(11.32) 


It is evident that the right-hand side of this equation equals zero when ki = k 2 , that 
is, when the two sound fields have the same frequency. Since the normal derivative 
of the pressure on the surface, 3p/5n, is equal to - jcupu where u is the normal 
component of velocity on the surface, Eq. (11.32) becomes 


[piu 2 -p 2 Ui]dS = 0. 


(11.33) 


The volume, V, may contain more than two closed surfaces with more than two 
acoustic sources, and Eq. (11.33) applies to any two of the sources on surfaces Si 
and S 2 ; therefore it can be written 


// P2 u,dS = // 

Si S 2 


piu 2 dS, 


(11.34) 


since the integral over the sphere at infinity is zero. 


11.2.2. Acoustic Reciprocity 

Equations (11.33) and (11.34)) are two forms of the acoustic reciprocity theorem 
[1], Acoustic reciprocity is separate from the electromechanical reciprocity dis¬ 
cussed in Section 1.3. It will be shown in Section 12.4 that combination of the 
two reciprocities is the basis for the reciprocity calibration method that permits an 
important simplification of transducer measurements. The importance of acoustic 
reciprocity lies in its generality, since it holds for sources of any shape, with any 
separation between them, any normal velocity distribution on their surfaces and 
with any arrangement of other sources or non-vibrating surfaces in the vicinity. 
It also holds when the two sources are two modes of vibration of the same trans¬ 
ducer. In the latter case, if the two modes are orthogonal, both sides of Eq. (11.34) 
vanish. 

The physical meaning of acoustic reciprocity is most easily seen from the spe¬ 
cial case of transducers with uniform velocity. Then u 1 and U 2 are constants and 
Eq. (11.34) can be written 
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This result means that if the two transducers have the same velocity they exert the 
same acoustic force on each other no matter what their separation, orientation, or 
relative size and shape. Each side of Eq. (11.35) is the mutual radiation impedance 
between two piston transducers, and the equation shows the reciprocity of mutual 
impedance with Z 12 = Z 21 . Reciprocity means that for each pair of interacting 
transducers in an array only one value of mutual impedance is needed to analyze 
the array performance. 

Since Eq. (11.34) holds for nonuniform transducer velocities it can be seen that 
acoustic reciprocity is a statement about acoustic power (i.e., the product of pres¬ 
sure and velocity integrated over a surface), rather than acoustic force. The general 
definition of radiation impedance in Eq. (1.4) and the mutual radiation impedance 
derived from it, such as Eq. (5.31), are also expressed in terms of acoustic power, 
which makes them consistent with acoustic reciprocity. 

If the two transducers are small enough compared to the wavelength, the pres¬ 
sure produced by each is nearly constant over the surface of the other, and Eq. 
(11.34) becomes 


P 21 


UidSi Ri Pl2 


u 2 dS2, 


(11.36) 


Si 


s 2 


where P 21 is the pressure produced by transducer 2 at transducer 1, and P 12 is 
the pressure produced by 1 at 2. Since the integrals are the source strengths of 
each transducer, this form of the acoustic reciprocity theorem shows that each 
transducer produces the same pressure per unit source strength at the location of 
the other. 


11.2.3. Green’s Function Solutions 

In this section we will discuss the use of Green’s functions for solving acoustic 
problems. This method is more general than the separation-of-variables method 
given in Chapter 10, since it does not require use of a specific coordinate system 
and it can be applied when the acoustic sources are either vibrating portions of 
a boundary or distributed through a volume. (See Morse and Ingard, Section 7.1 
[4] or Baker and Copson [35] for more general discussions.) In acoustics, the 
Green’s function is usually defined as the spatial factor of the acoustic field at the 
point r produced by a point source of unit source strength at another point, fo (see 
Fig. 11.10). 

It follows from this definition that the Green’s function, G(r, ro), is a solution 
of the inhomogeneous Helmholtz equation, 

V 2 G(r, fo) + k 2 G(r, r 0 ) = 5(r-r 0 ). (11.37) 

The function 8(r — fo) is the three dimensional Dirac delta function with units of 
m -3 , thus G(r, ro) has units of m . The right side of Eq. (11.37) represents a 
source distribution with harmonic time dependence that has zero strength every¬ 
where except at the point ro, where it has unit integrated source strength. It’s evi¬ 
dent that the Green’s function can also be thought of as a spatial impulse function. 
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Arbitrary 

Origin 



FIGURE 11.10. Coordinates for defining Green’s functions. 


In the case of an unbounded medium the field of a very small spherical source, 
given in Eq. (10.15b), with the non-spatial factors omitted and the source strength 
Q = 1, also satisfies the definition of a Green’s function. In this special case, where 
no reflecting boundaries are present, we denote the Green’s function by g(r, ro) 
and call it the free space Green’s function. From Eq. (10.15b) we then get 

g(?,fo) = e-J kR /47tR, (11.38) 

where R = |? — fo | is the distance between the field point (?) and the source point 
(? 0 ). Noting that |r — ?o| = |?o — r|, Eq. (11.38) shows the reciprocal property of 
the free space Green’s function 


g(r 0 ,r) = g(r,r 0 ), 


(11.38a) 


which is also satisfied by the general Green’s function, G(r, ro) [4], 

In the general case, where boundaries are present, acoustic sources may exist 
in the volume of interest as well as on the boundaries of the volume. Then the 
equation of continuity, Eq. (10.1b), contains a source term, and, for harmonic time 
dependence, the wave equation for the pressure, p(r), becomes the inhomoge¬ 
neous Helmholtz equation, 

V 2 p(r) + k 2 p(r) =jcupS v (r). (11.38b) 

To determine specific solutions boundary conditions must be specified on the 
pressure or its normal derivative depending on the sources on the boundaries. The 
right side of Eq. (11.38b) describes the sources distributed in the volume. 
The quantity p is the density of the medium and S v (r) is the source strength 
density, that is, the volume velocity per unit volume (units of m 3 /s per m 3 or 1/s). 
The factor jtup makes the right side consistent with pressure on the left side. 

A general solution of Eq. (11.38b) can be expressed in terms of a Green’s func¬ 
tion that satisfies Eq. (11.37). To show this we multiply Eq. (11.37) by p(r) and 
Eq. (11.38b) by G(r, ro), subtract the first from the second, interchange r and 
ro, utilize the reciprocity relation, and integrate over the volume in the source 
coordinates.ro. The integral over the delta function yields p(r), and 
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P(0 = 


[-0(7, 7 0 )V 0 2 p(7o) + p(r 0 )V 0 2 O(7, r 0 )]dV 0 


+jotp 


S v (r 0 )G(r, r 0 )dV 0 . 


The first volume integral can be converted to a surface integral by use of the second 
form of Green’s theorem, Eq. (11.31), resulting in 

, - ,9p(r 0 ) - ,3G(r, r 0 ) 

P(r)= // [G(r, r 0 )— -hp(r 0 )---]dS 0 

JJ dn 0 5n 0 


+jcup 


3 n 0 

S v (r 0 )G(r, r 0 )dV 0 , 


(11.39) 


where the differential surface element, dSo, is expressed in the source coordinates. 
Equation (11.39) is the general form of the Green’s function solution of the inho¬ 
mogeneous Helmholtz equation. It gives the pressure at any point, r, in terms of 
a Green’s function plus the values of the pressure and its normal derivative on the 
boundary and the source strength density function within the volume. The useful¬ 
ness of this solution depends on finding an appropriate Green’s function for each 
problem. 

The remainder of this section will be concerned with explaining and illustrating 
the use of Eq. (11.39). Since (dp(ro)/3no) = —jcupu n (ro), where u n (rp) is the 
normal velocity, the first term of the surface integral in Eq. (11.39) shows that any 
points on the boundary that are vibrating contribute a point source value to the 
pressure at the point r. But this is not the total pressure at r, because the sec¬ 
ond term of the surface integral also contributes from any boundary points where 
the pressure and the normal derivative of G(r, ro) are both nonzero. These are 
called double source contributions because the derivative is proportional to the 
difference of two point sources [35]. And finally the third term of Eq. (11.39) 
gives the contributions to the pressure from other sources distributed throughout 
the volume. When no boundaries are present, only the volume integral contributes 
to the pressure. When there are sources only on the boundaries, the surface in¬ 
tegral alone determines the pressure, which is the case for most transducer and 
array problems. When boundaries are present, but the only sources are within the 
volume, both integrals contribute to the pressure. 

The physical idea underlying the Green’s function solution is construction of 
the field p(r) from the fields of point sources, somewhat similar to the approach 
used in Section 10.2, but now formulated in a much more general way. Perhaps 
the simplest example is a point source of unit source strength (Q = lm 3 /s) located 
at the origin of spherical coordinates with no boundaries. The surface integral is 
zero, Sy(ro) = 8(ro) and the pressure, p(r), is known from Eq. (10.15b) with 
Q = lm 3 /s. Thus we have 

p(r) = e_Jtr = * WP ffj 8( ^o)g(r, G))dV 0 = jccpg(r, 0), 
which is consistent with Eq. (11.38). 
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As another example of the use of Eq. (11.39), consider the infinitesimally thin 
line source in a medium with no boundaries discussed in Section 10.21. Consider 
each section of the cylinder of radius a and length dzo to be a point source with uni¬ 
form radial velocity uo and source strength 27tauodz.o. Since the volume element is 
dVo = 7ta 2 dzo, the source strength density is Sy = (2uo/a) along the length of the 
line and zero elsewhere. Substituting these values and the free space Green’s func¬ 
tion, Eq. (11.38), in the volume integral of Eq. (11.39) gives the result obtained 
somewhat intuitively in Eq. (10.21). Although a cylinder with a vibrating surface 
is obviously a boundary value problem that requires use of the surface integrals 
in Eq. (11.39), it appears that when it is infinitesimally thin, it can be treated as a 
volume distribution of point sources. Another example is the difference frequency 
parametric array discussed in Section 5.7, where the result was also obtained from 
the volume integral in Eq. (11.39). In that case the sources are distributed through¬ 
out the volume of the cylindrical region of finite radius in which the two primary 
beams interact. 

When boundaries are present it is necessary to seek Green’s functions that sat¬ 
isfy boundary conditions that will simplify the evaluation of Eq. (11.39). For ex¬ 
ample, when the pressure on the boundary is not known, it would be useful to 
have a Green’s function that had a zero normal derivative on the boundary. Then 
the second term in Eq. (11.39) would be eliminated, leaving the solution in terms 
of known quantities. Such a Green’s function for an infinite plane boundary was 
already used in Section 10.22, where we noted that the field of two in-phase point 
sources of unit source strength. 


G(r, r 0 t, r 02 ) = e“J kR i + 7GW e “ JkR2 ’ (H.40) 

47tRi 47tR 2 

has zero normal velocity at every point on the infinite plane perpendicular to and 
bisecting the line joining the two sources. Therefore, if this function is used as the 
Green’s function, it will have exactly the property needed to simplify Eq. (11.39) 
by eliminating the second term of the surface integral for all problems involving 
acoustic sources on an infinite rigid plane. For source points on the plane, R] = 
R 2 = R, the Green’s function in Eq. (11.40) becomes equal to e~ jkR /27tR and Eq. 
(11.39) reduces to 

^ jcup f f ^ e _jkR 

P( r ) = JJ u n (r 0 )—— dS 0 , (11.41) 

which is Eq. (10.25), Rayleigh’s Integral, which we used in Chapter 10 to calcu¬ 
late radiation from circular and rectangular sources in a plane. In Chapter 10 we 
obtained Eq. (11.41) intuitively; here it is proved by the Green’s function method 
for finding solutions of the Helmholtz equation. The Rayleigh Integral has been 
the starting point for numerous acoustic calculations of great value to transducer 
development [30, 31, 25, 37]. 

The simplicity of the Green’s function for radiators in an infinite plane appears 
to be unique. For example, a Green’s function with zero normal derivative on any 
other simple surface, such as a rigid sphere or cylinder, is much more complicated 
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and involves infinite series of the same special functions that occur in separation 
of variables solutions [4, 5], An example of such a Green’s function will appear in 
Section 11.3.2 where Eq. (11.62), with the factor (tupQ/2) removed, is G(r, ro) 
for an infinitely long, rigid cylindrical boundary. 

Another simple Green’s function, similar to Eq. (11.40), can be formed from 
the difference of two point sources. This function corresponds to zero pressure 
on an infinite plane midway between the sources, with a doubling of the normal 
derivative on that plane. This makes the first term of Eq, (11.39) vanish on that 
plane, and is applicable to acoustic sources in an infinite, soft plane such as an 
oscillating rigid disc. The resulting expression is 



Equation (11.41a) gives the pressure field of any planar oscillating source that 
requires only the pressure on the source surface for its evaluation at any point 
off the surface. The surface pressure can be computed by finite element modeling 
without requiring an extensive water field. In other cases it can be measured or 
expressed analytically as a power series and related to the specified velocity [35a], 


11.2.4. The Helmholtz Integral Formula 

Any Green’s function can be used in Eq. (11.39), but an important special case 
is the free space Green’s function, Eq.( 11.38), with no distributed sources in the 
volume. We then have 

1 ft e _ j kR 8 ( e“j kR \ 

P(r) = s/i [ — ja.pu(r„) + p(rc,)—(11.42) 

where u(ro) = — (l/jtup)(3p/0no) is the normal velocity on the boundary. This 
form of the solution is called the Helmholtz Integral Formula [35, 36]. In most 
practical cases, only one of the boundary functions is known, and that leaves Eq. 
(11.42) as an integral equation for the other boundary function. For example, in 
the usual acoustics problem, where the velocity is known on the boundary but the 
pressure is not known, the field point can be moved to the boundary leaving an 
integral equation for the unknown pressure on the boundary. Solving the integral 
equation then provides the pressure boundary values needed for finding the pres¬ 
sure at any point outside the boundary. This approach is the basis for most of the 
numerical methods that will be briefly discussed in Section 11.4.2. 

Equation (11.42) applies to any boundary shape, but in the case where the 
boundary is an infinite plane there are some special features that should be noted. 
When the Rayleigh Integral, Eq. (11.41), and Eq. (11.42) are equated for any spe¬ 
cific velocity distribution on an infinite rigid plane it can be seen that the Rayleigh 
Integral is equal to two times the first term of the Helmholtz Integral Formula. 
It then follows that the first and second terms of the Helmholtz Integral Formula 
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are equal. Thus, for a plane rigid boundary, there are two separate expressions for 
p(r), one in terms of the velocity on the plane, the other in terms of the pressure 
on the plane: 

Iff ^ e“i kR 

ja>pu n (r 0 )———dS 0 , (11.42a) 


P<T) = k 


R 


P(ro) — 

9n 0 


(T) 


dS 0 . 


(11.42b) 


Similarly, note that Eq. (11.41a) is twice the second term of the Helmholtz Inte¬ 
gral Formula, which leads again to the two expressions in Eqs. (11.42a,b). These 
expressions apply to any velocity distribution on an infinite rigid plane, or to any 
pressure distribution on an infinite soft (pressure release) plane, or equivalently, 
to any symmetric or antisymmetric plane vibrator. The first, Eq. (11.42a), is the 
Rayleigh Integral and requires knowledge of the surface velocity, while the sec¬ 
ond, Eq. (11.42b), requires knowledge of the surface pressure. Either expression 
could be useful for far-held evaluation from near-held FEM computations, or from 
measurement of the pressure or velocity over a large plane area. Butler and Butler 
[35b] used the near held measured velocity to determine the far held of a baffled 
ribbon tweeter. 

Some special relationships can be obtained from Eq. (11.42) since the normal 
derivative in that equation on certain boundaries is either zero or constant for far- 
held points in certain directions. The normal derivative can be written 


8 

9 no 




= cos p- 


-J kR (]kR + 1) 
R2 


: jkcOS |3- 


=> — jkR 


R 


(11.43) 


where p is the angle between no and (r — ro), and the last form holds when 
the held point is in the far held. For example, at any source point on the ends of 
a hnite cylinder, for a far-held point on the axis of the cylinder, p = 0 and R 
is constant which makes the normal derivative constant. At any source point on 
the sides of the cylinder, for a far-held point on the axis, p = 90°, and the normal 
derivative is zero. Thus, for such held points, the second term in Eq. (11.42) makes 
no contribution to the solution from the sides, and it makes a contribution from 
the ends that is proportional to an integral of the pressure over the ends, (i.e., to 
the radiation impedance). As a specihc example consider a cylinder with uniform 
velocity on one end only. Equation (11.42) then gives the following relationship 
between the pressure at a point in the far held on the axis, p(z), and the radiation 
impedance of the ends of the cylinder [38]: 

p(z) = JkU f JkZ [^ kb (pcA + Zn) - e-J kb Z 12 ], 

47tZ 

where uq is the normal velocity of one end of the cylinder, 2b is the length, A is 
the cross-sectional area, Zj i is the self radiation impedance of one end, and Z 12 is 
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the mutual radiation impedance between the ends. This relationship holds for right 
cylinders of any cross-sectional shape. A similar relationship between the far field 
and the radiation impedance of a piston of arbitrary shape in an infinite, non-rigid 
baffle with locally reacting normal surface impedance was given by Mangulis [39], 

In some situations it may be feasible to use Eq. (11.42) by approximating the 
surface pressure in terms of the known velocity. For example, in a large unbaffled 
source with velocity, u(ro), the surface pressure in Eq. (11.42) can sometimes 
be approximated by a plane wave pressure, (i.e., p(ro) = pcu(ro)). With this 
approximation, and use of the far-field expression for the normal derivative in Eq. 
(11.43), the pressure in the far field becomes 

P(T) = JJ u(?o)^-(l + cosP) dS 0 . (11.44) 

In general, for a fixed far-field point, cos (3 is a function of position on the surface 
of a source, but for a plane source it is constant. In that case 

P(r) = J ^(!-t-cosp) JJ u(r 0 )^— dS 0 . (11.44a) 

Comparison with Eq. (11.41), which holds for a baffled source, shows that 

p(r)unbaff = ^(1 + COS P)p(r) ba ff. (11.44b) 

For example, the far-field pressure for p = 90° for an unbaffled plane source is 
reduced by 6 dB relative to the same source in a large baffle, because of the effect 
of the pressure term in Eq. (11.42). 

An estimate of the validity of this approximation can be made by use of re¬ 
cent results from Mellow and Karkkainen [35a] who calculated the fields of pis¬ 
ton sources with closed back baffles and finite baffles in the plane of the piston. 
For the case of no baffle in the plane and a piston diameter of a half-wavelength 
(ka = Jt/2, a = radius) the pressure is down by 7.5 dB at 90° (see their Fig. 17), 
while for the same case with an infinite rigid baffle, the reduction would be 2.8 
dB. The additional reduction of 4.7 dB may be compared with the expected 6 dB 
reduction for the case of no baffle given by Eq. (11.44b). The approximation of 
Eq. (11.44b) should improve for diameters greater than one-half wavelength. Their 
Fig. 16 shows beam patterns for the case of a finite rigid baffle of diameter twice 
the diameter of the radiating piston for ka equal to 3 and 5 with levels of —18 and 
—23 db at 90° respectively. The corresponding calculated rigid baffle levels are 
— 12.9 and —17.6 dB revealing additional reductions of —5.1 dB and —5.4 dB, 
which are closer to the expected —6 dB from Eq. (11.44b). 

In other cases where the pressure can be measured, but the velocity cannot be 
readily measured, the velocity can be approximated in terms of the pressure. This 
is the basis for one of the near-field to far-field extrapolation methods to be de¬ 
scribed in Section 12.74 [40], It can be used for calibration of large arrays when 
the curvature of the measurement surface is small compared to the wavelength, 
and the velocity in Eq. (11.42) can be approximated by u(ro) ~ p( i'o)/pc. 
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11.3. Effects of Acoustic Scattering 

Many different acoustic scattering problems arise in connection with transducers 
and arrays. Scattering of plane waves from a rigid object such as a sphere is a 
useful, and relatively simple, model for determining the diffraction constant of 
hydrophones, but the scattering between transducers in a volume array of projec¬ 
tors is much more difficult. In the latter case, the fields being scattered are more 
like spherical waves than plane waves, because the projectors are close together, 
and multiple scattering may also be important. The numerical method based on 
the Helmholtz Integral Equation, which is described in Section 11.4.2, handles all 
aspects of scattering. This type of acoustic interaction problem is especially im¬ 
portant for arrays of transducers such as flextensionals, which radiate from more 
than one side and therefore do not behave as a surface array. In this situation the 
scattering is likely to excite unintended modes of vibration which usually have 
undesirable effects. 

The volume array problem might also be modeled by scattering of a spherical 
wave from a sphere, as has been done by Thompson who calculated the change 
in radiation impedance of a vibrating sphere caused by another nearby sphere 
[41, 42], Various cases were considered in which the second sphere was rigid, 
or had acoustic properties different from the first sphere, or was vibrating in the 
same mode as the first sphere, or in a different mode. This work required use of the 
translational addition theorem for spherical wave functions to transform solutions 
in one spherical coordinate system to another spherical coordinate system with the 
origin in a different location. The process is similar to the addition theorem used 
above in Eq. (11.9) to transform solutions from one spherical coordinate system 
to another rotated spherical coordinate system with the same origin. 

11.3.1. The Diffraction Constant 

In Section 4.6 we discussed the diffraction constant, a measure of how an inci¬ 
dent sound wave is disturbed when it is scattered from a hydrophone. This is very 
important because if a hydrophone is not small compared to the wavelength (see 
Fig. 4.36), it strongly affects the effective receiving sensitivity. Since the diffrac¬ 
tion constant depends on the sum of the incident wave pressure and the scattered 
wave pressure, as shown by Eq. (4.51), the first step in its determination is cal¬ 
culation of the scattered wave. It is necessary to specify a simple shape for the 
scattering object that represents a hydrophone, one that is compatible with a coor¬ 
dinate system in which the Helmholtz equation is separable. A spherical scatterer 
is one of the most useful cases because some hydrophones are spherical and other 
hydrophone shapes can be approximated by a sphere. 

Consider a plane wave traveling in the positive z direction incident on a rigid 
sphere centered on the origin of a coordinate system as shown in Fig. 11.11. In this 
axisymmetric situation the expression for the plane wave can be written in terms 
of spherical coordinates as follows: 

Pl = Po( J (a,t - kz > = poej (cut_krcos0 \ 


(11.45) 
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z 



FIGURE 11.11. Coordinates for scattering of plane wave from a sphere. 

The spatial part of Eq. (11.45) can then be expanded in spherical wave functions: 

oo 

e -jkrcos 0 = ^B n P n (cOS0). (11.46) 

n=0 

Use of the orthogonality of the Legendre polynomials gives 

K 

B n = (n+ 1/2) J e-J krcos0 P n (cos0)sin0d0 = (n + l/2)[2(-j) n j n (kr)], 
o 

(11.47) 

where the last step follows from a standard integral representation of the spherical 
Bessel function, j n (kr) [3], Combining these results gives the incident plane wave 
in terms of spherical wave functions: 

OO 

Pi = Poe ja,t ^(2n+ 1)(—j) n j n (kr)P n (cos0). (11.48) 

n=0 

Note that although it is expressed in spherical coordinates, this expression for 
the plane wave is not a series of outgoing spherical waves because of the factor 
( 2 ) 

j n (kr) rather than h„ (kr). However, the scattered wave is assumed to consist of 
an infinite series of outgoing spherical waves expressed as 

OO 

p s = <+ ut £ A n P n (cos 0)h n (2 >(kr). (11.49) 

n=0 

The boundary condition on the surface of a rigid sphere requires that the total par¬ 
ticle velocity be zero. The total velocity, (i.e., the sum of the velocities associated 
with the incident wave and the scattered wave), can be determined by differentiat¬ 
ing the expressions for p; and p s and equating the sum to zero to determine the A n 
coefficients. Then the scattered wave is completely determined, and the magnitude 



492 11. Advanced Acoustic Radiation Calculations 


and directionality of the scattered power can be calculated. However, for calculat¬ 
ing the diffraction constant, the force exerted on the surface of the hydrophone by 
the sum of the incident and scattered pressures is the important quantity, rather 
than the scattered power, as shown by Eq. (4.51), repeated here: 


F b _ Pb 
Api Pi 



_ . u*(r) 

[Pi ( r ) +Ps(r)]—r~dS. 


(11.50) 


The area A = 47ta 2 for the spherical hydrophone of radius a and dS = 2jta 2 sin 0d0 
because of the axial symmetry established by the plane wave direction. We will 
consider a hydrophone in which the sensitive surface is capable only of uniform 
motion, which makes the normalized velocity distribution u*(r)/Up = 1. This 
greatly simplifies the integration, because both p, and p s are proportional to in¬ 
finite series of P n (cos 0), and the orthogonality of the Legendre functions makes 
all the terms vanish in the integration except those for n = 0. Thus we only need to 
consider the zero-order part of the pressure from Eqs. (11.48) and (11.49): 


[pi(r) + p s (r)] 0 = e iu,t [pojo(kr) + A 0 hp 2) (kr)]. (11.51) 


When the radial derivative of this sum is calculated and equated to zero on the 
surface at r = a, the coefficient Ao is found to be Ao = [—pojg(ka)/h , 0 (ka)] 
where the primes on the spherical Bessel and Hankel functions indicate the deriva¬ 
tive with respect to the argument. This value of Ao gives the total pressure on the 
surface of the sphere, and Eq. (11.50) becomes 


D 


a 


2tta 2 

P()A 


71 

J tPojo(ka) - poho (2) (ka)jo(ka)/h , 0 (ka)] sin 0d0 
o 


= jo(ka) - ho (2) (ka)jQ(ka)/1 iq( ka) = [1 + (ka) 2 ]- 1 / 2 , (11.52) 


where the final step makes use of relationships between spherical Bessel and Han¬ 
kel functions [4]. This is the result given originally by Henriques [43], and here in 
Eq. (4.53). Its simplicity makes it very useful and easy to apply to other shapes, but 
it only holds exactly for spherical hydrophones. As the frequency increases, the 
large reduction of sensitivity predicted by Eq. (11.52) (e.g., up tol5 dB in Table 4.2 
of Section 4.7) may not be accurate for other hydrophone shapes. 

The diffraction constant for a sphere is an especially simple case because of 
the symmetry; however, hydrophones of other shapes have diffraction constants 
that depend on the direction of arrival of the plane wave. A generalized diffraction 
constant will now be defined that includes this directional dependence, and at the 
same time the extremely useful relation in Eq. (4.56) will be derived. Consider a 
transducer of arbitrary shape and area Ai, with normal velocity distribution u(rj) 
and reference velocity u i located at the origin of spherical coordinates with its 
MRA in the z direction. The transducer is receiving a plane wave from a small 
simple spherical source of source strength U 2 A 2 located at a large distance, r, in 



Effects of Acoustic Scattering 493 


the direction (0, 4>). The average clamped pressure exerted on the transducer by 
the wave from the spherical source, pb, is defined by Eq. (11.50), and the acoustic 
reciprocity theorem, Eq. (11.34), shows that pb is related to the far-held pressure 
radiated by the transducer at the location of the spherical source, pi (r, 0, ([>), by 

uiAipb = u 2 A 2 pi(r, 0, eft). (11.53) 

Since pi(r,0,0) is the radiated pressure amplitude on the MRA of the transducer, 
it follows from the definitions of the radiation resistance, R r , (referred to ui) and 
the directivity factor, Df, that 

[p?(r, 0, 0)/2pc] = Df[R r Uj/87tr 2 ]. (11.54) 

The normalized directivity function of the transducer is defined by 

P(0, $) = Pi(r, 0, <|>)/p?(r, 0, 0). (11.55) 

Combining Eq. (11.55) with Eqs. (11.54) and (11.53), gives the clamped pressure 
on the transducer as 


Pb = [pcD f R r P(0, ^)/47t] 1 / 2 [u 2 A 2 /A,r], (11.56) 

Eq. (10.15b) gives the free-held pressure amplitude produced by the spherical 
source at the location of the transducer as p, = pcuu 2 A 2 /4jtr. Now, we define 
the directional plane wave diffraction constant, consistent with the definition in 
Eq. (11.50), as 


D(0, 4>) = Pb/Pi = 


4jtcD f R r P(0, 4)) 
ptu 2 A 2 


1 

2 


= DJP(0, <!>)]*, 


(11.57) 


Equation (11.57) evaluated on the MRA yields the general relationship between 
the diffraction constant, D a , the directivity factor, Df, and the radiation resistance, 
R r , which may be written as 

D 2 (0, 0) = D a 2 = 4jtcDfR r /pco 2 A 2 (11.57a) 

as used in Eqs. (4.56) and (12.33a). Using D(0, cj)) in place of D a in any of the 
previous expressions for receiving sensitivity gives the sensitivity as a function of 
direction. When D“ (0, 4>) is averaged over all directions we get D~ = D a /Df 
since the average of P(0, 4>) is 1 /Df by definition. 


11.3.2. Scattering from Cylinders 

A transducer mounted near a cylinder presents another scattering problem that is 
often important in transducer and array work [44]. A specihc case will now be 
discussed starting from the general expression for the transform of the pressure in 
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Eq. (11.17), and taking the inverse transform to obtain the pressure in Eq. (11.18), 
which is then written as 


oo 

p(r, 4), z) = ^ cos 
m=0 



A m (a)H m (2) (Pr)e> az da. 


(11.58) 


Consider the specific problem of a small acoustic source located at a distance ro 
from the axis of a rigid cylinder of radius a as shown in Fig. 11.12. The coordinate 
system is chosen such that the source is located at 4> = 0 and z = 0. Then the 
field of a point source can be expanded in cylindrical wave functions and written 
as [45]: 


W r, 

Ps(r, 4>, z) = — (jq/2) ^ e m cosmcp J {J m (Pr 0 )H< 2) ((3r)}e> az da, r 0 < r, 

m =o -oo 

(11.59) 

with the bracket replaced by {J m (|3r)Hm*(|3ro)} for r < ro, €o= 1, e m = 2 for 
m > 0, and q = jeupQ/47t where Q is the source strength of the point source [see 
Eq. (10.15b)]. In this case, the cylinder surface is rigid and motionless, and the 
sound waves, which originate from the point source, are scattered by the cylinder. 
The total pressure field is the sum of the point source field and the scattered field 
which is given, for r < ro, by: 


Pt = P + Ps = ^ c°s mcf) 
m=0 


[A m (a)H^([3r) - (jq/2) G m J m (pr)H^(pr 0 )]eJ az da. 

(11.60) 


( 2 ), 


The function, A m (a), is determined by equating the total normal velocity to 
zero on the surface of the rigid cylinder, that is, u, = —(l/jcup)(5p t /5r) = 0 at 
r = a. The result is 



FIGURE 11.12. A point source located at a distance rg-a from the surface of an infinite 
cylinder [44], 
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A m (a) = (jq e m /2) 


4(pa)Hg ) (pr 0 ) 

H' m (pa) 


(11.61) 


where the primes on J m and H m mean the derivative with respect to the argument 
evaluated at r = a. Then the final result for the total field at any point where r > fi) 
(i.e., outside the location of the point source), is given by 


Pt( r , 4>, z) = X Gm cosmc f / [Jm(P a ) H S } (P r o) - Jm(Pr 0 )H^(Pa)] 


8n 




m=0 


(11.62) 


Equation (11.62), for ro = a, agrees with Eq. (11.18) when specialized to the case 
of a very small piston, noting that [HJX ((3a) — H^|j (Pa)] = 2H( n (Pa). 

Such results have also been obtained for cylinders with elastic and pressure 
release surfaces, and numerical calculations have been made for all three cases 
[44], Figures 11.13 and 11.14 show far-field vertical and horizontal beam patterns 
for rigid, pressure-release, and elastic cylinders for the specific case of a cylinder 
of radius 0.5 m with a small source located 0.01 m from the surface vibrating at a 
frequency of 1800 Hz. In the elastic case, the cylinder is a steel tube with a wall 
thickness of 0.005 m. 


11.4. Numerical Methods for Acoustic Calculations 

The analytical methods discussed in this chapter for calculating sound fields are 
limited to vibrating objects with simple shapes. Problems involving more complex 
shapes or mixed boundary conditions require numerical methods, and, until about 
1960, results were quite limited, although some extensive numerical calculations 
were made earlier, such as the pressure distribution on the surface of a circular 
piston [46]. With the availability of high speed computing it became feasible to 
develop new numerical methods and to extend results obtained by existing meth¬ 
ods. The classic problem of radiation from a cylinder of finite length has played 
an important role in these developments [5, 47, 48, 49, 50]. Results were also ob¬ 
tained for other problems, including some cases of mixed boundary conditions, 
using collocation [51] and least squares analysis [52]. But the most significant 
progress occurred with the development of finite element analysis and boundary 
element methods. 

11.4.1. Mixed Boundary Conditions—Collocation 

The boundary conditions in most transducer radiation problems are not as simple 
as the idealized boundary conditions considered previously. The vibrating face of 
an individual piston transducer might be surrounded by a small rigid flange, or by 
a non-rigid flange, but seldom by a flange large enough to be approximated by an 
infinite rigid plane. However, it is reasonable to consider the central transducers in 
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FIGURE 11.13. Far-field beam patterns in the vertical plane of the source in Fig. 11.12 at 
1800 Hz for rigid (-), elastic (-), and pressure-release (-) cylinders [44], 


a large close packed plane array to be lying in an infinite rigid plane, but the trans¬ 
ducers on or near the edges obviously have quite different surroundings. These are 
examples of problems in which the velocity can be specified on the vibrating face 
of a transducer, but it is difficult to specify the velocity on the surfaces immediately 
surrounding the transducer. Transducers mounted in a housing might be modeled 
as a sphere with part of the spherical surface vibrating while the other motionless 
part represents the housing. If the housing could be considered rigid with zero ve¬ 
locity there would be a velocity boundary condition on the entire spherical surface 
and the problem could be solved as in Sect. 11.1. If the housing was very soft, 
the pressure could be considered zero on the housing, giving a mixed boundary 
value problem which cannot be solved by the methods of Sect. 11.1, with velocity 
specified on one part and pressure on the other part. If the housing was flexible it 
might be described in terms of a locally reacting impedance, which is equivalent 
to specifying the velocity in terms of the pressure. Problems of this type usu¬ 
ally must be handled numerically, although the case of an impedance boundary 
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FIGURE 11.14. Far-field beam patterns in the horizontal plane of the source in Fig. 11.12 
at 1800 Hz for rigid (-), elastic (-), and pressure-release (-) cylinders [44], 


condition on an infinite plane has been formulated in terms of a Green’s function, 
and approximate results obtained in analytical form by Mangulis [53]. Mellow 
and Karkkainen [35a] obtained extensive results for the mixed boundary value 
problem of an oscillating disc surrounded by finite rigid baffles using a different 
numerical method. 

We will illustrate a mixed boundary value problem with an approximate numer¬ 
ical solution obtained by the method of boundary collocation. The solution of the 
Helmholtz equation for any vibrating object that has a closed and finite surface 
can be approximated by a series of spherical wave functions, even when the object 
is not a sphere. The series is truncated to N terms, and in the axisymmetric case 
written 

N— 1 

P(r, 0) = n (cos 0)h®(kr). 

n=0 


(11.63) 
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If the vibrating object is a sphere with either pressure or velocity boundary condi¬ 
tions the coefficients can be determined as was done in Sect. 11.1. If the boundary 
values are given on an object that is not a sphere, or if the boundary values are 
mixed, N boundary values at the points rj, 0j are used to form the following N 
equations, which can be solved for the A n coefficients: 


N—1 

p(rj, 0j) = Y A„Pn(cos 0j)h< 2 >(krj), j = 1, 2 • ■ -N (11.64) 

n=0 

If the boundary values are given as values of the pressure Eq. (11.64) can be used 
directly. If values of the normal velocity are given on the boundary the normal 
derivative must be found at each point to obtain a different set of equations from 
Eq. (11.64). Note that the normal derivative is not the radial derivative on portions 
of the object that are not spherical. If pressure is given at some boundary points 
and normal velocity at other boundary points, a mixed set of N equations can be 
used. For an impedance boundary condition at some points the ratio of pressure to 
velocity can be used to form an equation. In any case the set of N equations can be 
solved by a simultaneous equation routine to obtain the complex A n coefficients. 
Using these coefficients in Eq.( 11.63) gives an approximate solution that satisfies 
the N boundary points and has a degree of validity elsewhere that depends on the 
number of points used and the complexity of the vibrating object. 

Butler [51] evaluated the collocation method in detail and gave numerical re¬ 
sults for several typical problems. As a specific example we give results that illus¬ 
trate the effects of non-rigid baffles surrounding a transducer. Consider a spherical 
surface of radius a, with uniform normal velocity over the portion 0 < 0 < 60°, 
and with three different conditions on the remainder of the surface: normal ve¬ 
locity = 0 (rigid), pressure = 0 (soft), and pressure = pc times normal velocity 
(impedance condition). The results are shown in Figs. 11.15 and 11.16 for the far- 
field directivity patterns and the normalized radiation impedance. They show that 
the main effects of a soft baffle surrounding a transducer are an increase of direc¬ 
tivity and a decrease of radiation resistance for values of ka less than about 2. The 
results in these figures can be used to qualitatively estimate similar effects in other 
cases. 


11.4.2. Boundary Element Methods 

In the mid 1960s more powerful numerical methods began to appear, in most cases 
based on the Helmholtz Integral Formula. The papers by Chen and Schweikert 
[54], Chertock [55], Copley, [56], and Schenck [57] clearly show the rapid de¬ 
velopment and improvement of these methods as related to radiation problems of 
interest in underwater acoustics. The paper by Schenck reviews and evaluates the 
techniques presented in the preceding papers and shows how to combine them in 
a practical computational method that reliably gives unique solutions. Schenck’s 
Combined Helmholtz Integral Equation Formulation (CHIEF) is now widely used. 
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FIGURE 11.15. Farfield polar pattern, at kr = 1000, of the pressure amplitude relative to 
pc for a sphere of radius a vibrating uniformly over the portion from 0° to 60° with a soft, 

pc or rigid baffle from 60° to 180° [51]. (a) ka is equal to unity, and (b) ka = 3.-soft: 

-pc;-rigid. 



FIGURE 11.16. Normalized radiation impedance for the polar piston on the sphere with 
the soft, pc and rigid baffle in Figure 11.15 [51]. 


often in conjunction with finite element structural analysis, to give comprehensive 
solutions to complicated transducer vibration-radiation problems. This type of 
analysis has expanded into a new field, called Boundary Element Methods (BEM) 
or Boundary Element Acoustics, with a large literature of its own [6, 7], 

We will give a brief outline of the CHIEF method based on a version developed 
especially for transducer and array problems [58]. The method is based on the 
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Helmholtz integral equation, Eq. (11.40), repeated here: 

Iff e“i kR - d ( e“i kR \ 

p(r) = i nj / l nr ja ’ pu(r " ) + p "' o) a^(Tr) Ids "’ (11 - 65) 

where it is understood that the integration is over one or more closed surfaces 
each representing a transducer. Eq. (11.65) gives the field point pressure, p(r), 
at all points outside the closed surfaces, but at all points on any surface p(r) is 
replaced by r ) and at all points inside each surface the right-hand side is 
null [35, 56, 57]. In the CHIEF algorithm the normal velocity on the surfaces is 
assumed to be known, the field point is placed on the surface, and Eq. (11.65) 
becomes an integral equation for the unknown surface pressure: 


p( r o)/2 - 



jujp 

471 


_ e -jkR 

u(ro)— ds °, 


( 11 . 66 ) 

This integral equation can be solved numerically for the pressure on the surface at 
N positions, r n , by replacing it by the set of equations: 


Z o 

p(r,n) — 

5n 0 


( 0 jkR n m \ 
Rnm J 


AS 0 = ja)p^u(r m ) 


;-J kR n, 

Rnm 


-ASo, (11.67) 


where R nm is the distance between the surface point at r n and the surface point at 

r m , and the right-hand side is a known quantity that can be evaluated at each point, 

r n . An important part of the CHIEF method requires addition of some interior 
points, where the right-hand side of Eq. (11.65) is zero, at frequencies correspond¬ 
ing to interior resonances. This gives an over determined equation set and a unique 
solution at all frequencies [57]. 

When the surface pressure has been found for a specified velocity it can be used 
in Eq. (11.65) to calculate the pressure at any other point outside the surface such 
as the far field. The surface pressure for a single transducer can be integrated over 
the surface to give the acoustic force and the radiation impedance. For more than 
one transducer, the surface pressure on one contains contributions from all the 
others. Then the integral over the surface gives the force that contains all the mu¬ 
tual radiation impedance contributions for the particular velocity distribution that 
was originally specified. It is clear that the CHIEF method automatically solves 
the scattering problem in volume arrays discussed in Section 11.4, because the 
sound field can be calculated for all the transducers operating together, including 
all scattering events. 

To solve projector array problems, the individual mutual radiation impedances 
are needed. These can be determined in the CHIEF method by specifying the 
velocity on only one transducer at a time and calculating the pressure on the others. 
These impedances can then be used in the array equations in Section 5.21 that 
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z 



FIGURE 11.17. Three-element linear array used for calculations in Table 11.1. 


Table 11.1. Results for the Array in Fig. 11.17 


Projector 

Voltage 

Magnitude 

Phase 

Radiation 

Resistance 

Velocity 

Magnitude 

Phase 

1 

1 

0 

17,800 

0.0001 

10 

2 

1 

0 

21,200 

0.00008 

30 

3 

1 

0 

17.800 

0.0001 

10 


also contain the transducer ABCD parameters. A small example of such results 
for an array of three projectors with truncated elliptic cylinder shapes, shown in 
Fig. 11.17, is given in Table 11.1 [58], The three projectors are driven in phase 
with unit voltage, and the ABCD parameters are specified at 3300 Hz. Table 11.1 
shows the calculated variation of radiation resistance and velocity among the three 
projectors. 
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12 

Transducer Evaluation 
and Measurement 


Electrical and acoustical measurements are made on transducers to determine per¬ 
formance characteristics and parameters for comparison with goals and theoretical 
models when the latter are available. In this chapter we discuss the procedures and 
means for making such measurements [1-10]. Admittance or impedance measure¬ 
ments are normally made first under air loading (which simulates a vacuum) and 
then under water loading, often at various hydrostatic pressures, temperatures, 
and drive levels. Measurements of the transmitting response, source level, effi¬ 
ciency, receiving response, beam patterns, and harmonic distortion of transducers 
and transducer arrays are usually made in the far field, where spherical spread¬ 
ing holds. However, in some cases measurements can be made in the near field 
and projected to the far field through extrapolation formulas. Measurement is the 
important final step in evaluating the performance of all transducers. 

This chapter also discusses means for evaluating the important transducer para¬ 
meters Q m , fr, and k e ff and the lumped elements for a simple equivalent circuit rep¬ 
resentation, including resistances caused by electrical and mechanical dissipation. 
The tuning of a transducer is an important last step in its implementation, since 
the tuning element improves the power factor and reduces volt-ampere require¬ 
ments in service and during high-power testing. The transmitting and receiving 
responses, as well as the admittance and impedance curves, are discussed for both 
electric and magnetic field transducers as a guide for evaluating measured results. 
A development of the reciprocity relation between transmitting and receiving is 
also presented. Specific projector and hydrophone designs were given in Chap¬ 
ters 3 and 4 and the modeling methods used for these designs were discussed in 
Chapters 2 and 7. 


12.1. Electrical Measurement of Transducers in Air 

We begin with the measurement of the electrical input impedance, Z = R + jX, or 
admittance, Y = G + jB, of a transducer. Since Y = 1 /Z, 

Y = (R - jX)/(R 2 + X 2 ) and Z = (G - jB)/(G 2 + B 2 ). 
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Electrical evaluation allows the determination of a number of important perfor¬ 
mance parameters as well as the elements of a simplified equivalent circuit. The 
evaluation is normally made at frequencies near and below the fundamental reso¬ 
nance where a simple lumped equivalent circuit is often an adequate representa¬ 
tion. The simplified circuit of Fig. 7.12a includes most of the essential elements of 
a piezoelectric transducer and will be used to represent all electric field trans¬ 
ducers, while the circuit of Fig. 7.16 will be used to represent magnetic field 
transducers. 


12.1.1. Electric Field Transducers 

We repeat here as Fig. 12.1 the Van Dyke [11] equivalent electric circuit of 
Fig.7.13 which is related to the electromechanical equivalent circuit of Fig. 7.12a 
through the effective electromechanical turns ratio N. In the Van Dyke represen¬ 
tation, Ro is the electrical dissipation resistance and 1/R 0 = Go = cuCftan 8 
where tan 8 is the dissipation factor (often referred to as D). The quantity Co is the 
clamped capacitance, while the motional capacitance C e = N 2 C E where C E is the 
short-circuit mechanical compliance. The free capacity is then Cf = Co + C e . The 
inductance L e = M/N 2 where M is the effective mass, and the electrical equiva¬ 
lent resistance R e = Rt/N 2 where R t is the total mechanical resistance including 
the internal mechanical resistance, R, and radiation resistance, R r , which is negli¬ 
gible under air-loading conditions. The input admittance, Y = 1 /Z, for the circuit 
of Fig. 12.1 is 


Y — Go + jcuCo + l/(R e + jcuL e + l/jo>C e ), (12.1) 

where the third term is the motional part of the admittance. 

Measurement of the admittance magnitude determines the resonance frequency, 
f r , antiresonance frequency, f a , and the maximum admittance |Y| max . At resonance 
(under short-circuit conditions) cu r L e = l/cu r C e where |Y| becomes a maximum 
and |Z| becomes a minimum, while at antiresonance (under open-circuit condi¬ 
tions), cu a L e = l/cu a C* where C* = CoC e /(Co + C e ), the admittance becomes 
a minimum and the impedance becomes a maximum. Accordingly the resonance 


Ce L e 



FIGURE 12.1. Van Dyke equivalent circuit. 
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and antiresonance frequencies are related to the circuit parameters by 

o) r 2 = 1/LeCe and to 2 = l/L e C* = (C 0 + Ce)/C e CoL e . (12.2) 

The impedance and admittance magnitudes, as well as f r and f a , are illustrated in 
Fig. 12.2 for the case of air loading where R e is typically small. 

The measurement of the magnitude of the admittance and the impedance as a 
function of frequency may be accomplished by means of an “impedometer” or 
“admittometer.” A sketch of the system is shown in Fig. 12.3; it consists of an AC 
source of known voltage Vo and a resistor R of known value in series with the 
transducer of impedance, Z, giving the current I = Vo/(Z + R). 

The voltage across the transducer is given by V t = IZ = VoZ/(R + Z). For 
R » Z we then get 

Z « V t (R/V 0 ), (12.3) 

and measurement of the voltage across the transducer gives the magnitude of Z. 
The admittance magnitude may be obtained by measuring the voltage across the 
resistor, Vr = I R = VoR/(R + Z), with a different value of resistance such that 
R Z, which, from Vr, gives the transducer admittance 

Y = 1 /Z ~ Vr/(V 0 R). (12.4) 

A low output impedance, constant voltage source is needed for this method. The 
impedometer/admittometer may be calibrated with precision resistors. 



FIGURE 12.2. Impedance, Z, and admittance, Y, magnitudes for an electric field trans¬ 
ducer. 



Transducer 


FIGURE 12.3. Impedance/admittence circuit for measuring |Z| and |Y|. 
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Measurement of the in-air resonance and antiresonance frequencies gives the 
effective dynamic coupling coefficient through the often-used formula: 

kgff = 1 — (f r /fa) 2 . (12.5) 

Equation (12.5) can be obtained from Eq. (12.2) using the ratio cu 2 /tu 2 = Co/(Co + 
C e ) and consequently 1 — cu 2 /u> 2 = C e /(Co + C e ) = C e /Cf = N 2 C E /Cf = k 2 , as dis¬ 
cussed in Chapters 1 and 2. In practice C E and Cf and possibly, N, are effective 
values because of added electrical or mechanical components or other modes of 
vibration, such as bending. The corresponding effective coupling coefficient, k e ff, 
is less than the k of the ideal transducer but it is a measure of the energy con¬ 
verted relative to the energy stored for a specific, complete transducer design (see 
Sections 1.41 and 8.4). 

Equation (12.1) evaluated well below resonance, where tu cu r , becomes 
Y Go +jtuCo + jo)C e = cuCftan8 +jcuCf. 

Piezoelectric ceramics have tan 8 values typically in the range from 0.004 to 0.02 
(see Appendixes A.5 and A. 14). A simple low-frequency capacitance and dissipa¬ 
tion meter may be used to measure Cf and tan 8. The circuit of Fig. 12.1 reduces 
to the simpler circuit of Fig. 12.1a in the low-frequency range where Co and C e 
are in parallel. The free capacitance Cf and k 2 ff give values for Co = Cf(l - k 2 ff ) 
and C e = k 2 ff Cf. 

Under air loading the inductance is proportional to the dynamic mass of the 
transducer alone. Thus eu 2 = l/L e C e gives L e = l/cu 2 C e . Also, under air loading 
R e is typically small and |Y| max ~ 1/R e as may be seen from Eq. (12.1). The value 
of | Y| max may then be used to obtain the mechanical Q from 

Qm = tu r L e /R e ~ tu r L e | Y| max . 

This is a good approximation for Q m provided the result is greater than about 
30. Typical in-air values of Q m range from 30 to 300 depending on the mounting 
conditions and attached components. 

To summarize, measurement of the admittance magnitude and the low-frequency 
capacitance and dissipation gives the parameters Cf, tan 8, f r , f a and |Y max |. Then 
along with k e ff, from f r and f a , all the parameters of the equivalent circuit of 
Fig. 12.1 are given by: 

Co = C f (l - k 2 ff ), Ce = Cf'k 2 ff , L e = l/tu 2 Ce, R e = 1/ |Y max | , R 0 = l/o)C f tan5. 

( 12 . 6 ) 



FIGURE 12.1a. Van Dyke circuit at low frequencies. 
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The parameters may also be obtained if the water-loaded Q m and Q e are measured, 
as will be discussed in connection with Figs. 12.6 and 12.7 and Eq. (12.13). Mar¬ 
shall and Brigham [12] have developed an alternative method for determining the 
values of the components of Fig. 12.1 by measuring the maximum and minimum 
values of the transducer capacitance, and the corresponding frequencies, as well 
as the low-frequency dissipation, tan 8. 

The electromechanical turns ratio, N, may be determined from the mass, M, 
since N 2 = M/L e (see Fig. 7.13), and M may be calculated or weighed in some 
well-defined cases. On the other hand, the value of N may be determined if an 
additional known mass M a can be firmly attached to the radiating mass M yield¬ 
ing the mechanical resonance frequency cu 2 a = l/(L e + M a /N 2 )C e , which may be 
compared with the original resonance eu r 2 = l/L e C e to yield 

N 2 = (M a /L e )/[(f r /f ra ) 2 - 1], (12.7a) 

In many cases it may be difficult to attach the mass M a such that M and M a form 
a single rigid mass. 

A more direct means is to use two light-weight accelerometers to measure the 
acceleration difference, ad, between the head mass and tail mass for a given mo¬ 
tional current, N(u-ui), as shown in Fig. 7.14a. From Fig. 7.14a and Eq. (12.1) we 
can see that N(u - uj) = V(Y - jtuCo - Go) and since the velocity difference (u - 
ui) = ad/jcu, the electromechanical turns ratio N may be determined from 

N = V(Y-jtuCo-G 0 )ju)/a d (12.7b) 

where all the terms on the right side of Eq. (12.7b) are measured quantities. An 
average value of the acceleration a d should be used if the motion of the head 
surface is not uniform. 

The electromechanical turns ratio may also be obtained from the Chapter 2, 
Table 2.1, general formulas written as 

N = k e rr(K^C f ) l/2 and N = k ef f(K«Lf) 1/2 , 

for electric and magnetic transducers respectively. The coupling coefficient is 
the measured effective coupling coefficient k e ff, Cf and Lf are the measured 
low-frequency free capacitance and inductance, and K® and are the short- 
circuit and open-circuit mechanical stiffness measured at resonance. For example, 
K al = Ma> 2 , allowing determination of if M is known. It can be seen that both 
mechanical and electrical measurements must be made in order to determine the 
electromechanical turns ratio, as one might expect. 


12.1.2. Magnetic Field Transducers 

The discussion above centered on electric field transducers and in particular piezo¬ 
electric ceramic transducers. Magnetic field transducers may be represented as the 
dual of electric field transducers. Figure 12.4 shows a lumped equivalent circuit 
for a magnetic field transducer based on the circuit of Fig. 7.16. 
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FIGURE 12.4. Magnetic field transducer lumped electric circuit. 



FIGURE 12.5. Impedance, Z, and admittance, Y, magnitudes for a magnetic field 
transducer. 


The input impedance is 

Z = R' 0 + jtuLo + 1/(1 /R' + jcuC' + 1/jcuL'). (12.8) 

The motional part of Eq. (12.8), the third term, is in the form of the parallel circuit 
of Fig. 12.4. In this case the mechanical resonance is a parallel resonance under 
open-circuit conditions where cu r L' = 1 /auC', while the antiresonance occurs un¬ 
der short-circuit conditions at tu a L* = 1/tUaC' where L* = LoL7(Lo + L'). A sketch 
of the impedance and admittance magnitude is shown in Fig. 12.5 and is seen to 
be the inverse of Fig. 12.2 as expected, since Fig. 12.4 is the dual of Fig. 12.1. 

The measurement circuit illustrated in Fig. 12.3 may be used to measure the 
impedance magnitude for the circuit shown in Fig. 12.4. The coil resistance R' 0 
and free inductance Lf are measured with an inductance meter at low frequencies 
where the circuit of Fig. 12.4 reduces to Fig. 12.4a with Lo and L’ in series. The 
effective dynamic coupling coefficient is 

keff = [1 - (fr/fa) 2 ] 1/2 , 

where f r is the frequency at |Z| max and f a is the frequency at |Z| m ; n . 

This formula is valid for low loss conditions where |Z| max |Z| m ; n and 
|Z max | ~ R'. In this parallel resonant circuit Q m = R7cu r L' ss |Z max |/cu r L' for 
Q m greater than 30. The free inductance is Lf = Lo + L' and the circuit parameters 
for Fig. 12.4 are 
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FIGURE 12.4a. Low frequency electrical representation of a magnetic field transducer. 

Lo = Lf(l - k 2 ff ), L' — Lfkg ff , C' = l/cu“L', R' « |Z max | , Rq = coil resistance. 

(12.9) 

which may be compared with the electric field results of Eq. (12.6). Although 
Fig. 12.4 includes a series resistance coil loss, Rq, the equally important eddy 
current loss has not been included in this simplified impedance magnitude mea¬ 
surement procedure. Measurement of both the real and imaginary parts of the 
impedance is necessary to obtain the eddy current data. 


12.2. Measurement of Transducers in Water 

When a transducer is measured in water some of the quantities discussed above, 
such as f r , f a and Q m are changed because the radiation impedance in water is 
much greater than it is in air. Consider the equivalent circuit of Fig. 7.12a which 
is the basis for Fig. 12.1. The radiation load adds a radiation mass, M r , and ra¬ 
diation resistance, R r . In air the medium density is small and the radiation mass 
loading M r « M for typical underwater-sound transducers. In air the mechan¬ 
ical resonance occurs at the frequency at which the mass reactance, tuM, can¬ 
cels the compliance reactance, l/tuC E , giving tu r = (l/MC 6 ) 1 / 2 . In water tu rw = 
[1/C E (M+M r )] 1 / 2 leading to 

cu rw /tu r = [M/(M + Mr)] 1 / 2 . (12.10) 

The reduction of the air resonance frequency when measured in water is typically 
10 to 20% for piston transducers. 

As previously discussed in Chapters 7 and 8, expressions for Q m may be written 
as 

Qmw = CtlnvLe/Re = 1/tUnyReCe = (L e /C e ) 1 / 2 /Re- (12.11) 

In water the added mass, M r , also increases the stored energy which tends to raise 
the Q m , but the radiation resistance is more effective in lowering the Q m , resulting 
in Q mw < Q ma , where Q mw refers to water, Q ma to air. The relationship between 
the two, which is found most easily from the last expression in Eq. (12.11), is 

Qmw = Qma (1 + Mr/M) 1 / 2 /!! + R r /R). 


( 12 . 12 ) 
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When different methods of determining Q m do not yield the same results it may 
indicate that the transducer is not acting as a single-degree-of-freedom vibrator. 
The parameter Q mw is normally measured from the power response, W, which for 
a fixed rms voltage is given by W = V 2 ns G. Thus Q m can be obtained from the 
frequencies at the peak, f r , and at half peak, fj and to, of the conductance curve 
using Eq. (8.4), 

Qm = fr/(f 2 - ft). (12.13) 

The quantity Q m is also a measure of the number of cycles it takes for a res¬ 
onator to decay from steady state by the factor e~ n . The transient decay factor for 
a simple resonator is R/2M and the amplitude decay function may be written as 

x(t) = x 0 e- tR / 2M = xoe-W, 

where the period of vibration at resonance is T = l/f r . At time t = QT, x(t) = 
e~ K . Since the value e -7t = 0.043 one merely counts the number of cycles for the 
amplitude to decay to a value of about 4% of the steady-state value to get the 
approximate mechanical Q of the transducer. The number of cycles required to 
reach steady-state conditions may also be used in the same way. 

The real and imaginary parts of the impedance or admittance are necessary for 
an evaluation of the losses and an accurate description of the transducer under 
water-loading conditions where R e in Fig. 12.1 becomes large and, because of the 
parallel representation, R' in Fig. 12.4 becomes small. In the electric field model of 
Figs. 12.1 and 7.12a, the resistive load R e = (R + R r )/N , where R is the mechan¬ 
ical loss resistance and R r is the radiation resistance. With water loading we also 
have F = (M +M r )/N 2 where M r is the radiation mass and M is the dynamic mass 
of the transducer. In the magnetic field cases of Fig. 12.4 and Fig. 7.16 the resistive 
load R' = N 2 /(R + R r ) and the mass loading is through C' = (M + M r )/N 2 . 

A sketch of a typical measurement of G and B as a function of frequency for 
the electric field model of Fig. 12.1 and Eq. (12.1) is shown in Fig. 12.6. A plot of 
the corresponding admittance locus is shown in Fig. 12.7. 



FIGURE 12.6. Conductance, G, and susceptance, B, for an electric field transducer. 
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The electrical loss conductance. Go = tuCf tan 8, of Fig. 12.6 is seen to increase 
the conductance G with frequency and slightly tilt the locus or “loop” in Fig. 12.7. 
Since the power W = V^G, maximum power is achieved, for a given voltage, 
at resonance, f r , where G is maximum, G m . The electrical conductance Go does 
not contribute to the mechanical damping and should be subtracted from the total 
conductance, G, before evaluating Q m . Flowever, Go is usually quite small and 
may often be ignored so that under this condition, Q m ~ f r /(f? - fi) where fj and 
f 2 are the frequencies at G m /2. For a heavily water-loaded transducer the loop is 
small while for light in-air loading the loop can be large enough to pass through 
the G axis and look very much like a circle. For the in-air case the conductance 
G m ~ 1/R e ^ | Y | m ax - 

The ratio of the susceptance, B, to conductance, G may be used to obtain the 
electrical Q which is defined at resonance as Q e = Bo/G m . As may be seen from 
Eq. (12.1), at resonance Bo = cu r Co, and the product Q m Q e = tu,CoR e /tu r C e Re 
= C 0 /C e = k2 ff /(l — kg ff ). This leads to the important relationship between k e ff, 
Q m and Q e (see Eq. (2.81b), 

keff = (1 + QmQe)“ 1/2 . (12.14a) 

In cases where the Q m is low because of high mechanical losses or large radi¬ 
ation resistance, the values of f r and f a measured from the maximum and mini¬ 
mum admittance (or impedance) magnitude, and the value of k e ff calculated from 
them, are not accurate. However, in these cases Eq. (12.14a) yields accurate re¬ 
sults and is the preferred method of evaluating k e ff under water-loaded conditions. 
Equation (12.14a) yields accurate results for low Q m since, here, Q m and Q e may 
be accurately determined and the product Q m Q e depends on keff through the ra¬ 
tio of Co/Ce which is independent of the radiation impedance. Equation (12.14a) 
is difficult to implement under in-air loading conditions where the sharpness 
of the resonance makes it difficult to accurately determine Q m and Q e from a 
rapidly changing large diameter B vs G locus unless very small accurate frequency 
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increments are used. On the other hand, the formula 


keff=[l-(fr/fa) 2 ] 1/2 , (12.14b) 

is preferred for evaluating keg for transducers where the Q m is high and f, and 
f a are readily and accurately determined from the maximum admittance and im¬ 
pedance respectively. 

The admittance locus of Fig. 12.7 has been a key graphical means for the eval¬ 
uation of electric field transducers. The shape of the locus is based on Eq. (12.1) 
with the corresponding circuit of Fig. 12.1 and motional impedance, 

Z m = R e + jtuLe + 1/jcuCe = R + jX = |Z m |e i<p , (12.15) 

where the phase angle cp = tan _1 (X/R). An X vs. R plot of Eq. (12.15), when 
R is independent of frequency, is illustrated in Fig. 12.8 and seen to be a straight 
line perpendicular to the R axis. As the frequency, f, increases the line crosses the 
axis at resonance, f r , where cu r L e =l/cu r C e and Z m = R e . The motional admittance 
Y m = 1/Z m = e _J<p /|Z m |; and thus, a high impedance is translated to a low admit¬ 
tance with an equal but negative phase angle. The result is a circular locus plot in 
the Y plane since a straight line in the Z plane is mapped into a circle in the Y 
plane with radius G m /2 as illustrated in Fig. 12.9. 

This circle is called the motional admittance circle as it represents the electrical 
equivalent of the mechanical part of the transducer and obeys the equation of a 
circle, with radius G m /2 and center at G = G m /2, B = 0, 

(G m /2) 2 = (G — G m /2) 2 + B 2 (12.16) 

where G m is the value of maximum conductance which occurs at f r . Since the 
radiation resistance is a function of frequency, the admittance locus usually does 
not appear to be a true circle over a wide range of frequencies, especially if the 
Q m is low. The diameter of the circle is proportional to the product of the effective 
coupling coefficient squared and Q m as shown by Eq. (2.80). 

Equation 12.1 and Fig. 12.1 show that the total admittance includes the electri¬ 
cal loss conductance. Go, and clamped susceptance, jtuCo, along with the motional 



FIGURE 12.8. Motional impedance for an electric field transducer. 
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FIGURE 12.9. Motional admittance for an electric field transducer. 



FIGURE 12.10. Impedance locus for a magnetic field transducer with eddy current loss 
angle £,. 


circle admittance, Y m . The addition of these two components leads to the locus of 
Fig. 12.7 where Bo = u) r Co and Go = cuCftan 8. The above development assumes 
an ideal single-degree-of-freedom system. In practice there may be a number of 
modes of vibration above the fundamental mode which appear as additional cir¬ 
cles at higher frequencies in the locus plot (and maxima and minima in the | Y| or 
|Z| plots). 

Magnetic field transducers have a similar locus plot but in the impedance plane. 
That is, the motional part of Fig. 12.4 and of Eq. (12.8), 1/R' + jcuC' + l/jcuL', is 
a straight line in the Y plane that maps into a circle in the Z plane if R' is constant. 
Inclusion of the clamped inductive reactance and the loss resistance Rg as well 
as the eddy current factor x = |xl e_ ^ then yields the impedance locus shown 
in Fig. 12.10. As seen, the coil resistance displaces the curve by Rg and the eddy 
current loss angle £,, causes the locus to tilt at an angle 2£,. The factor 2 arises from 
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the eddy current factor appearing in the turns ratio as xN. Since the impedance is 
transformed by the square of the turns ratio, we get (xN) 2 =|x| 2 e _2£, N 2 resulting 
in an angular factor of 2£, for the motional impedance locus or “loop”. 


12.3. Measurement of Transducer Efficiency 

The acoustical power radiated into the medium is W a = u nns | 2 R r while the power 
delivered to the mechanical and acoustical sections is W m = |u rms | 2 (R +R r ) giving 
a mechano-acoustical efficiency, 

Uma = W a /W m = R r /(R r + R). (12.17) 

Thus, a large radiation resistance R r and low mechanical loss resistance R leads 
to a high mechanical efficiency (see Section 2.85). With the in-air mechanical 
Q written as Q m = l/tu r C E R, and the in-water mechanical Q written as Q mw = 
l/cu rw C E (R + R r ), Eq. 12.17 may be rewritten as 

Tim a = [1 U> rw Qm W /U>rQm]. (12.18) 

Thus, the mechano-acoustical efficiency may be obtained from ratios of the me¬ 
chanical Q’s and resonance frequencies measured in air and in water. 

Typically the Q m ratio in Eq. (12.18) is more significant than the cu r ratio and 
is often used alone as a first estimate. For example, the Q m for a transducer in 
air might be 30 while the Q mw in water could be as low as 3, but the shift in the 
water resonance depends on the radiation mass relative to the transducer mass and 
is usually less than about 20%. Furthermore, since the diameter of the admittance 
locus is proportional to the Q m , 

Uma ^ 1 Qmw/Qm = 1 D\v/D a , 

where D w is the diameter of the water-loaded circle and D a is the diameter of 
the air-loaded circle. Equation 12.18 often gives a higher value than power re¬ 
sponse measurements of i] ma since it is tacitly assumed that in Eqs. (12.17) and 
(12.18) the in-water load is only R r . However, the measured Q mw may actually be 
lowered by other mechanical losses that result from in-water mounting and fluid 
viscosity. Typically r| ma values range from 60% to 90%. The values for the reso¬ 
nance frequencies and Q’s may be readily obtained from the curves of Figs. 12.6 
or 12.7. 

The power lost to electrical dissipation in electric field transducers is | V rms | 2 Go- 
A measure of this is the electromechanical efficiency r| em = W m /W e where W e is 
the input electrical power, and the overall electroacoustic efficiency is given by 
(see Section 2.9) 

flea Tl em r| ma . (12.19) 

The overall efficiency may be obtained from measurement of the input electrical 
power, W e , the transmitting source level, SL(dB/lp.Pa@lm), and the directivity 
index, DI, by use of Eq. (1.25) in which the output power W = r| ea W e : 



Acoustic Responses of Transducers 517 


10 log r| ea = SL - DI - 170.8 dB - 10 log W e , 

where 170.8 dB is the source level at one meter for one acoustic watt from an 
omnidirectional radiator. 

Although the source level and input power can be measured quite accurately 
(see Section 12.4), determination of DI requires measurement of a number of beam 
patterns in cases where the transducer or array is not axisymmetric. As presented 
in Chapter 1, the DI = 10 log Df where the reciprocal of the directivity factor, Df, 
is given by 

271 71 

D 7 1 = (1/471) J{J [1(0, <t>)/Io] Sin0d0}d4>, 

0 0 

where I (6, 4>) is the far-held intensity in spherical coordinates and Ip is the in¬ 
tensity on the maximum response axis. If the intensity is independent of 4), as 
in the case of a circular piston, the radiator is axisymmetric and the integration 
over 47 yields 2 jc, leaving the inner integral alone for evaluation of the DI (see 
Appendix A. 13). The case of no symmetry may be handled if the outer integral is 
approximated by a summation of N terms with N = 2it/A4>, yielding 

N ^ N 

D 7 1 * (1/N)^[(1/2I 0 ) J I(0,c^ n )sin0d0] = (l/N)^D- 1 . 

n=l q n= 1 

where D“ x is given analytically by the quantity in brackets and is the reciprocal 
of the directivity factor of the pattern at selected angles, 4>n- Thus the overall 
reciprocal directivity factor is approximated by the average of the reciprocals of 
the directivity factors at the angles, 4>n- For example, with a square piston, which 
has four-fold symmetry, one would choose at least the angles 4>n = 0 and 45° with 
N = 2 to get a value of DI with minimal accuracy. 


12.4. Acoustic Responses of Transducers 

The transmitting response of a projector gives the pressure in the medium per unit 
of electrical excitation as a function of frequency and is one of the most important 
means for characterizing the performance of a transducer. Typically, the response 
is measured in the direction of the maximum response axis (MRA) using a hy¬ 
drophone at a radial distance in the far field where the pressure variation is pro¬ 
portional to 1/r and the beam pattern does not change with distance. The pressure 
is measured with a calibrated hydrophone and referenced to 1 meter and a pres¬ 
sure of po = 1 pPa in underwater applications. The response per volt is called the 
Transmitting Voltage Response or TVR = 20 log|p/po| re 1 volt @ lm, as defined 
in Chapter 1. Other responses that are often measured are the Transmitting Cur¬ 
rent Response, TCR, the response per ampere; the Receiving Voltage Response, 
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RVS, (also called FFVS for Free-Held Voltage Sensitivity); the Transmitting Volt- 
Ampere Response, TVAR; and the Transmitting Power Response, TPR. In addi¬ 
tion impedance (R and X), admittance (G and B), efficiency, and power factor are 
often measured as a function of frequency. The measurements above are made 
at low drive level, but for high-power projectors it is also important to measure 
source level and harmonic distortion as a function of drive level up to the highest 
level expected in each application. The measurement system must be free from 
reflections; and normally uses a “pulse-gated system” in which the hydrophone 
is turned on only during the reception of the direct pulse and turned off during 
the reception of reflections. The pulse length must be long enough for the system 
to reach steady-state (see Section 12.6.2). A gated impulse response or maximum 
length sequence, MLS, measurement technique [13] may also be used to evaluate 
the TVR. It is important that measurements be performed under bubble-free water 
conditions. Air bubbles can cause scattering and unloading of the radiator surface. 

As discussed in Chapters 2 and 7, the velocity, u, for an electric field trans¬ 
ducer is related to the drive voltage, V, by u = NV/Z E where Z E is the mechanical 
impedance under short-circuit conditions. Similarly, the velocity for a magnetic 
field transducer is u = N m I/Z : where Z 1 is the mechanical impedance under open- 
circuit conditions and I is the drive current. The far-field pressure radiated from 
a transducer is inversely proportional to the radial distance, r, and proportional to 
the density, p, of the medium, the radiating area. A, and the acceleration of the 
radiating surface jcuu [as can be seen, for example, from Eq. (10.25)]. Thus, the 
pressure is proportional to jcuNV/Z E for electric field, and to jcuNml/Z 1 for mag¬ 
netic field, transducers. The impedances may be approximated in the vicinity of 
resonance, and often well below resonance, as a combination of a mass, M, com¬ 
pliance, C, and resistance, R. Accordingly we may write the far-field pressure for 
voltage drive of electric field transducers as 

p = KJcupANV/[R + j(tuM - l/u>C E ]r, (12.20) 

and, for current drive of magnetic field transducers, as 

p = K 2 jcupAN m I/[R + j(a)M - l/tuC 1 )]^ (12.21) 

where Ki and K 2 are different numerical constants which depend on the transducer 
design. 

These direct-drive responses are normally the same in form except that one is 
voltage drive and the other is current drive; thus the TVR for the electric field 
transducer has the same frequency dependence as the TCR for the magnetic field 
transducer as shown in Figs. 12.11a and 12.11b. 

For direct-drive conditions the voltage is held constant for electric field trans¬ 
ducers while the current is constant for magnetic field transducers. Well below res¬ 
onance the pressure varies as eu 2 and increases at 12 dB/octave while well above 
resonance the pressure does not change with frequency for this simplified lumped 
model. In practice this plateau, above the fundamental resonance, is often altered 
by other resonances. The indirect-drive cases are related to the direct-drive cases 
through the electrical impedance of the transducer. For electric field transducers 
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FIGURE 12.11a. Transmitting voltage response for electric field transducer. 



FIGURE 12.1 lb. Transmitting current response for magnetic field transducer. 



FIGURE 12.12a. Transmitting current response for an electric field transducer. 


the impedance, V/I is approximately 1/jcuCf below resonance and 1/jcuCo above 
resonance. Ignoring the difference between Cf and Co, we can approximately re¬ 
place the voltage V by I/jtuCf in Eq. (12.20) and obtain the TCR response shown 
in Fig. 12.12a with slopes below and above resonance of +6 dB and -6 dB. In¬ 
spection of the frequency dependence of the electrical impedance in the vicinity of 
resonance shows that the peak in this response is at the antiresonance frequency f a . 
For magnetic field transducers the impedance is approximately j tuFf below reso¬ 
nance and jcuFo above resonance. Ignoring the difference in the inductances, 
V/I = jtuFf and we may replace I by V/jtuFf in Eq. (12.21) resulting in the TVR 
response of Fig. 12.12b. Note that, below resonance, the magnetic field TVR varies 
at only 6 dB/octave while the electric field TVR of Fig. 12.11a varies at a faster 
rate of 12 dB/octave. 
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FIGURE 12.12b. Transmitting voltage response for a magnetic field transducer. 



FIGURE 12.13a. Receiving voltage sensitivity for an electric field transducer. 



FIGURE 12.13b. Receiving voltage sensitivity for a magnetic field transducer. 


It will be shown that the open-circuit receiving response may be obtained from 
the TCR through a reciprocity factor, which affects the TCR by -6 dB/octave. The 
corresponding receiving response curves are illustrated in Figs. 12.13a and 12.13b 
for electric and magnetic field transducers. It can be seen that both cases resonate 
at f a but that the RVS for magnetic field transducers is symmetrical about reso¬ 
nance while for electric field transducers it is frequency independent below res¬ 
onance, which is particularly desirable for wideband hydrophone performance. 
Because of the finite input impedance of a preamplifier, the RVS of an electric 
field transducer actually approaches zero at very low frequencies. The associated 
-3 dB cut-off frequency is f c = l/(27tRCf) where R is the input resistance to the 
preamplifier and Cf is the free capacity of the hydrophone. 

The hydrophone performance of a transducer is usually measured by a sub¬ 
stitution method. A broadband projector produces a free-held pressure, pff, in the 
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medium, which is first measured by a calibrated reference hydrophone of precisely 
known sensitivity M r , giving a measured voltage of V r = M r pff and pg = V r /M r . 
Then the hydrophone under evaluation is placed in the same location, a voltage V e 
is measured and the sensitivity is given by M e = V e /pg = M r V e /V r . The receiving 
voltage sensitivity, in dB, is 

RVS = 20 log M e = 20 log M r + 20 log V e - 20 log V r . (12.22) 


12.5. Reciprocity Calibration 

In the reciprocity procedure [1, 8] we must assume that the projector is operating 
over a linear portion of its dynamic range and a negligible amount of power is lost 
to distortion. Biased electric field and magnetic field transducers are usually quite 
linear if the drive field is small compared to the bias field. Magnetic transducers 
are the dual of electric transducers and, while both generally obey reciprocity, the 
combination of the two may not, as discussed in Section 3.3.2 on the magnetostric- 
tive/piezoelectric Hybrid transducer. 

The transducer transfer matrix (“ABCD” matrix formulation, see Section 7.3.2) 
may be used to relate the receiving voltage sensitivity, RVS, to the transmit¬ 
ting current response, TCR. Consider the “ABCD” representation illustrated in 
Fig. 12.14 with a radiation impedance load, Zr, and an acoustic force, Fb, result¬ 
ing from an incoming acoustic wave. 

As discussed in Chapter 7, the transducer equations may be written as 

V = AF + Bu, (12.23a) 

I = C F + D u, (12.23b) 

where V and I are the voltage and current and F and u are the force and velocity 

which couple to the medium. Note that A, B, C and D all have different physical 

units. With the transducer in the water, F = Fb — uZ r , leading to the set 

V = A F b + (B - AZ r ) u, (12.24a) 

I = C F b + (D - CZ r ) u. (12.24b) 



Zr 



Figure 12.14. ABCD electro-mechanical representation. 
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Under open-circuit receiving conditions, where I = 0, we get from Eq. (12.24b) 

u = -C F b /(D - C Z r ), (12.25) 

and substitution into Eq. (12.24a) yields the open-circuit received voltage for an 
input force F b . 

V/F b |i =0 = (AD —CB)/(D-CZ r ). (12.26) 

If the transducer is reciprocal the determinant of the coefficients of Eqs. (12.23a,b) 
is + 1 or — 1, and AD-CB = ±lso that Eq. (12.26) reduces to 

V/F b |i = ±(D — C Z r ) _1 , (12.27) 

where the sign depends on how the pair of fundamental equations are written. 
Now, under the conditions of transmitting current response alone where there is 
no reception from another source, the blocked force F b = 0 and we get from Eq. 
(12.24b) 

u/I| Fb=0 = (D-CZ r r\ (12.28) 

Comparing Eqs. (12.27) and Eq. (12.28) yields the desired result 

V/F b |i=o = ±u/I| Fb=0 . (12.29) 

Eq. (12.29) completes the first step in establishing the reciprocity calibration pro¬ 
cedure; it is based on the electromechanical reciprocity discussed in Section 1.3. 
We now turn to the second step that requires use of acoustic reciprocity discussed 
in Section 11.22. 

The open-circuit receiving response M = V/pff is the ratio of the open-circuit 
voltage, V, to the free-held pressure, pg. The free-held pressure is the pressure 
at the hydrophone location with the hydrophone removed. If the hydrophone is 
small and stiff, which is usually the case below resonance, the force on the sur¬ 
face of the hydrophone is approximately A r pff. (In this development we have used 
A r for the radiating area of the hydrophone to distinguish it from the A of the 
A B C D parameters.) Otherwise, the force on the surface of the hydrophone F b = 
A r pff D a where D a is the diffraction constant, the ratio of the spatially averaged 
clamped pressure over the active face of the hydrophone to the free-held pressure 
(see Section 4.6). The diffraction constant equals unity for small hydrophones in 
free space and 2 for a piston in a rigid baffle. The transmitting current response 
S = pff/I, and the ratio M/S is given by solving these relationships for V, F b and I 
and substituting into Eq. (12.29): 

M/S = |A r D a u/pff| = J, (12.30) 

where J is called the reciprocity constant. 

For the case of plane waves, pff = pcu and for an acoustically large piston, 
D a = 2 yielding J = 2A r /pc. The plane wave condition is used in some calibration 
procedures where a plane wave is generated by a piston in a rigid tube of diameter 
D <$; A. A more often used condition is the case of radiation by a piston of area 
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A r vibrating with normal velocity u in a rigid baffle where D a = 2. The on-axis 
pressure at large distance d is, from Eq. (10.25), 

p ff = jo>pA r ue“ jkd /27td. (12.31) 

Substitution of the magnitude of pff into Eq. (12.30) yields the relation between 
transmitting current response and the open-circuit receiving response. 

M/S = J = 2d/pf. (12.32) 

(We also note that M s /S s = J = 2d/pf where M s is the short-circuit receiving 
response and S s is the transmitting voltage response.) 

The same result is found for any transducer radiating spherical waves into the 
far field and, therefore, this value of J is known as the spherical wave reciprocity 
constant. This can be shown from Bobber’s expression [1] for the diffraction con¬ 
stant, given in Eq. (4.56), which is based on acoustic reciprocity: 

D“ = 47tcD f R r /A;tu 2 p, (12.33a) 

where R r is the radiation resistance, Df is the directivity factor and, again, here A r 
is the radiating area. Since Df = Io/I a , where the maximum intensity Io = p~ ms /pc, 
the average intensity I a = W/47td 2 and the power W = u~ ms R r , D a = 2pd/uA r pf and 
substitution into Eq. (12.30) again yields J = 2d/pf. Equation (12.33a) is developed 
in Section 11.31. 

Equation (12.32) is probably the most important relationship in the measure¬ 
ment and calibration of underwater transducers. It depends on both electromechan¬ 
ical and acoustic reciprocity, a combination that can be called electroacoustic 
reciprocity. With the response referenced to 1 jiPa at d = 1 m and the water density 
p = 1000 kg/m 3 , Eq. (12.32) leads to 

RVS = TCR — 20 log f — 294 dB. (12.34) 

Thus, measurement of the TCR yields the RVS and vice versa. 

Hydrophone RVS measurements using the substitution method, Eq. (12.22), and 
reciprocity method, Eq. (12.34), provide an indication of experimental accuracy 
and reliability of the calibration of the reference hydrophone. If there is an error 
in the “calibrated" reference hydrophone, the correct RVS value of a hydrophone 
under test is the average, in dB, of the direct comparative measured value and 
the value obtained by reciprocity [8a]. For example if the reference hydrophone 
is actually 1 dB below the published sensitivity value, the comparison method 
will yield an apparent higher sensitivity for the hydrophone under test by 1 dB. 
On the other hand, a reciprocity determination will yield a 1 dB lower TCR and 
corresponding RVS from Eq. (12.34). Consequently, the two errors will cancel out 
[8a] when the two RVS results are averaged, (i.e. [(RVS+1) +(RVS —1)]/2 = RVS). 

Equation (12.34) may be rewritten with the TVR instead of the TCR if the mag¬ 
nitude of the electrical impedance is also measured. Since the electrical impedance 
is Z = V/I, the current response S = p/I may be written as S = Z p/V where p/V is 
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the constant voltage transmitting response. In this case Eq. (12.34) becomes 

RVS = TVR + 20 log|Z| - 20 log f- 294 dB. (12.35) 

At very low frequencies the impedance of electric field transducers is 1/jcuCf and, 
under this restriction, 

TVR ss RVS + 20 log(C f ) + 40 log f + 310 dB, f « f r . (12.36) 

Since the RVS is flat below resonance for piezoelectric ceramic transducers, Eq. 
(12.36) shows that the TVR rises at a rate of +12 dB/octave in the region below 
resonance. 

Reciprocity principles may be used to calibrate transducers in the free field or, 
in a limited way, from measurements made in rigid confined enclosures, such as 
illustrated in Fig. 12.27 and discussed in Sect. 12.7.2. Equation (12.36) may then 
be used to determine the TVR from RVS measurements made at frequencies be¬ 
low the enclosure resonance frequencies if the frequencies of interest are also well 
below the fundamental resonance frequency of the transducer. In this range the ra¬ 
diation loading has little effect on the stiffness-controlled velocity response as well 
as the corresponding pressure response. On the other hand, the loading does have 
a significant effect on power radiated and mechanical efficiency, which cannot be 
determined from this measurement. 


12.6. Tuned Responses 

The performance of a transducer can be improved by electrically canceling out or 
“tuning out” residual transducer electrical components, which reduces power am¬ 
plifier volt-ampere requirements by improving the power factor (see Section 2.86). 
Electric field transducers are tuned with inductors, while magnetic field trans¬ 
ducers are tuned with capacitors. Electrical tuning is usually implemented (see 
Appendix A. 16) at the mechanical resonance frequency of the transducer where 
the mass and stiffness reactance cancel leaving the radiation resistance and inter¬ 
nal resistance plus the clamped capacitance or inductance. The electric and mag¬ 
netic equivalent circuits of Figs. 12.1 and 12.4 show the transducer shunt clamped 
capacitor, Co, and the series clamped inductor, Lo, respectively. Corresponding 
equivalent circuits at mechanical resonance, cu r , are shown in Figs. 12.15 for elec¬ 
tric field transducers and 12.16 for magnetic field transducers. 


O- 


O- 



Re 


FIGURE 12.15. Electric field transducer circuit at resonance. 
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FIGURE 12.16. Magnetic field transducer circuit at resonance. 



FIGURE 12.17a. Shunt tuned electric field transducer admittance locus. 


12.6.1. Electric Field Transducers 

A measure of the ratio of the clamped susceptance relative to the conductance at 
resonance, for the circuits of Figs. 12.1 and 12.15, is the electrical Q e = tu r CoR e - 
Since Eq. (2.81a) shows that Q e = (1 — kj ff )/k“ ff Q m , a transducer with a higher 
effective coupling coefficient has a lower Q e requiring less tuning reactance for 
a given Q m yielding a wider band for effective tuning. The electrical band limits 
are typically considered to be the frequencies at which the reactance equals the 
resistance and the impedance or admittance phase angle is 45° (see Section 2.83). 

Consider first the electric field transducer equivalent circuit of Fig. 12.1 along 
with the admittance response and locus of Figs. 12.6 and 12.7. At mechanical res¬ 
onance, the circuit of Fig. 12.1 becomes the circuit of Fig. 12.15. The value of 
the susceptance at mechanical resonance is Bo = cu r Co where Co is the clamped 
capacitance. For tuning with an inductor, L p , in parallel with the transducer at 
mechanical resonance, o> r L p = l/cu r Co or 

L p = l/o) r 2 C 0 . (12.37) 

Under this tuned condition the admittance response and locus of Figs. 12.6 and 
12.7 take the form of the curves of Figs. 12.17a and 12.17b with no reactive com¬ 
ponent at resonance, f r . 

The TVR of Fig. 12.11a does not change since L p is in parallel with the trans¬ 
ducer and does not affect the voltage applied to the transducer. However, the 
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FIGURE 12.17b. Shunt tuned electric field transducer Conductance, G, and susceptance. B. 



FIGURE 12.18. Shunt tuned receiving sensitivity electric field transducer. 

shunt inductor does affect the receiving response output voltage and the RVS of 
Fig. 12.13a does change and takes the form illustrated in Fig. 12.18. Although the 
shunt tuning may improve the receiving response in the vicinity of resonance, it 
reduces the sensitivity well below resonance at a rate of 6 dB/octave, and makes it 
somewhat like a bandpass filter. 

A series inductor, L s may also be used to tune out the series reactance term 
of the impedance at mechanical resonance. At this frequency the reactance of the 
circuit of Fig. 12.15 is (1 /jtu r Co)Qg/(l + Q~) and the required value for the series 
inductance is 

L s = (l/tUjCo)Qe/(l + Qe), (12.38) 

where Q e = cu r CoRoRe/(Ro + Re). As seen, L s approaches L p for Q e 1; how¬ 
ever, for Q e 1, L s = QgLp. The series tuning method lowers transducer input 
impedance requiring less voltage drive than in the untuned or parallel-tuned cases. 
Parallel-tuned cases often need an additional transformer to reduce the electrical 
input impedance of the transducer. This transformer, however, can also double as 
a shunt-tuning inductor (see Appendix A.16). The RVS of Fig. 12.13a does not 
change because L s is in series with the transducer and the RVS is defined un¬ 
der open-circuit conditions which is nearly the case with a high input impedance 
preamplifier. However, the TVR of Fig. 12.11a does change and takes the form 
shown in Fig. 12.19. 

The depth of the reduction in the response at f r depends on the values of Q m 
and Q e . The series tuned admittance locus is shown in Fig. 12.20 with the two 
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FIGURE 12.19. Series tuned electric field transducer transmitting voltage response. 



FIGURE 12.20. Series tuned admittance locus for an electric field transducer. 



resonance frequencies f,i and f r 2 , at which the TVR has maxima, as illustrated 
in Fig. 12.19. Again, the shape of the response curve corresponds to that of a 
bandpass filter. 

The transducer is often used as both a receiver and projector. This may be 
accomplished using the transmit/receive, “T/R,” circuit illustrated in Fig. 12.21 
where V t is the transmitting voltage, V r is the received voltage, X is the trans¬ 
ducer, T is the transformer (possibly with shunt tuning) with turns ratio, T, and 
A and B are low-voltage reversed-diode pairs. 
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The transmitting power amplifier is usually a constant voltage low impedance 
source. Under transmitting conditions with voltage drive greater than approxi¬ 
mately 1 volt, the diode pairs A and B conduct in both directions and the voltage 
TV t appears across the transducer, X. On the other hand, under receive conditions 
with V, = 0, the transducer acts as a hydrophone with a typical low-level-output 
receive voltage, V r . In this case, the diode pairs A and B open-circuit and the 
signal passes through the secondary of the transformer and appears as the out¬ 
put received voltage, V r . This voltage is usually amplified through a high-input- 
impedance preamplifier, which is coincidentally protected under transmitting by 
the short-circuit conditions of the diode pair, B. In some low-signal cases the diode 
noise could be a problem and should be considered. 


12.6.2. Magnetic Field Transducers 

The electrical tuning of a magnetic field transducer may be understood with ref¬ 
erence to the equivalent circuits of Fig. 12.4 and 12.16. At mechanical resonance, 
cu r U = I/gUj-C' and the series impedance is (R’ + R' 0 ) +jtu r Lo, as shown in 
Fig. 12.16. The reactive part may be canceled by a series capacitor with value 

C s = l/oj r 2 L 0 . (12.39) 

This series capacitor has no effect on the open-circuit RVS or the TCR but it does 
have an effect on the TVR of Fig. 12.12b and impedance locus of Fig. 12.10. The 
resulting series-tuned impedance locus is shown in Fig. 12.22, and the resulting 
TVR bandpass filter response is shown in Fig. 12.23. 

The magnetic field transducer may also be parallel tuned at mechanical res¬ 
onance with a capacitor, C p . With Q e = eu, Lo/fR' + R^) the equivalent shunt 
inductive reactance is jtu r Lo(l + Q 2 )/Q 2 . Thus, for parallel tuning 

Cp = (l/cu r 2 L 0 )Qe 2 /(l + Qe 2 ). (12.40) 



FIGURE 12.22. Series tuned impedance locus for magnetic field transducer. 
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FIGURE 12.23. Transmitting voltage response for series tuned magnetic field transducer. 



FIGURE 12.24. Transmitting current response for shunt tuned magnetic field transducer. 


This parallel tuning has no effect on the TVR but does affect the TCR shown in 
Fig. 12.11b by introducing a 6 dB/octave roll off above resonance as illustrated in 
the bandpass filter response of Fig. 12.24. 

Equations (12.37) to (12.40), which give inductance and capacitance values for 
parallel and series tuning, are based on a lumped equivalent circuit representation 
of the transducer with effective parameter values and have validity in the vicinity 
of resonance. A more direct and accurate method is to use measured or accurately 
modeled reactive values obtained from the impedance and admittance. The re¬ 
active part of the impedance would be used to determine the series-tuning value 
while the susceptance part of the admittance would be used to find the parallel¬ 
tuning value. Thus, if X r is the reactance of a transducer at mechanical resonance, 
the series-tuning inductance for an electric field transducer would be L s = X r /cu r 
while the series capacitance would be C s = 1/X r cu r for a magnetic field transducer. 
If B r is the susceptance of the transducer at resonance, the parallel inductance 
would be L p = 1/B r cu r while the parallel capacitance would be C p = B r /cu r for 
electric and magnetic field transducers respectively. 

Electrical tuning is useful in reducing the volt-ampere requirements at mechan¬ 
ical resonance particularly under water-loaded conditions. It can also be applied at 
frequencies above and below resonance; however, if it is not applied in the vicin¬ 
ity of resonance, the resulting tuned bandwidth will be narrow. Since piezoelectric 
ceramics age exponentially with time after poling [12a, 12b] (see Appendix A. 14), 
the tuned frequency will vary with time especially if the piezoelectric ceramic has 
been recently poled. It is therefore important that the piezoelectric ceramic section 
of the transducer be adequately aged before being tuned. 
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12.7. Near-field Measurements 

Acoustic transducer measurements are normally made in the far field where spher¬ 
ical spreading holds, the pressure falls off as 1/r with a 6 dB reduction per doubling 
of distance, and the beam pattern does not change as the distance is increased. 
Measurements are made in oceans, lakes, quarries, ponds, and indoor tanks and 
pools. Indoor measurements are most convenient but may be impossible at certain 
frequencies because of limited tank size. However, a variety of near-field measure¬ 
ment techniques have been developed which allow measurements in tanks with 
dimensions smaller than the far-held distance and permit near-held measurements 
to be extrapolated to the far held. 


12.7.1. Distance to the Far-field 

The distance to the far-held involves the wavelength and the size of the transducer 
or array. For example, the distance between a projector being evaluated and a mea¬ 
suring hydrophone must be considerably greater than the projector size to prevent 
the different distances from the center and ends of the projector from introducing 
signihcant phase and amplitude differences at the measuring hydrophone. This is 
particularly important when beam pattern measurements are made and the trans¬ 
ducer is rotated. The far-held is established for a projector or hydrophone array of 
length L at the so-called Rayleigh distance, 

r > L 2 /2A. (12.41) 

This distance may be understood by considering an acoustic wave arriving at a 
hydrophone array of length L from a small source at a distance r from the ends of 
the array as illustrated in Fig. 12.25. 

If the source is far from the array, the arc of the curved wavefront will fall 
along L and all the hydrophone elements of the array will receive an approxi¬ 
mately in-phase wave. The difference between a spherical wave from a nearby 
small source and a plane wave from a distant small source may be measured by 
the “sagitta” distance 8 = r(l - cos 0) shown in Fig. 12.25. As the source distance 
r grows, the angle 0 becomes small so that 8 ss r 0 2 /2 and 0 ~ L/2r yielding 8 ~ 



FIGURE 12.25. Difference between spherical and plane wave fronts. 
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L 2 /8r. If the distance 8 is less than A/4, the phase differences across the array will 
be small, although not completely negligible. Thus, with 8 < A/4 we get, from 8 ~ 
L 2 /8r, the far-held condition r > L 2 /2A as in Eq. (12.41). It has been found that 
the condition of Eq. (12.41) is sufficient in many cases, but that the more accurate 
condition of 8 < A/8 or r > L 2 /A is sometimes necessary. 

Note that Eq. (12.41) is based only on a requirement of small phase variation 
over the surface of the transducer or array of transducers and does not consider 
the effects of amplitude variation. Amplitude variation can be taken into account 
by the added condition that r L. 

An expression similar to Eq. (12.41) may also be obtained from the pressure 
magnitude along the axis of a radiating piston of radius a set in a rigid baffle (see 
Section 10.31). With z the distance from the center of the piston to a point along 
the axis, the pressure magnitude is 

p(z) = 2pcu sin{k[(z 2 + a 2 ) 1 / 2 — z]/2}. (12.42) 

A plot of this function is shown in Fig. 10.13 illustrating how the interference 
causes nulls and peaks in the near-field pressure with a smooth 1/z pressure varia¬ 
tion in the far field. The nulls and peaks only occur when the wavelength is small 
enough to result in a total phase reversal from different parts of the radiator. In the 
region where z»awe have, from the binomial expansion, 

(z 2 + a 2 ) 1/2 «z + a 2 /2z. (12.43) 

If, in addition to this, the condition ka 2 /4z <$C 7t/4 is satisfied, Eq. (12.42) reduces 
approximately to the far-field expression 

Pf = pcuka 2 /2zf, (12.44) 

where Zf indicates that z is a far-field reference distance. With the piston diameter 
D = 2a, the far-field condition above may be written as 

z f > D 2 /2A, (12.45) 

which is consistent with Eq. (12.41). For a radiating surface of any shape the far- 
field distance can be estimated as the square of the maximum dimension divided 
by 2A. 

72.7.2. Measurements in Tanks 

Small tank limitations depend on the size and Q m of the transducer as well as the 
frequency of the measurement. If a gated pulse system is used, measurements are 
made between the time of arrival of the direct pulse and the reflected pulse. This 
time window should exceed Q m T, the time for the pulse to reach steady state where 
T is the period of vibration. In addition a small number, N, of steady-state cycles 
may be necessary to make a reliable measurement, although in some cases N = 1 
is sufficient. The total time, t, required is then (Q m T + NT). With A equal to the 
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difference in propagation distance between the direct and the first reflected pulses 
the time difference A/c should be equal to or greater than (Q m T + NT) to avoid 
interference with the directly received pulse. Consequently, the difference in the 
path length between the direct and reflected pulses must be 

A > (Q m + N)c/f = (Q m + N)A. 

Thus, large distances of travel between direct and reflected paths are needed for 
low frequency, long-wavelength, high-Q transducers. 

Pulse techniques can simulate actual operating conditions allowing high-power 
drive and harmonic distortion evaluation of the transducer. If, however, only the 
low-level response is needed, impulse methods may be preferable since the re¬ 
sponse curve is displayed almost instantaneously and the pulse length is very short, 
allowing measurements at lower frequencies. 

A large A implies a large tank where the reflecting surfaces are far from the 
receiving hydrophone. A possible arrangement is illustrated in Fig. 12.26 where 
the direct path distance is r and the reflected path distance is r, = (w 2 + r 2 ) 12 
giving A = r r - r. 

The most favorable situation occurs if w r where A ~ w — r and, in the ex¬ 
treme case, A«w. On the other hand, for w«r, the path difference A ~ w(w/2r) 
and the ability to measure transducers is impaired. For a typical case where w = 
r, the difference A = 0.414w. If the transducer Q = 5 and we choose N = 5 
cycles then we need w > 24A, while with Q = 1 and N = 1, w > 4.8A. At 3 kHz 
where the wavelength is 0.5 m, the Q=5/N=5 case requires a tank dimension of 
12 m while the Q=l/N=l case requires only 2.4 m. Sound absorbing material may 
be used to line the measuring tanks; however, to be fully effective, the absorbing 
material usually needs to be at least one-quarter wavelength thick. At higher fre¬ 
quencies, where the material is most effective, pulse-gated systems usually work 
well without the need of absorbers. 

Hydrophone measurements in the low-frequency band can also be made in 
the near field. These measurements are usually made within a small rigid con¬ 
tainer with a maximum dimension, w, less than A/4 allowing a nearly uniform 
pressure field and measurement at frequencies up to c/4w. This arrangement is 



FIGURE 12.26. Tank measurements with direct and reflected paths. 
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illustrated in Fig. 12.27 with, H, the hydrophone under test, H r , a calibrated refer¬ 
ence hydrophone, and D the projector. 

The container may be air filled or fluid filled for testing under uniform pressure. 
If air filled, a conventional loudspeaker can be used while if water filled, a flexural 
mode piezoelectric driver could be used to obtain the low frequencies needed. The 
container must be sealed and the hydrophones must be omnidirectional and oper¬ 
ated below their fundamental resonance. In operation the driver is swept over the 
frequency band creating a pressure, p, in the container while the voltage outputs, 
V and V r , from H and H r are measured. With the sensitivities M = V/p and M, = 
V r /p for the hydrophone under test and the reference hydrophone respectively, the 
sensitivity of the hydrophone under test is then M = M r V/V r or in dB, 20 log M 
= 20 log M r + 20 log (V/V r ). These results, along with the free capacitance, Cf, 
may also be used to obtain the low-frequency TVR of the transducer through Eq. 
(12.36). 

Directional hydrophones (see Section 4.5) may be measured with a system 
that generates a pressure gradient such as the one illustrated in Fig. 12.28. The 
gradient is established with the two drivers, Di and D 2 , driven 180° out of 
phase creating a longitudinal force on the reference hydrophone, H r , and the 
hydrophone under test, H. The rigid container as well as the hydrophones H 
and H r must be compliantly suspended to allow free horizontal motion. Beam 
patterns may be measured by rotating the directional hydrophone under test. 
This system has been extensively developed and analyzed by Bauer et al. [14], 


<- W -> 



FIGURE 12.27. Small closed chamber for testing omni-directional hydrophone. 



FIGURE 12.28. Chamber for testing a directional hydrophone. 
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Directional hydrophones are often constructed from accelerometers as described 
in Section 4.54. In these cases the accelerometers are initially tested on shake 
tables with reference accelerometers before in-water tank testing. 


12.7.3. Near- to Far-field Extrapolation—Small Sources 

When a radiating surface is smaller than the wavelength it can often be approxi¬ 
mated by a simpler radiator with a known field. In such cases near-field pressure 
measurements can be extrapolated to the far-field. The most common example is 
the piston in a rigid baffle where the analytical expression for the pressure on the 
axis is given in Eq. (12.42). The ratio of Eq. (12.44) to Eq. (12.42), 

Pf/p(z) = (a/4z f )ka/sin{k[(z 2 + a 2 ) 1/2 - z]/2), (12.46) 

shows that if the near-field pressure magnitude p(z) is measured at a given location, 
z, then the far-field pressure magnitude on the axis at Zf may be calculated for any 
frequency. There is, however, the possibility of dividing by a very small number 
with a serious loss of accuracy when using this equation. Equation (12.46) may be 
simplified further if the near-field pressure is measured at the center of the piston 
at z = 0 yielding 

Pf = p(0)(a/2zf)/Sinc(ka/2). (12.47) 

At low frequencies, where ka <£ 1, Eq. (12.47) simplifies further to 

p f = p(0)(a/2zf). (12.48) 

Equation (12.48) was first proposed by D.B. Keele [15] as a means for obtaining 

the far-field response of low-frequency loudspeakers [13] for which far-field con¬ 
ditions are difficult to obtain. Use of Eq. (12.48) requires placement of a small 
microphone or hydrophone at the center of the radiator, measuring the pressure 
magnitude and then multiplying by a/2 to get the far-field pressure referenced to 
1 meter (zf = 1). Because the sensor is very close to the vibrator, the direct sig¬ 
nal distance is much less than the distance of any reflector and the conditions are 
favorable for pulse measurement. Moreover, since the acoustic pressure from the 
direct signal is considerably larger than the pressure from any reflected signal, 
a pulse signal is not always needed and continuous wave measurements may be 
sufficient. 

Equation (12.48) may be extended to the case where the measurement is made 
at a small distance, z, from the center of the piston by evaluating Eq. (12.46) for 
both ka <$C 1 and kz 1 yielding 

Pf = P(z)(a/2z f )/[[(z/a) 2 + 1] 1/2 - z/a). (12.49) 

Thus, for z«a, but not necessarily zero. 


Pf = p(z)(a + z)/2z f 


(12.50) 
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It can also be shown (see Section 10.31), for the case of an acoustically-short thin- 
walled ring of mean radius a, that 

Pf = p(z)(a 2 + z 2 ) 1/2 /z f , 

for the usual case where the radiating surfaces are in-phase [see Eq. (10.36a)]. 
This is a useful expression for near-held measurement of the common radially- 
vibrating ring transducer. 

The above expressions are strictly valid for the case of a piston or ring in a rigid 
baffle or for a thin piston or ring vibrating on both sides with the same ampli¬ 
tude and phase. These conditions are seldom found in actual practice where the 
piston is normally housed in a small comparatively rigid container. This practi¬ 
cal situation is better approximated by the case of an un-baffled piston vibrating 
on one side only. Butler and Sherman [16] have shown, through the synthesis of 
anti-symmetric and symmetric vibrators, and using Silberger’s oblate spheroidal 
results [17], that for the unbaffled piston Eq. (12.48) is replaced by 

Pf = p(0)(a/2z f );t/(jt + 2) « p(0)(a/3.3z f ). (12.51) 


12.7.4. Near- to Far-fieldExtrapolation—Large Sources 

Near-field measurement techniques are readily implemented in the high-power 
range where the transducer is smaller than A/2. Under this condition there is 
no cancellation and simple formulas may be established as shown above. In the 
higher-frequency range near-field effects include large variations in pressure as a 
result of cancellations. In this frequency band, simple formulas are not possible 
and near field to far-field extrapolations must be based on series expansion so¬ 
lutions or Helmholtz integral solutions of the wave equation. Both methods are 
based on enclosing the transducer or array by an imaginary surface and measur¬ 
ing the pressure and/or velocity amplitude and phase on this surface to obtain the 
far-field pressure. The main difficulty lies in measuring the velocity accurately at 
a sufficiently large number of points on the surface. Methods have been derived to 
limit the required number of measuring points and also to eliminate the need for 
measuring the velocity. 

The Helmholtz integral equation (see Section 11.24) may be written as 

P(P) = (j^P/4tt)//u s (e-j kr /r)dS + (1/4 tc) ff p s 8(e~^/r)/8n dS, (12.52) 

where P is a fixed point in space where the pressure is to be determined, p is the 
density of the medium, oj is the angular frequency, k = w/c is the wave-number, 
c is the sound speed, u s is the normal surface velocity, d/dn is the derivative in the 
direction normal to the surface, p s is the surface pressure, dS is the element of area 
on a surface enclosing the source to be measured, and r is the distance from dS to 
the point P. In general both the pressure and normal velocity distribution on the 
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surface must be measured to obtain the far-held pressure from this integral equa¬ 
tion representation. A sketch of the coordinate system and transducer is illustrated 
in Fig. 12.29, where the angle between the surface normal, n, and r is 0. 

Equation (12.52) may be written in a more convenient form using the approach 
by Baker [18] (also see Eq. (11.43) 

5(e _jkr /r)/3n = — cos 03(e _:ikr /r)/3r, (12.53) 

to obtain 

p(P) = (jtup/4;t)//[u s + (p s /pc)(l + l/jkr)cos0](e“ jkr /r)dS. (12.54) 

In the far held where kr 1 Eq. (12.54) becomes 

p(P) = (jtup/47tr)//[u s + (Ps/pc) cos 0]e -jkr dS. (12.55) 

Although this version of the Helmholtz integral equation appears to be in a more 
convenient form for evaluation, it still requires a measurement of both the normal 
velocity and the pressure on the surface. A simplification is made by assuming 
that the curvature of the surface is small and that at each point on the surface 
p s ss pcu s , as in plane waves [18]. Equation(12.55) then reduces to 

p(r) « (j/2Ar) //[ 1 + cos 0]e -jkr p s dS. (12.56) 

With this formulation, under suitable conditions, only measurement of the pressure 
on the near-held surface enclosing the transducer is needed to obtain the far-held 
pressure. 

The wave function series expansion approach avoids the need for velocity mea¬ 
surement in a fundamental way. In this approach a general solution to the wave 
equation is written as an expansion in orthogonal wave functions with constant 
coefficients (see Chapter 10). These coefficients are then obtained by appropriate 
integration of the measured near-held pressure over the chosen coordinate surface 
as illustrated below. The wave functions are associated with the coordinate sys¬ 
tems in which the wave equation is separable (e.g., cylindrical, spherical, spher¬ 
oidal, etc.). 


z 



FIGURE 12.29. Coordinate system for nearfield to farheld evaluation. 
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Consider, for example, the simple case of an axisymmetric transducer with an 
imaginary enclosing spherical surface of radius a as illustrated in Fig. 12.30. The 
spherical coordinate wave function solution to the wave equation may be written 
as 

oo 

P (r, 0) = X b n h n 2) (kr)Pn(cos 0), (12.57) 

n=0 

(2) 

where h n (kr) is the spherical Hankel function of the second kind of order n and 
P n (cos0) is the Legendre polynomial. If the pressure is measured at a sufficient 
number of points on the spherical surface, the coefficients b n are given by the 
integral 


71 

b n = [(2n + l)/h<, 2) (ka)] j p(a, 0)P n (cos 0) sin 0d0, (12.58) 

o 

where p(a,0) represents the measured near-held pressure. The values of b n are 
then substituted back into Eq. (12.57) to calculate the pressure p(r,0) at any value 
of r > a. Specifically, in the far field, Eq. (12.57) becomes 

OO 

P (r, 0) = (e-^/r) ^bnj n+1 P n (cos 0), (12.59) 

n=0 

which allows a far-field computation of p(r,0) based only on near-field pressure 
measurements. The integration in Eq. (12.58) assumes a continuous measurement 
of p at a distance a as 0 varies from 0 to n, which may be approximated by a 
number of measurements at discrete points. 

Butler [19] (see also Section 11.41) has suggested a collocation method which 
is particularly useful for cases where the pressure is measured at discrete points 
on a surface in which the wave equation is not separable. The method may be 
described most simply for an axisymmetric case as illustrated in Fig. 12.31, again 
using Eq. (12.57), although any wave function expansion which satisfies the wave 



FIGURE 12.30. Transducer enclosed by a spherical surface of radius, a. 
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FIGURE 12.31. Axisymmetric transducer with pressure measurements taken at nearfield 
points 1 through 6. 


equation could be used. Six pressure measurement locations and, specifically, 
location number two at 02, are illustrated in Fig. 12.31. 

If the pressure is measured at N points, Eq. (12.57) becomes, on truncating the 
series to N terms, 


N—1 

p(ri, 0i) = X b n h n (2) (kri)Pn(cos 00, i = 1, 2, 3, • • • N. (12.60) 
n=0 

The underlying assumption is that N is large enough to include enough terms to 
describe the field. For example, if it were known that the pattern was omnidirec¬ 
tional, we would need only one measurement, if the pattern was a cardioid we 
would need two measurements, with more points required when the unknown pat¬ 
tern is expected to be more complex. Equation (12.60) represents N equations 
(i from 1 to N) with N unknowns (n = 0 to N—1), which can be solved for the 
unknown coefficients, b n . In matrix notation 

p = Ab, (12.61) 

where p and b are the corresponding pressure and coefficient column matrices and 
A is the square matrix with elements A m = h!fVkrj)P n (cos 0;). The rows of A; n 
correspond to measurement positions (q, 0;) while the columns correspond to the 
orders, n, of the functions. The solution for the coefficients can be written as 

b = A - 1 p, (12.62) 

and obtained through the inverted matrix A - 1 . The resulting N complex coeffi¬ 
cients, b n , may then be substituted into Eq. (12.60) to obtain the pressure at any 
distance, r, outside the source. 

As an example, thirteen near-field, 0.48A spaced pressure, p, values, simulating 
measuring hydrophones, are shown about a three-source axisymmetric array in 
Fig. 12.32. 

A corresponding thirteen-term spherical wave function expansion, based on the 
location of the thirteen points with origin on source 2, was used to create the matrix 
A from which the coefficients, b, were obtained through Eq. (12.62). Calculations 
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FIGURE 12.32. Exact (—) and predicted (• • •) farfield (A) and nearfield (B) pressure 
amplitude polar beam patterns for three sources with amplitude ratios 3:2:1 and one wave¬ 
length separation with the 13-element hydrophone arrangement [19]. 


of the pressure on a near-field circle at r = 1.59A, and on a far-field circle, based 
on the coefficients b, are shown in Fig. 12.32 and seen to compare well with the 
pressures from an exact three-source calculation. 

Other near-field measuring methods such as the Trott array [20] as well as other 
measurement techniques for underwater sound transducers are discussed in detail 
by Bobber [1], 


12.7.5. Effect of Transducer Housings 

Tonpilz transducers are typically evaluated individually in watertight housings 
(see Figs. 1.11, 1.12, and 1.20) before an array (see Figs. 1.14 and 1.15) is im¬ 
plemented. Normally the housing does not protrude laterally much beyond the 
face of the piston and has little effect on the free-field response. Occasionally, 
such as during prototyping, the front face of the Tonpilz transducer housing may 
be large enough to act as a small finite baffle, and in these cases it can have an ef¬ 
fect on the transmitting or receiving responses. Such diffraction effects have long 
been recognized and observed as variations in an otherwise smooth loudspeaker 
response [9, 21]. The effect of a rigid finite baffle surrounding a small point sen¬ 
sor has been evaluated by Muller et al. [22] by considering a plane wave incident 
on the end of a rigid cylinder and on a rigid sphere. The results are shown in 
Fig. 12.33 where the cylinder and sphere have diameter D and the wavelength is 
A. The ordinate is the ratio, in dB, of the pressure at the center point of the baffle 
relative to the free-field plane wave pressure, po 
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FIGURE 12.33. Diffraction of a sound wave by cylinder and sphere [22], 


Consider the case of a wave arriving at normal incidence where 4> = 0° in 
Fig. 12.33. In the case of a sphere, the pressure approaches a doubling effect (as 
in a rigid baffle) as D/A increases beyond about 1.0. However, for the case of 
the cylinder, pressure doubling occurs at D/A = 0.4 and then alternates between 
10 dB and 0 dB without leveling off at 6 dB, as in the case of the sphere. The 
oscillation is due to diffraction at the edge of the cylinder which creates a scattered 
wave that arrives at the baffle center delayed by the travel time across the radius. 
The scattered wave is phase reversed at the edge [23, 24] and travels inward to 
the central point from all points around the periphery. The first peak is a result of 
the addition of the scattered wave and the direct wave at the center point when the 
radius a = D/2 = A/2. At this frequency, the 180° phase shift due to travel time 
plus the additional 180° phase shift at the edge yields the in-phase addition of 
the scattered and direct waves. At a = A the 180° phase shift at the edge causes a 
cancellation at the center and yields the same pressure as if there was no baffle. 
These oscillations continue at half-wavelength intervals. However, in practice the 
finite size of the transducer piston mitigates the effects of diffraction as the piston 
size approaches one wavelength. At higher frequencies there is pressure doubling 
due to the size of the piston itself. 

The interference effects are most pronounced if the finite baffle is circular, as in 
Fig. 12.33. In this case, the scattered wave appears to come from a ring source with 
focused constructive addition occurring at the center of the baffle (or transducer). 
Accordingly, these effects may be minimized by locating the transducer at an off- 
center position, use of a baffle with less symmetry, or by curving or tapering the 
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edges of the baffle [9, 21]. The best baffle is a large sphere which achieves pressure 
doubling for D/A > 1, or a very small baffle which shows no pressure doubling 
and no pressure alterations in the frequency band of interest. 
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The Future 


The end of the Cold War significantly changed the nature of the deep ocean sub¬ 
marine threat where the need for long detection ranges emphasized development 
of larger, more powerful transducers and arrays operating at lower frequencies. 
Naval operations in relatively shallow water nearer coastlines are now expected 
to be more important; although detection ranges will be shorter, interference from 
surface and bottom reverberation will be more significant. These conditions will 
require transducers and arrays operating at higher frequencies with wider band¬ 
width, allowing frequency agility and operation at optimum sub-bands within the 
broad system bandwidth. Combined operations with networked acoustic commu¬ 
nications involving many small directional transducers will also be required. Pro¬ 
jector and hydrophone arrays mounted on unmanned undersea vehicles will play 
an important part in such operations. We believe that meeting these conditions 
will require new transduction materials, faster and more thorough numerical mod¬ 
eling techniques, as well as increased efforts in several promising areas that are 
not presently being pursued. 

New transduction materials provide the most likely path to improved trans¬ 
ducer performance. This is illustrated by the evolution from quartz to the more 
highly coupled, higher-power piezoelectric ceramic and single-crystal materials, 
PZT and PMN-PT, as well as the transition from nickel to the more highly cou¬ 
pled magnetostrictive materials, Terfenol-D and Galfenol. These new materials 
provide greater energy density and higher coupling coefficients, but there is more 
to be gained from even higher coupling coefficients. A significantly higher effec¬ 
tive coupling coefficient, k e , makes possible some interesting speculation about 
transducer parameters that are proportional to ( 1- k e 2 ) such as the mechanical 
resonance frequency given by f r = f a (l - ke 2 ) 1 / 2 , and the electrical Q, given by 
Q e = (1 - k e 2 )/k e 2 Q m . Higher k e gives a reduction in both resonance frequency 
and Q e , leading to a smaller transducer and a smaller power amplifier. Such para¬ 
meters change significantly for relatively small changes in k e , particularly for high 
values of k e . Under the conditions of a constant f a and optimum bandwidth, with 
Q m = Q e , the relative change in f r and Q e can be written as 

df r /fr = —[k 2 /(l - k 2 )]dk e /k e and dQ e /Q e = -[1/(1 - k 2 )]dk e /k e 
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and is seen to depend on the relative change in k e magnified by the factor in the 
brackets. For k e = 0.707 the magnification factor is unity in the first bracket and 
2 in the second. However, for k e = 0.90 the magnification factor is 4.3 in the 
first bracket and 5.3 in the second. Thus, for a given relative increase in k e , the 
decrease in f r and Q e is greater for larger values of k e , which can lead to smaller 
transducers and less power amplifier requirements. Accordingly, there appears to 
be a significant future benefit in small incremental increases in the effective cou¬ 
pling coefficient beyond that of the current high coupling coefficient materials and 
the current best transducer designs. 

Realization of such gains will require new and improved transduction materi¬ 
als that may be found from basic solid state physics studies of electromechanical 
coupling. High material electromechanical coupling must be the primary goal, but 
other material properties such as density, elasticity, and thermal stability are also 
very important. Practical transducer materials must also be able to withstand high 
electric and mechanical stress without significant increase in electrical and me¬ 
chanical dissipation. An example of a new material is the ferromagnetic shape 
memory alloy (FSMA) [1] with potential as a magnetic field transducer and for 
use in hybrid transducers. The FSMA materials are a new class of active materials 
that yield large (6%) strains and high coupling in single-crystal form. 

The possible improvements mentioned above depend on high effective coupling 
coefficients which requires not only use of materials with very high material cou¬ 
pling coefficients (more than 0.9), but also very careful transducer design that 
minimizes the various effects that make the effective coupling less than the mater¬ 
ial coupling. This will require more refined design techniques and more powerful 
computational methods. It will also require careful attention to the properties of 
all the other materials used in the transducer and to all the details of its construc¬ 
tion. Finite element programs with 64-bit dual processors will soon be available 
to all designers and inventors to help conceive and analyze improved transduc¬ 
ers and arrays. Increased usage of finite element pictorial modal animation will 
allow quick evaluation of new concepts and possibly lead to new discoveries. Ex¬ 
perimentation will be increasingly performed on the computer rather than in the 
laboratory, allowing faster and less expensive means for approaching optimum 
designs. Transducer measurements will still be necessary, but increased processor 
speed will allow faster and more detailed data analysis which will quickly reveal 
performance limitations and the possibilities for improvement. 

The existence of material coupling coefficients approaching unity emphasizes 
the importance of the effective coupling coefficient and suggests that a basic recon¬ 
sideration of electromechanical coupling and its relationship to transducer perfor¬ 
mance is needed. Presently the electromechanical coupling coefficient is defined 
under quasistatic conditions, although it is often measured under dynamic condi¬ 
tions. It is also defined with no regard for energy loss mechanisms, even though 
two different definitions in terms of energies are used. Similarly, very little work 
has been done on the effect of nonlinearities on coupling, although the conver¬ 
sion of energy to harmonics at high drive levels is certain to decrease the effec¬ 
tive coupling coefficient. These unsolved transducer problems show the need for 
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a more general understanding of electromechanical coupling and the need for a 
more general definition of a frequency-dependent, dynamic coupling coefficient 
that includes energy loss mechanisms. Such improved understanding would play 
an important part in optimizing transducer performance and developing new ap¬ 
proaches such as unbiased transducer drive and hybrid transducers. 

Practical hybrid transducer designs have only begun to be considered, and are 
now more feasible than before because of the existence of compatible electric and 
magnetic transduction materials and the possibility of developing new materials 
that are intrinsically hybrid. Such designs could eliminate the need for tuning in¬ 
ductors, while improving both the power factor and the coupling coefficient. The 
need for greater output from smaller transducers requires a better understanding of 
the nonlinear behavior of transducer materials. For example, PZT with additional 
external electrical bias has been shown to give significantly greater output. On 
the other hand, a better understanding of unbiased nonlinear drive in electrostric- 
tive and magnetostrictive transducers may lead to simpler transducers with higher 
output. Alternatively, the combination of positive and negative magnetostrictive 
materials could provide linear operation without the need for bias. 

Improved computational capability will also lead to improved array interac¬ 
tion models that can handle details such as the uneven pressure distributions on 
individual transducers in arrays that cause the excitation of unwanted modes of 
vibration. These non-fixed velocity distributions reduce array output and increase 
side lobe level and need to be understood and mitigated by finite element analysis 
before an array is fabricated. This is especially important as the coupling coef¬ 
ficient of transducers is improved, since higher coupling increases the potential 
for harmful array interactions. Rapid array analysis will make it possible to de¬ 
sign a transducer element under realistic array loading conditions, rather than as a 
single, isolated transducer. New array designs employing multimode transducers 
that include quadrupole and higher modes will allow narrow beams from small 
arrays on unmanned undersea vehicles. A new approach for driving conventional 
arrays is formation of modal beams which has the advantage of frequency inde¬ 
pendent beamwidths. Development of both these approaches will also benefit from 
improved array analysis capability. 

1. “Large magnetic-field-induced strains in NLMnGa single crystals,” 

K. Ullakko, J.K. Huang, C. Katner, R.C. O’Handley and V.V. Kokorin, Appl. 

Phys. Lett. 1966, (1996). 
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A.l. Conversions and Constants 

Conversions 


Length (inches) 

1 in 

= 0.0254 m 

Length (meters) 

1 m 

= 39.37 in 

Weight (pounds) 

1 pound 

= 0.4536 kg 

Weight (kg) 

1 kg 

= 2.205 pounds 

Pressure (psi) 

1 psi 

= 6.895 kN/m 2 

Pressure (Pa) 

1 N/m 2 

= 0.145xl0“ 3 psi 

Depth & Water Pressure 

1 foot 

= 0.444 psi 

Depth & Water Pressure 

1 meter 

= 1.457 psi 

Depth & Water Pressure 

1 meter 

= 10.04 kPa 

Magnetic Field 

1 Oe 

= 79.58 A/m 

Magnetic Field 

1 kA/m 

= 12.57 Oe 




Constants 


Free Dielectric 

£ 0 

10“ 9 /36ti 

= 8.842x 10“ 12 C/mV 

Free Permeability 

Ik) 

4 k x10“ 7 

= 1.2567 x 10“ 6 H/m 

Sound Speed 

c 

Sea Water 

= 1.500 m/s @ 13°C 

Sound Speed 

c 

Fresh Water 

= 1.481 m/s @ 20° C 

Sound Speed 

c 

Ait- 

= 343 m/s @ 20° C 

Density 

p 

Sea Water 

= 1.026 kg/m 3 @ 13°C 

Density 

p 

Fresh Water 

= 998 kg/m 3 @ 20°C 

Density 

p 

Air 

= 1.21 kg/m 3 @ 20°C 
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A.2. Transducer Materials Ordered by Impedance, pc 

Nominal values of Young’s modulus, Y, in 10 9 N/m 2 ,GPa, density, p, in kg/m 3 , 
bar sound speed, c, in m/s, Poisson’s ratio, cr, characteristic impedance, pc, in 10 6 
kg/m 2 s, Mrayls. 


MATERIAL 

Y 

P 

(T 

c 

pc 


GPa 

kg/m 3 


m/s 

Mrayls 

Tungsten 

362 

19350 

0.17 

4320 

83.6 

Nickel 

210 

8800 

0.31 

4890 

43.0 

Carbon Steel 

207 

7860 

0.28 

5130 

40.3 

Stainless Steel 

193 

7900 

0.28 

4940 

39.0 

Alumina 

300 

3690 

0.21 

9020 

33.3 

Beryllium Cu 

125 

8200 

0.33 

3900 

32.0 

Beryllia, BeO 

345 

2850 

0.33 

11020 

31.4 

Brass 

104 

8500 

0.37 

3500 

29.8 

Ferrite 

140 

4800 

0.29 

5400 

25.9 

PZT-4 1 

65 

7550 

0.34 

2930 

22.1 

Titanium 

104 

4500 

0.36 

4810 

21.6 

Galfenol 2 

57 

7900 

0.44 

2690 

21.2 

AlBemet 

200 

2100 

0.17 

9760 

20.5 

Terfenol-D 2 

26 

9250 

0.43 

1680 

15.5 

Aluminum 

71 

2700 

0.33 

5150 

13.9 

Lead 

16.5 

11300 

0.44 

1200 

13.6 

Macor 3 

66.9 

2520 

0.29 

5150 

13.0 

Glass 

62.0 

2300 

0.24 

5200 

12.0 

Magnesium 

44.8 

1770 

0.33 

5030 

8.90 

PMN-.33PT 1 

8.4 

8040 

0.47 

1020 

8.20 

GRP along liber 

16.4 

2020 

0.44 

2850 

5.76 

GRP cross fiber 

11.9 

2020 

0.37 

2430 

4.91 

A-2 Epoxy 

5.8 

1770 

0.34 

1810 

3.20 

PVDF 1 

3.0 

1600 

0.34 

1370 

2.19 

Lucite 

4.0 

1200 

0.4 

1800 

2.16 

Nylon 6,6 

3.3 

1140 

0.41 

1700 

1.94 

Nylon 6 

2.8 

1130 

0.39 

1570 

1.78 

Syntactic Foam 

4.0 

690 

0.35 

2410 

1.66 

Hard rubber 

2.3 

1100 

0.4 

1450 

1.60 

MDF (fiberboard) 

3.0 

800 

0.2 

1940 

1.55 

Corprene 4 (500 psi) 

1.58 

1100 

0.45 

1200 

1.32 

Kraft paper 

1.14 

1200 

0.35 

974 

1.17 

SADM 5 

0.55 

2000 

0.4 

524 

1.05 

Neoprene, Type A 

0.50 

1400 

0.48 

598 

0.84 

Phenolic resin/cotton 

0.55 

1330 

0.43 

613 

0.82 

Onionskin paper 6 

0.56 

1000 

0.35 

750 

0.75 
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MATERIAL 

Y 

P 

a 

c 

pc 

Corprene 4 (100 psi) 

0.49 

1000 

0.45 

700 

0.70 

Polyurethane PR 1590 

0.30 

1080 

0.48 

526 

0.57 

Silicone Rubber 

0.12 

1150 

0.48 

319 

0.37 


Notes: 'short-circuit 33-mode, 2 open-circuit 33-mode, ^machinable glass ceramic, 4 DC- 
100, Syntactic Acoustic Damping Material, 6 paper stack at 1,000 psi. Values for softer 
materials are approximate and depend on composition as well as orientation and here 
average or estimated values of Poisson’s ratio are given. 


A.3. Time Averages, Power Factor, Complex Intensity 
Time Average 

The time average of the product of two complex time harmonic variables with the 
same period is equal to the time average of the product of their real parts. For 
example, consider any two such variables with a phase angle, ([), between them: 


x(t) = xo^ 1 (A3.1) 

y(t) = yoe* (a,t+ ^> (A3.2) 

The time average of xy is 
T 

1 f 1 

(xy> = - / (x 0 cos cut)[yo cos(cut + 4>)]dt = -x 0 y 0 cos cp (A3.3) 

o 

where T is the period. It can be seen that this result is also given by 

(xy> = ^Re(xy*) = iRe(x 0 y 0 e“ Jt|5 ) = ix 0 y 0 cos cjj (A3.4) 

Power 

In the case of electrical variables, voltage and current, 

V(t) = V 0 e ja,t (A3.5) 

I(t) = I 0 e j(a,t+l ^ ) (A3.6) 

and the time-average power is 

(VI) = iv 0 I 0 cosc|t (A3.7) 


where cosc|) is the electrical power factor. 
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In the case of radiated acoustic power the reaction force of the water on the 
transducer surface is (see Chapter 1, p. 8) 

F r = (R r + jX r )u 0 e' cut = |Z r | d*u 0 e) cut (A3.8) 

u = uoe^* (A3.9) 

where Z r is the radiation impedance, and the time-average radiated power is 

(F r u> = iRe[|Z r |u 0 ^ (a,t+ ^uoe“ ja,t ] = \ |Z r |u 5 cos cjr = ^R,u" (A3.10) 

where tanc[)= X r / R r and cos <|) is the mechanical power factor defined in the same 
way as electrical power factor. 

Intensity 

The acoustic intensity vector is defined as the product of the pressure and the 
particle velocity (see Section 10.1), 


I=pu, (A3.11) 

and the time-average intensity is, therefore, 

(I) = ^Re(pu*). (A3.12) 

Each component of (I) gives the flow of radiated energy per unit area at a point in 

the sound field. On the surface of a transducer the normal component of (I) gives 
the flow of radiated energy per unit area. 


Radiation Impedance 

For non-uniform velocity of the transducer surface the radiation impedance re¬ 
ferred to a reference velocity, uo, is defined to make the time-average radiated 
power equal to \/2 R r ujt, where R r is the radiation resistance, as for uniform ve¬ 
locity transducers. Equation (1.4a) is consistent with this, as can be seen from the 
following: 

R r = Re(Z r ) = jj Re(pu*)dS = \ jj Re(pu*)dS (A3.13) 
s 0 s 


from which 


1 

-R r u 

2 


2 _ 

0 — 



s 


-Re(pu*)dS 


(I n )dS = time-average radiated power 

(A3.14) 


where (I n ) is the time-average normal intensity on the transducer surface. 
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Complex Intensity 

In general the quantity fpu*) is complex, and the imaginary part is called the reac¬ 
tive intensity [see Section 4.57], It has a zero time-average value and corresponds 
to oscillatory transport of acoustic energy from one part of the sound field to an¬ 
other part or from the sound field to the transducer. The reactive intensity is zero 
in an ideal plane wave sound field. In a simple spherical wave, p = (P/r)e^ a>t_kr \ 
the velocity has only a radial component, u r = (p/pc)(l + 1/jkr), and the imaginary 
part of (pu*) is P 2 /pcur 3 , which goes to zero as 1/r 3 in the far field rather than 1/r 2 
as does the time-average intensity. Therefore in most practical situations the re¬ 
active intensity is considered to be negligible, but it may be measurable and have 
useful interpretations in some cases. Radiated and scattered fields that have angu¬ 
lar dependence also have velocity and intensity components perpendicular to the 
radial direction. In the far field these intensity components also diminish as 1/r 3 
and become negligible for most purposes. 


A.4. Relationships Between Piezoelectric Coefficients 


The relationships between the different sets of piezoelectric coefficients are: 


3 

6 

dmi — £ nmSni 

— A! &mjS 

n= 1 

7=1 

3 

6 

e mi — 2 ^nm^ni 

— d m j C 

n= 1 

7=1 


3 6 

8mi — X! Pnmdni — 5^ h m jS 
n =1 j =1 

3 6 

hmi — X Pnm e ni = 2 SmjC?i 
n= 1 7=1 


Since piezoelectric ceramics and piezomagnetic materials have only ten indepen¬ 
dent coefficients (three are piezoelectric or piezomagnetic, two are permittivities 
or permeabilities, five are elastic) these relationships simplify for these materials 
and may be displayed as: 


At = £ 33^31 = e 3l s n + e 3\ s f 2 + e 33^f 3 
d33 = £33833 = e 31 s y$ + £31 s f 3 + £33*f 3 
<715 = e ll£l5 - £15' ? 44 

£31 = £ 33/131 = Aicfi + (k\cf 2 + r/ 33 cf 3 

£33 = £ 33/133 = + d 3l cf 3 + rf 3 3 cf 3 

£15 = £[Vt5 = A 5C44 

P33 = 1 /£33 and = 1 /efi 


£31 — A33^31 — ^31 s \i T /l31^12 33^13 

£33 = ^33^33 = *31^13 + h3\ s \3 + h 33 s y$ 
£15 = P\\d\5 = tl 15^44 
*31 = Af3£ 31 = £3K?i + £3l£?2 + S33cf 3 
*33 = A 33 £33 = £31 c f 3 + £3l£? 3 + 833 C 33 
* 15 = /Zf] £ 15 = £15 C 44 
33 = 1/633 and An = 1/efi 


With similar relations for magnetostrictive parameters, p 33 , (f[j, etc. 

In the following relationships between the elastic constants the superscripts E 
or D (or H or B) apply to both c and s in each equation: 


Cll = (S11S33 — S? 3 )/(*ll — s 12)p33Cll + S12) — 2ij 3 ] 


(A4.1) 
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c 12 = —Cl 1 (^ 12-533 — Si 3 )/(silS 33 -^ 3 ) (A4.2) 

C 13 = — ^ 33 ^ 13/(^11 +S 12 ) (A4.3) 

C 33 = Cm + s i 2)/[*33 (*11 + S 12 ) — 2sj 3 ] (A4.4) 

C44 = I/S44 (A4.5) 


Analogous relationships hold for sy in terms of cy. The coefficients cy,(, and S(,(, are 
sometimes used where cg6 = l/se6 and s 66 = 2 (sn - S12). 

With uniform electric-field drive in the polarized 3 direction, the three orthogo¬ 
nal strains are 


51 = snTi + S12T2 + S13T3 + di 3 E 3 , (A 4 . 6 ) 

52 = S21T1 + S22T2 + S23T3 + d 23 E 3 , (A 4 . 7 ) 

53 = S31T1 + S32T2 + S33T3 + d33E3, (A 4 . 8 ) 

where S21 = S12, S22 = sn, S23 = S31 = S32 = S13 and the sy elastic coefficients are 

evaluated for constant E field and normally display a superscript E (short-circuit 
condition). For magnetic field drive the E is replaced by H and the sy elastic coeffi¬ 
cients are evaluated for constant H field (open circuit). The relevant Poisson’s ratio 
under 33 -mode drive, for Tj = T2 = 0 , is cr = —S13/S33 while under 31 -mode drive, 
for T2 = T3 = 0 , the ratios are - s 12/s 11 and - S13/S11, evaluated under short- and 
open-circuit conditions for electric and magnetic field transduction, respectively. 

For homogeneous, isotropic materials S13 = S12, S33 = sn and S44 = S66- leav¬ 
ing only two independent elastic constants, although four different elastic con¬ 
stants are commonly used: Young’s modulus, Y = 1 /sn; shear modulus, (J, = l/sgg; 
Poissons’s ratio, cr = — s^/sn and bulk modulus B = [ 3 (sn+ 2si2)] _1 - The fol¬ 
lowing relationships between these four constants are useful: 

B = Y/ 3 (l — 2 ff), (j, = Y/ 2 (l + a), Y = 2 j_t(l + a), Y = + 3 B). 

(A 4 . 9 ) 


A.5. Small-Signal Properties of Piezoelectric Ceramics 
[1,2,3] 


Quantity 

PZT-8 
Type III 

PZT-4 
Type I 

PZT-5A 
Type II 

PZT-5H 
Type VI 

PMN-.33PT 
Single Crystal 

k 33 

0.64 

0.70 

0.705 

0.752 

0.9569 

k 3 t 

0.30 

0.334 

0.344 

0.388 

0.5916 

k* 

K 15 

0.55 

0.513 

0.486 

0.505 

0.3223 

k ; 

0.51 

0.58 

0.60 

0.65 

0.9290 

kf 

0.48 

0.513 

0.486 

0.505 

0.6326 

kJ 3 

1000 

1300 

1700 

3400 

8200 

K? 3 

600 

635 

830 

1470 

679.0 
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Quantity 

PZT -8 

Type III 

PZT-4 

Type I 

PZT-5A 

Type II 

PZT-5H 

Type VI 

PMN-.33PT 
Single Crystal 

KTi 

1290 

1475 

1730 

3130 

1600 

K n 

900 

730 

916 

1700 

1434 

d33(pC/N) 

225 

289 

374 

593 

2820 

d3l 

-97 

-123 

-171 

-274 

-1335 

dis 

330 

496 

584 

741 

146.1 

g 33 (Vm/N) 

25.4xl0~ 3 

26.Ixl0~ 3 

24.8xl0~ 3 

19.7xl0~ 3 

38.84xl0' 3 

§31 

-10.9 

- 11.1 

-11.4 

-9.11 

-18.39 

§15 

28.9 

39.4 

38.2 

26.8 

10.31 

e 33 (C/m 2 ) 

14.0 

15.1 

15.8 

23.3 

20.40 

e3t 

-4.1 

-5.2 

-5.4 

-6.55 

-3.390 

eis 

10.3 

12.7 

12.3 

17.0 

10.08 

I 133 (GV/m) 

2.64 

2.68 

2.15 

1.80 

3.394 

h 3 t 

-.77 

-.92 

-.73 

-.505 

-.5369 

hl5 

1.29 

1.97 

1.52 

1.13 

.7938 

sf 3 (pm 2 /N) 

13.5 

15.5 

18.8 

20.7 

119.6 

s E 

s ll 

11.5 

12.3 

16.4 

16.5 

70.15 

S E 

*12 

-3.7 

-4.05 

-5.74 

-4.78 

-13.19 

S E 

*13 

-4.8 

-5.31 

-7.22 

-8.45 

-55.96 

s E 

*44 

31.9 

39.0 

47.5 

43.5 

14.49 

S D 

*33 

8.5 

7.90 

9.46 

8.99 

10.08 

s D 

S 11 

10.1 

10.9 

14.4 

14.05 

45.60 

s D 

*12 

-4.5 

-5.42 

-7.71 

-7.27 

-37.74 

S D 

*13 

-2.5 

- 2.10 

-2.98 

-3.05 

-4.111 

s D 

*44 

22.6 

19.3 

25.2 

23.7 

12.99 

eg, (GPa) 

132 

115 

111 

117 

103.8 

c E 

L ll 

149 

139 

121 

126 

115.0 

c E 

81.1 

77.8 

75.4 

79.5 

103.0 

c E 

'"13 

81.1 

74.3 

75.2 

84.1 

102.0 

C E 

L 44 

31.3 

25.6 

21.1 

23.0 

69.00 

c D 

‘-'33 

169 

159 

147 

157 

173.1 

c D 

L 11 

152 

145 

126 

130 

116.9 

C D 

i_i 2 

84.1 

83.9 

80.9 

82.8 

104.9 

c D 

l 13 

70.3 

60.9 

65.2 

72.2 

90.49 

c D 

u 44 

44.6 

51.8 

39.7 

42.2 

77.00 

p(kg/m 3 ) 

7600 

7500 

7750 

7500 

8038 

Qm 

1000 

600 

75 

65 


tan 5 

0.004 

0.004 

0.02 

0.02 

< 0.01 

Tc(°C) 

300 

330 

370 

195 

— 
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Nominal Properties for Laboratory and Commercial Grade 
Single Crystals [2, 3] 


Quantity 

PMN-.33PT 

(Laboratory) 

PMN-.32PT 

(TRS) 

PMN-.28PT 

(TRS) 

k 33 

0.96 

0.91 

0.86** 

k 31 

0.59 

0.51 

0.38 

k t 5 

0.32 

0.35 

0.35 

k P 

0.93 

0.77 

0.72 

k? 

0.63 

0.62 

0.58 

K 33 

8200 

8266 

4366 

k h 

1600 

1033 

4125 

d 33 (pC/N) 

2820 

2280 

1100 

d 3i 

-1335 

-1060 

-547 

d 15 

146 

127 

256 

g 33 (mV)m/N 

38.8 

27.3 

28.4 

831 

-18.4 

-14.5 

-14.1 

815 

10.3 

13.8 

7.0 

sf 3 (pm 2 /N) 

120 

86.5 

35.9 

s E 

S 11 

70.2 

59.7 

52.5 

S E 

s 12 

-13.2 

-7.7 

-23.0 

S E 

“13 

-56.0 

-43.5 

-19.9 

S E 

“44 

14.5 

15.4 

29.0 

c E 3 (GPa) 

104 

129 

110 

c E 

L 11 

115 

114 

736 

c E 

l 12 

103 

100 

603 

C E 

^13 

102 

112 

743 

c E 

^44 

69 

65 

34.5 

p (kg/m 3 ) 

8038 

8050 

7740 

Qm 

— 

157 

164 

tan 8 

<0.01 

<0.01 

<0.005 

T c (°C) 

— 

166 

129 

T rt (°C) 

— 

85 

104 


Notes: £„ = where Eg = 8.842 x 10 12 C/mV. Occasionally, the notation £ r is used for 
K. *See Section 8.413 forkj 5 , k p and kt. **The quantity 0.86 is the measured value of k 33 . 
The calculated value of k 33 . from d 33 /fs^y 4) 1/2 , is 0.93. The transition temperature T r t 
is the temperature for rhombohedral- to tetragonal-phase transition along with a change in 
properties. The Curie temperature, T c , is the temperature at which ceramics are completely 
depolarized and lose their piezoelectric properties. The laboratory grade [2] PMN-.33PT 
and TRS values listed here were measured by Wewu Cao at Penn State. The material PMN- 
.28PT with higher T r t, lower dissipation, and greater stability is more suitable for high- 
signal operation. 
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A.6. Piezoelectric Ceramic Approximate Frequency 
Constants 


Frequency 

Constant 

PZT -8 
(Type III) 

PZT-4 
(Type I) 

PZT-5A 
(Type II) 

PZT-5H 
(Type VI) 

Thickness, 
Length, Diam. 

(kHz m) 

Plate, Nt 

2.11 

2.03 

1.98 

1.98 

fxT 

Bar, N 31 

1.57 

1.50 

1.40 

1.40 

f x L 

Bar, (31) 

1.70 

1.65 

1.47 

1.45 

f x L 

Bar, (33) 

1.57 

1.47 

1.37 

1.32 

f x L 

Disc, Planar 

2.34 

2.29 

1.93 

1.96 

fxD 

Ring, (31) 

1.07 

1.04 

0.914 

0.914 

fxD 

Ring, (33) 

0.990 

0.927 

0.851 

0.813 

fxD 

Sphere, N sp 

1.83 

1.73 

1.55 

1.52 

f xD 

Hemi Sphere 

2.27 

2.14 

1.92 

1.89 

fxD 

(kHz inch) 

Plate, Nt 

83 

80 

78 

78 

fxT 

Bar, N 31 

62 

59 

55 

55 

f x L 

Bar, (31) 

67 

65 

58 

57 

f x L 

Bar, (33) 

62 

58 

54 

52 

f x L 

Disc, Planar 

92 

90 

76 

77 

fxD 

Ring, (31) 

42 

41 

36 

36 

fxD 

Ring, (33) 

39 

36.5 

33.5 

32 

fxD 

Sphere, N sp 

72 

68 

61 

60 

fxD 

Hemi Sphere 

89 

84 

75.5 

74.5 

fxD 


Notes: Frequency constants are under short-circuit conditions. Thickness, T, Length, L, 
Mean Diameter, D. Nt is for thickness mode plate, N 3 j is for an end-electroded bar, (31) is 
for side-electroded bar, (33) is for a segmented bar of parallel-wired elements. Planar is the 
radial mode of a disc, N sp is for a hollow sphere. 


A.7. Small Signal Properties of Magnetostrictive Materials 


Nominal 33 Magnetostrictive Properties [4] 


Property 

Terfenol-D 

Galfenol 

Metglas 

plkg/nP) 

9250 

7900 

7400 

k33 

0.72 

0.61 

0.92 

d 33 (nm/A) 

15 

46 

910 
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Property 

Terfenol-D 

Galfenol 

Metglas 

Y H (GN/m 2 ) 

26 

57 

22 

Y B (GN/m 2 ) 

55 

91 

140 

M? 

9.3 

260 

17xl0 3 

Mr 

4.5 

160 

26x10 3 

p e (p£2cm) 

60 

75 

130 

c H (m/s) 

1.7xl0 3 

2.7xl0 3 

1.7xl0 3 

c B (m/s) 

2.4xl0 3 

3.4xl0 3 

4.4xl0 3 

pc H (kg/m 2 s) 

16xl0 6 

21xl0 6 

13xl0 6 

pc B (kg/m 2 s) 

23xl0 6 

26x10 6 

33xl0 6 


Notes: Permeability |i = Pj-Po where p 0 = 4 jix10“ 7 . Terfenol-D at compressive stress 18 
MPa and 500 Oe bias. Galfenol at compressive stress 20 Mpa and 23 Oe bias. Metglas 
2605 SC annealed with 7 kOe transverse field, at compressive stress 0 MPa, magnetic bias 
unknown but small. 


Three-Dimensional Terfenol-D Properties [5] 

Measurements made at 30MPa compressive stress and 1,257 Oe (lOOkA/m) bias. 


k 33 =0.70 k 31 = 0.33 kis =0.33 

Hj 3 = 3.0|x 0 p}, =8.1 |d 0 nf 3 = l.lp 0 


d 33 = 8.5xl0“ 9 

d 3 i = —4.3xl0“ 9 

dis = 16.5xl0“ 9 

s^ 3 = 3.8xl0 -11 

sf 1 =4.4xl0“ 11 

s h =-1.65x10“" 

S* 2 = — 1.1x10' 11 

s 7I 4 = 24xlO“ 11 

s' 3 . = llxl0“ n 


The values of other properties may be calculated from the relationships given in 
A.4. 

A.8. Voltage Divider and Thevenin Equivalent Circuit 

Voltage dividers and Thevenin circuits are often used in transducer-equivalent cir¬ 
cuit representations. Voltage dividers provide means for simple evaluation while 
Thevenin equivalent circuits provide means for a reduction from a more complex 
circuit to a simpler two-component circuit. The simple example of Fig. A.l may 
be used to develop both concepts. 


Voltage Divider 

Figure A. 1 shows a voltage source, V, and current I with two series impedances Zi 
and Z 2 developing an output voltage, Vo, across Z 2 at terminals A-B. The source 
voltage V = I(Zj + Z 2 ) so that 1 = V/(Zi + Z 2 ) leading to the output voltage as 
V 0 = IZ 2 or 


V 0 = VZ 2 /(Z!+Z 2 ). 


(A8.1) 
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FIGURE A. 1. A simple voltage divider. 


Thus, the output voltage of a voltage divider is simply the input voltage times 
the ratio of the output impedance to the sum of the impedances. If Zj = Z 2 , 
V 0 = V/2 while if Z 2 = IOOxZj, then V 0 = V[100/(l+100)] = V/1.01 and V 0 « 
V. If the impedances are due to capacitances Ci and C 2 so that Zj = 1/jcuCi and 
Z 2 = l/jcuC 2 , we get 

V 0 = VCi/(Ci+C 2 ). (A8.2) 

This latter case accounts for the reduction in voltage output from a hydrophone 
cable with the hydrophone operating below resonance with free capacitance Ci 
and a cable of capacitance C 2 , 


Thevenin Equivalent Circuit 

A Thevenin equivalent circuit representation allows a circuit, such as the one 
shown in Fig.A.l, to be represented by the simpler circuit shown in Fig. A.2. 
Using this example as a basis, Thevenin’s Theorem states that the output volt¬ 
age, Vo, of Fig.A.l becomes the source voltage in Fig.A.2, and the output 
impedance, of Fig.A.l at terminals A-B (with V set to zero) becomes the 
source impedance Z in Fig.A.2. For the simple example of Fig.A.l we get 
the source impedance Z = ZiZ 2 /(Zi + Z 2 ) from the parallel impedance combi¬ 
nation and source voltage Vo = V Z 2 /(Zi + Z 2 ) from the output voltage for the 
Thevenin representation of Fig. A.2. This procedure may be used no matter how 
complicated the initial circuit. 


A.9. Magnetic Circuit Analysis 
Equivalent Circuit 

The design of magnetostrictive transducers requires attention to the paths and ma¬ 
terial of the magnetic circuit. This is particularly true for Terfenol-D for which 
the relative permeability is only about five times greater than that of free space. 
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FIGURE A.2. Thevenin equivalent circuit representation. 



FIGURE A.3. Magnetic equvalent circuit. 


Although finite element analysis should be used to accurately evaluate the design 
of the magnetic circuit, circuit analysis techniques may be used to obtain approx¬ 
imate results during the initial design phase. 

A simple circuit analysis model may be based on the electrical equivalent of 
a magnetic circuit as illustrated in Fig. A.3. Here the magneto-motive force, F, 
the magnetic flux, (p, and the magnetic reluctance R are analogous to the voltage, 
current, and resistance respectively. With A the cross-sectional area, L the length 
of the section, L c the coil length of turns N or the length of a permanent magnet, 
(j. the permeability, H the magnetic field intensity, B the flux density, and I the 
current we have the analogies: 

Voltage, V ** Magneto — motive force F = N I = H L c 

Current, I ** Magnetic flux <p = B A 

Resistance, R ** Reluctance R — L/Ajj. 

If there are M reluctances around a closed path, the total flux is simply (p = 
F/^ Rj where the sum goes from 1 to M, and each of the reluctances is calculated 
according to its respective permeability, length, and cross-sectional area. 


Example 

A sample model and equivalent circuit is shown in Fig. A.3 for the case of three 
reluctances where a magneto-motive force F is generated by a coil of N turns 
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and current I or a magnet of field H and coil length L c . Here we want to calcu¬ 
late the field intensity, II across the reluctance element Rj, which represents the 
active part of a transducer, while the reluctances R\ and R2 are considered nec¬ 
essary magnetic paths to send the field to element 3 from the source F. First the 
flux is calculated as (p — F /{R\ + Ri + R3) then the magneto-motive force f 3 
across the reluctance R 3 is calculated as f 3 = R^tp yielding the magnetic field 
intensity II 2 — F 3 /L 3 . It can be seen that low-reluctance paths 1 and 2 are de¬ 
sirable and these may be obtained by use of a material with high permeability. 
Other components such as a reluctance, R4, in parallel with R 3 could also be used 
to represent magnetic field fringing, reducing the flux in element 3; and thus, re¬ 
ducing the desired magnetic field intensity, Hj. In this case it is desirable that the 
path 4 should have a high reluctance and low permeability compared to path 3, 
to reduce the leakage field. Although this type of analysis is useful in the initial 
design of a magnetostrictive transducer, it should be followed by a magnetic finite 
element analysis for a more accurate evaluation especially in cases where there is 
significant magnetic field fringing. 


A. 10. Norton Circuit Transformations 

There are two Norton circuit transformations which have been found helpful in 
circuit analysis and used by Mason [ 6 ] in equivalent circuit representations of 
transducers. The first transforms an ideal transformer of turns ratio N, shunted at 
the input by an impedance Z s to an equivalent “T” network with series impedances 
Z a at the input and Zb at the output with a shunt impedance Z c at the junction 
between Z a and Zb as shown in Fig. A.4. The relationships are 

Z a = Z s (l — N), Z b = Z S N(N — 1), Z C =Z S N. (A10.1) 

For example consider the common input impedance case of a piezoelectric ce¬ 
ramic transducer where Z s represents the impedance of the input clamped capac¬ 
itance Co, with Z s = 1/jeuCo, and where N is the electromechanical turns ratio. In 
this case we find that the “T” network is given by three impedances represented 
by three capacitances C a , Cb and C c with values 

C a = C 0 /(l-N), C b = Co/N(N - 1), C c = Co/N, (A10.2) 
with corresponding capacitors replacing the impedances in Fig. A.4. 



FIGURE A.4. First Norton transformation. 



Integral Transform Pairs 559 



FIGURE A.5. Second Norton transformation. 


Another useful Norton circuit transforms a half T network to a reversed half T 
network with transformer. This case is illustrated in Fig. A.5 where T is the turns 
ratio for the ideal transformer: 

T = 1 + Zi/Z 2 Z A = Zi T, Z B = Z 2 T, (A10.3) 

For example consider the case where the head mass, m, is represented by the 
mechanical impedance, Zi = jtum, and the tail mass, M, by the mechanical im¬ 
pedance, Z 2 = jcuM. In this case the impedances Za and Zb are represented by the 
masses, mA and Mb, given by 

T = 1 + m/M, m A = mT, M B = MT, (A10.4) 

This transformation may be used to simplify the equivalent circuit of a doubly- 
resonant transducer (with m the center mass) by moving the tail mass to a more 
favorable position allowing it to be combined, in parallel, with the head mass. 




560 Appendix 


A.12. Calibrated Transducers 

The U. S. Navy Underwater Sound Reference Division has developed and cali¬ 
brated a number of transducers for the special purpose of serving as standards 
in calibrating other transducers. Many of these are available to U. S. Navy con¬ 
tractors and U. S. Navy facilities. We present here information on five of the 
more commonly used standard transducers of the over twenty currently available. 
The response data presented here is typical, but can be updated with more recent 
precise calibration curves available for each specific transducer. 

Figures A.6a,b,c show the dimensions and performance of the H52 wideband 
hydrophone composed of a 5 cm vertical line array of eight lithium sulfate crystals 
in an oil-filled boot with preamplifier. Frequency range: 20 Hz to 150 kHz. 

Figures A.7a,b,c show the dimensions and performance of the H56 high- 
sensitivity low-noise hydrophone composed of a capped PZT cylinder in an oil- 
filled boot with preamplifier. Frequency range: 10 Hz to 65 kHz. 

Figures A.8a,b,c show the dimensions and performance of the F56 high-power 
omnidirectional transducer composed of a PZT spherical shell potted in polyure¬ 
thane. Frequency range: 1 Hz to 15 kHz as a hydrophone and 1 kHz to 15 kHz as 
a projector. Smaller, less-sensitive, but wider-band PZT spherical shell F42 trans¬ 
ducers are also available with diameters 5.0, 3.81, 2.54 and 1.27 cm (with response 
up to 150 kHz). 

Figures A.9a,b show the dimensions and performance of the F27 directional 
transducer composed of a circular array of lead metaniobate disks with tungsten 
backing, oil filled with a rubber window, used primarily as a projector. Frequency 
range: 1 kHz to 40 kHz. 

Figures A. 10a,b,c show the dimensions and performance of the J9 moving coil 
electrodynamic projector with passive compensation system for hydrostatic pres¬ 
sure. Frequency range: 40 Hz to 20 kHz. 



FIGURE A.6a. Dimensions (in cm) of Type H52 hydrophone. 
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0.01 0.10 1.0 10 100 500 

FREQUENCY IN kHz 

FIGURE A.6b. Typical FFVS for Type H52 hydrophone (open circuit voltage at end of 
30-m cable). 



0.02 0.1 1.0 10 20 


Frequency (kHz) 

FIGURE A. 6c. Typical equivalent noise pressure for Type F152 hydrophone (computed 
from noise voltage measured at end of 30-m cable). 
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FIGURE A.7a. Dimensions (in cm) of Type F156 hydrophone. 
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FREQUENCY IN kHz 

FIGURE A.7b. Typical FFVS for Type H56 hydrophone (open circuit voltage at end of 
30-m cable). 



FREQUENCY IN kHz 


FIGURE A. 7c. Typical equivalent noise pressure for Type F156 hydrophone (computed 
from noise voltage measured at end of 30-m cable). 
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FIGURE A.8a. Dimensions (in cm) and orientation for Type F56 transducer. 



1.0 2.0 5.0 10 20 

FREQUENCY (kHz) 

FIGURE A.8b. Typical TVR for Type F56 transducer. 
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1.0 2.0 5.0 10 20 

FREQUENCY (kHz) 

FIGURE A. 8c. Typical FFVS for Type F56 transducer. 



FIGURE A.9a. Dimensions (in cm) of Type F27 transducer. 
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FIGURE A. 1 Ob. Typical TCR and TVR for Type J9 projector. Response below 0.2 kFlz is 

a function of depth. 
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FIGURE A. 10c. Typical equivalent series impedance for Type J9 projector. 
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A.13. Frequently Used Formulas 
Transduction 

Relations involving the effective electromechanical coupling coefficient, k e ff: 

4f = [1 - (f r /f a ) 2 ], k 2 ff = (1 + QmQeU 1 , (A13.1) 

where f r and f a are resonance and antiresonance frequencies and Q m and Q e are 
mechanical and electrical quality factors: 

Qm = fr/(f 2 - fl) = CUrwM/R, Q e = tu rw C 0 /G m , o) rw = (K/M) 1 / 2 . 

(A13.2) 

The frequencies f 2 and fi are half power frequencies, M, K and R are effective 
mass, stiffness and resistance, Co is the clamped capacitance, G m is the motional 
conductance at resonance, and ei> rw is the angular resonance frequency in water: 

Co = C f (1 - k 2 ff ), k 2 ff = N 2 ff /K E C f , (A13.3) 

where Cf is the free capacitance, N e ff is the effective electromechanical turns ratio 
and K e = 1/C E is the short-circuit stiffness, and C E is the short-circuit compliance. 

If the piezoelectric material of a transducer of turns ratio N has an associated 
cement joint of compliance total Q, the effective turns ratio and effective short- 
circuit compliance are 

Neff = N/(l + Ci/C E ), C E ff = C E (1 + Ci/C E ). (A13.4) 

For a small 33-mode block of piezoelectric material with cross-sectional area, Ao, 
thickness, t, between electrodes, cement of thickness, t; and elastic constant s; 

N = d 33 A 0 /ts E , C E = sfjt/Ao, Ci = Si ti/A 0 . (A13.5) 

Input power per unit volume of piezoelectric ceramic, P, for a given electric field, 
E, or stress, T, at resonance: 

P = k eff a) rw £ 33 E Q m /2, P = u) rw s 33 T /2Q m , (A13.6) 

e 33 and s| 3 are free permittivity and short-circuit compliance coefficients which 
are related to the 33-mode electromechanical coupling coefficient by: 

e 33 = e 33 ^ — ^ 33 )’ s ?3 = S 33 F — ^ 33 )’ ^33 = ^33/ £ 33 s 33' (A13.7) 

Similar relationships exist for biased magnetostrictive transducers with permittiv¬ 
ity replaced by permeability and s E and s D replaced by s H and s B respectively. 

The bar sound speed: = (Y/Pm) 1 ^ 2 , (A13.8) 

where Y is the Young’s modulus and p m is the density of the bar material. The 
resonance frequency, f r , dimension constants for a bar of length L and ring of 
mean diameter D are: 


f r L — Cbar/2, 


f r D — C’b ar /7t. 


(A13.9) 
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Internal hydrophone equivalent plane wave thermal noise pressure spectral den¬ 
sity: 

10 log(p 2 > = —198 dB — RVS + 10 log R h dB//(pPa) 2 /Hz. (A13.10) 

where RVS is the plane wave receiving sensitivity in dH//V/|iPa, and R|, is the 
Thevenin equivalent electrical series resistance of the hydrophone. For piezoelec¬ 
tric ceramic hydrophones at low frequency the noise becomes 

10 log (p 2 ) = -206 dB + 10 log (tan 8/C f ) - RVS - 10 log f dB//(|dPa) 2 /Hz, 

(A13.ll) 

where tan 8 is the dissipation factor and f is the frequency. 

Radiation 

The far-held normalized pressure beam pattern functions of a line of length L and 
circular piston of diameter D in a rigid baffle are: 

P(0) = sin(x)/x, P(0) = 2Ji(y)/y, (A13.12) 

where x = (kL/X) sin 0, y = (7tD/A) sin 0, and the angle 0 is measured from the 
normal to the line or piston. The function J i (y) is the Bessel function of order 1 
and argument y. 

The -3 dB beam width, BW (in degrees): 

Long-line radiator of length L the wavelength, A; BW ~ 51A/L, 

(A13.13) 

Large circular piston radiator of diameter D A; BW ~ 58A/D, (A13.14) 

The array product theorem for the beam pattern P(0, 4>) = f(0, cj)) A(0, <|)), 

(A13.15) 

where f(0, 4>) is the beam pattern of identical elements of a planar array and 
A(0, <£>) is the beam pattern of the array of point sources located at the centers 
of the elements. 

For a line array of N elements, each of length L, with center-to-center separa¬ 
tion s, the product theorem gives, 

P(0) = [sinxi/xi][sin(Nx 2 )/Nsin(x 2 )], (A13.16) 

where xj = (7tL/A) sin 0 and X 2 = (7ts/A) sin 0. Note that for L = s, P(0) = sin 
(NX2)/NX2. 

Directivity Factor, Df: 

For a circular piston of radius a, wavenumber k = 2 n/X and in a rigid baffle 

D f = (ka) 2 /[l - Ji (2ka)/ka] = (ka) 2 /R n , (A13.17) 

where the normalized radiation resistance R n = R r /7ta 2 pc and R r is the radiation 
resistance. 
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For a plane radiator of area A and all dimensions A : Df 471 A/A 2 , 

(A13.18) 


For a line radiator of length L A : Df ~ 2L/A, 

(A13.19) 

For a line array of N small A/2 spaced elements: Df = N. (A13.20) 

K 

Axisymmetric radiator Df = 2/(0)/ j 1(0) sin Odd where 1(0) is the intensity. 

0 

(A13.21) 

Directivity Index, DI = 10 log Df 

Approximate relations between DI and beam width, BW (in degrees): 

Line radiator of length L; DI sa 20 dB - 10 log BW, (A13.22) 

Circular radiator of diameter D; DI « 45 dB — 20 log BW, (A13.23) 

Rectangular radiator of sides L[, L 2 DI»45dB— lOlogBW(Lj) — 10 1ogBW(L2). 


Low frequency approximations, ka AC 1, for the radiation resistance, R r , reac¬ 
tance, X r and radiation mass, M r , for a circular piston of radius a radiating from 
one side only, with p the density and c the sound speed of the medium, are: 

For a piston in a rigid baffle: R r +jX r = pc7ta 2 [(ka) 2 /2 + j8ka/37t], M r = (8/3) pa 3 

For a piston with no baffle: R r + jX r = pctta 2 [(ka) 2 /4 + j2ka/jt], M r = (6/3)pa 3 

For a piston in a soft baffle: R r + jX r = pc7ta 2 [8(ka) 4 /27tt 2 + j4ka/37t], M r = (4/3)pa 3 

The quantities R r and X r for a pulsating sphere of radius, a, at any frequency are: 


Rr + jX r — pcA 


(ka) 2 +jka 
1 + (ka) 2 


and at low frequencies where ka 1: 


R r + jX r = pcA(ka) 2 + jcu3M w , 


(A13.24) 


(A13.25) 


where the surface area A = 47ta 2 , and M w is the mass of a sphere of water of 
radius a. 

Mutual radiation impedance for small transducers separated by distance di 2 in 
a plane: 


Z 12 = R 12 + jX 12 


sinkdi 2 +jcoskd ]2 

Rill- r-. -J, 

kdi2 


(A13.26) 


where Rq is the self-radiation resistance of one transducer. 

General relation between D a , Df, and R r for a transducer of area A at any fre¬ 
quency: 

D 2 = 47tR r D f /pck 2 A 2 . (A13.27) 

Diffraction constant for spherical hydrophone of radius a (k = 2jt/A): D a = (1 + 
k 2 a 2 ) -1 / 2 . 
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Source level for electrical input power, W;, and transducer electroacoustic effi¬ 
ciency, T| ea , 

SL = 101ogWi+ 101ogti ea + DI+ 170.8 dB//l|dPa@lm. (A13.28) 
Reciprocity Factor J: 

J = M/S = 2d/pf, (A13.29) 

where M is the open-circuit hydrophone sensitivity, S is the constant current trans¬ 
mitting response, d is the distance between the two transducers, p is the medium 
density and f the frequency. Reciprocity relations in dB: 

RVS = TCR - 20 log f - 294 dB = TVR + 20 log|Z| - 20 log f - 294, 

where RVS is the receiving voltage sensitivity in dB//V/p.Pa, TCR is the trans¬ 
mitting current response in dB//(j.Pa @lm/A, TVR is the transmitting voltage re¬ 
sponse in dB//p,Pa @ lm/V, Z is the electrical impedance of the transducer, and f is 
the frequency. 

Far-held pressure p at distance r for a sphere of radius a vibrating with velocity 
u and source strength 4tta 2 u: 

p(r) = [jut p 47ta 2 ue“ jk(r “ a) /47tr][l/(l + jka)]. (A13.30) 

Note that forka 1 the quantity 1/(1 + jka)] = 1. 

Rayleigh distance (far-held distance) for a radiator of maximum dimension L is: 
R(>= L 2 /2A. Far-held pressure p at angle 0 from the axis at distance r for a piston 
of radius a vibrating with velocity u and source strength 7ta 2 u while set in a rigid 
baffle 

p(r, 0) = [jcu p7ta 2 ue _ j kr /27tr][2Ji(kasin0)/kasin0]. (A13.31) 

Note that for 0 = 0 or ka <£ 1 the quantity [2 J i (ka sin 0)/ka sin 0] = 1. For a piston 
vibrating on one side only (with no baffle) and for ka 1 

p(r) jcu p 7ta 2 ue _jkr /47tr (A13.32) 

A. 14. Stress and Field Limits for Piezoelectric Ceramics 
[1,8, 9] 


Quantity 

PZT-8 
Type III 

PZT-4 
Type I 

PZT-5A 
Type II 

PZT-5H 
Type VI 

Compressive strength (kpsi) 

>75 

>75 

>75 

>75 

Max hydrostatic stress (kpsi) 
Max* static stress (kpsi) 

>50 

50 

20 

20 

parallel to the 3 axis 

Max* static stress (kpsi) 

12 

12 

3 

2 

perpendicular to the 3 axis 

8 

8 

2 

1.5 

Tensile* peak dynamic (kpsi) 

5 

3.5 

4 

4 

% change in ej 3 @ 2 kV/cm 

+2 

+ 5 

NA 

NA 
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Quantity 

PZT -8 

Type III 

PZT-4 
Type I 

PZT-5A 
Type II 

PZT-5H 
Type VI 

% change in £33 @ 4 kV/cm 

+4 

+ 18 

NA 

NA 

tan 8 (low field) 

0.003 

0.004 

0.02 

0.02 

tan 8 (2 kV/cm) 

0.005 

0.02 

NA 

NA 

tan 8 (4 kV/cm) 

0.01 

0.04 

NA 

NA 

AC depoling field (kV/cm) 

15 

>10 

7 

4 

% change in kp/time decade 

-1.7 

-1.7 

- 0.0 

- 0.2 

% change in elj/time decade 

-4.0 

-2.5 

-0.9 

- 0.6 

% change in 833 /time decade 

- 

-3.9 

-6.3 

- 

Change in k p (%) 

0 to 40° C 


+4.9 

+2.5 

+3.2 

-60 to +85°C 

- 

+9.5 

+9.0 

+ 12 

Change in K^(%) 

0 to 40° C 


+2.7 

+16 

+33 

-60 to +85°C 

- 

+9.4 

+52 

+86 

Notes: 1 kV/cm = 2.54 kV/inch, 

2 kV/cm = 

5.1 kV/inch, 

4 kV/cm = 

10.2 kV/inch. 


*Maximum allowable one-dimensional stress before a significant effect on performance. 

See Fig. A. 11 for curves of tan 8 and per cent change in ej 3 as a function of 
electric field for non-aged and aged materials, showing improvement for aged ma¬ 
terials. See Figs. A.12 and A.13 of one-month-aged PZT-4 and PZT- 8 , for curves 
of tan 8 and £ 33/60 as a function of electric field at various parallel compressive 
stresses. See Fig. A.14 for aging curves. A decrease in the dielectric constant of 
5% per time decade, following polarization, is typical. Stabilization occurs from 
10 to 100 days after poling. Aging may be increased by heat treatment, but at the 
expense of the coupling coefficient value. 


A. 15. Comprehensive Hydrophone Noise Model 

A general description of hydrophone noise based on the series electrical resis¬ 
tance, Rh, is given in Section 4.73. There the electrical noise is determined from 
Rh through the Johnson thermal noise voltage, given by Eq. (4.57). From this the 
equivalent noise pressure in the water is evaluated through the hydrophone sen¬ 
sitivity. A different approach is taken in this section by extending the definition 
of Johnson thermal noise to include mechanical components such as the mechan¬ 
ical resistance and radiation resistance, thereby developing a noise force for these 
components [10]. This noise force is then directly converted to an equivalent noise 
pressure through the capture area and diffraction constant for the hydrophone. The 
evaluation of the electrical dissipative noise in the piezoelectric material, due to 
tan 8 , is referred to the mechanical side of the transducer through the hydrophone 
sensitivity, as before. The total equivalent noise pressure is then the sum of the 
two mean-squared equivalent values. 

The noise model is based on the lumped equivalent circuit shown in Fig. A. 15 
and is consistent with the impedance representation of Fig. 4.38. These cir¬ 
cuits may be used to represent commonly used spherical, cylindrical and flexural 
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LEAD ZIRCONATE TITANATE 



ELECTRIC FIELD (kv/cm (rms) AT 25°C) 


FIGURE A. 11. Nonlinear behavior of permittivity and dielectric loss tangent for PZT-4, 

PZT-5, and PZT-8. 

hydrophones as well as Tonpilz transducers, all of which may be reduced to an 
equivalent form. 

In the circuit of Fig. A. 15 the electrical dissipative noise alone, in a one-Hertz 
band, is given by 

(V 2 } = 4KTR h , (A15.1) 

with Rh replaced by Ro = 1/Go = 1/cuCftan 8. The equivalent mechanical noise 
forces (F^> and (F 2 ) are obtained by replacing R m and R r by noiseless resistors in 
series with the noise forces (in a one-Hertz band) resulting in 

(F, 2 J = 4KTR m and (F 2 } = 4KTR r . (A15.2) 

With the total mass M' = M m + M r and total mechanical resistance R = R m + R r , 
the equivalent circuit of Fig. A. 15 may be reduced to Fig. A.16 where 

<fL> = (Fi> + (F r 2 > = 4KTR = 4KTR r /q ma , (A15.3) 

and the mechan-oacoustic efficiency, q ma , and R r are generally functions of fre¬ 
quency. Based on the plane wave relation F = pffAD a , the equivalent free-held 
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AC RMS Field/ kv/cm 

FIGURE A.12. e^/e 0 and tan8 vs AC field. Parameter; parallel Stress (T3)PZT-4. 

plane wave total mechanical noise pressure is given by 

<pL> = 4KTR r /q ma D 2 A 2 , (A15.4) 

which allows a direct comparison with the free-held acoustic signal pressure, pff. 
For a signal-to-noise ratio equal to or greater than unity, p 2 f should be equal to 
or greater than (p^ r ). Equation (A 15.4) shows that the thermal noise may be re¬ 
duced by an increase in the area, the diffraction constant or the mechano-acoustic 
efficiency. 

Consider first the noise contribution from the radiation resistance alone and 
temporarily assume q ma = 1. For a small omnidirectional hydrophone of active 
area A the radiation resistance R, = A 2 tu 2 p/c47z\ D a = 1 and Eq. (A15.4) gives an 
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1200 



AC RMS Field/ kv/cm 

FIGURE A. 13. eJ 3 /eo andtan 8 vs AC field. At various levels of parallel stress (T 3 ) PZT- 8 . 


equivalent mean-squared noise pressure 

(p 2 > = 47tKTf 2 p/c. (A15.5) 

This noise is comparable with SSO noise at approximately 40kHz and SSI noise 
at approximately 80 kHz increasing at 6 dB/octave as shown in Fig. 4.37 and is 
consistent with Eq. (4.65) for DI = 0 and q ea = 1. Equation (A15.5) sets a fun¬ 
damental limit on the noise of a small hydrophone. This minimum limit can be 
interpreted as being due to the radiation resistance, which is fundamental to an 
electroacoustic transducer. 

We note that Eq. (A15.5) was developed by Mellen [11], independently of any 
transducer considerations, by expressing the thermal motion of the molecules in 
the medium in terms of modes of vibration and equating the average vibration 
energy per mode to KT at thermal equilibrium. This thermal noise exists in the 
sea and is received by every hydrophone. It is clear from the numerical examples 
in Table 4.3 that this internal thermal hydrophone noise is important mainly for 
underwater sound applications at relatively high frequencies where the ambient 
noise is dominated by thermal noise, (e.g., above 40 kHz) as can be seen from 
Fig. 4.37. For transducers mounted on ships, where flow and structural noise often 
exceeds ambient noise, the internal noise is seldom significant (see Chapter 6). 
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FIGURE A. 14. Typical aging of permittivity and planar coupling coefficient of piezoelec¬ 
tric ceramic showing the effects of heat treatments applied 12 days after polarizing. 


For large planar hydrophones, or at high frequencies, the radiation resistance 
approaches Ape, while D a approaches 2 and Eq. (A15.4) leads to 

< Pr 2 > = KTpc/Ati ma , (A15.6) 

which shows that the thermal noise pressure received by a hydrophone becomes 
constant at a value that depends on the aperture area, A. Thus in this frequency 
region, the noise pressure can be lowered for some applications by using a hy¬ 
drophone of large planar area. An example might be an application that uses a 
large-diameter thickness mode piezoelectric ceramic disc as the hydrophone (see 
Section 3.43). 
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FIGURE A. 15. Comprehensive equivalent noise circuit with noise voltage source (V 2 ) and 
mechanical (F^), radiation (F 2 ) and sea state {F 2 S ) noise forces along with acoustic force 
signal F b . 



Consider again the more general case where r| ma is not necessarily unity. Since 
R r /D 2 A 2 = cu 2 p/Df47tc [see Eq. (4.56)], Eq. A15.4 may also be written in terms 
of the directivity factor as 

<Pmr> = 47tKT(p/c)f 2 /t 1ma D f . (A15.7) 

Equation (A15.7) shows that the equivalent mechanical/radiation thermal noise 
pressure may be reduced by increasing the directivity factor, as was seen previ¬ 
ously. If the pressure is referenced to 1 pPa, Eq. (A15.7) may be written as 

10 log(p^> = 20 log f- 74.8 dB - 10 logri ma - DI, (A15.8) 

for a 1-cycle band. This result is exactly the same as the thermal noise curve of 
Fig. 4.37 for the case of 100% mechano-acoustic efficiency and a directivity factor 
of unity. It is also the same as Eq. (4.65) with r| ea replaced by r) ma . 

In the preceding discussion the mechanical noise force and equivalent noise 
pressure were calculated directly from the mechanical equivalent of the Johnson 
thermal noise. The equivalent noise pressure generated from the electrical dissi¬ 
pation, tan 8, (V 2 ) of Fig. A.16, can be put on the same basis as the mechanical 
noise and the signal by calculating the noise voltage at the electrical output ter¬ 
minals and transforming it to the mechanical terminals through the sensitivity. 
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As shown in Eq. (4.67a) the electrical noise due to the electrical resistance, Ro, 
under the typical conditions of a dissipation factor tan 8 1, may be written as 

(V 2 } = 4KTtan8/cuCf. (A15.9) 

The noise voltage developed across the terminals, due to (V 2 ), is the result of a 
voltage divider (see Appendix A.8) reduction, Z e /(Z e + Ro), where Z e of Fig. A. 16 
represents the remaining electrical impedance of the transducer in series with the 
resistor Ro. After considerable algebra the resulting noise at the transducer elec¬ 
trical terminals A,B may be written as 

(V 2 ) = <V 2 )[(cu/cu r Q m ) 2 + (1 - u) 2 /o> 2 ) 2 ]/H(co), (A15.10) 

where 

H(tu) = [(tu/a>aQa) 2 + (1 - a> 2 /cu 2 ) 2 ] + tan 2 8[(o>/tu r Q m ) 2 + (1 - tu 2 /cu 2 ) 2 ]. 

(A15.ll) 

In typical piezoelectric ceramic hydrophones tan 2 8 <£ 1, leading to 

H(u>) ss (tu/cUaQa) 2 + (1 - u> 2 /tu 2 ) 2 . (A15.12) 

Under this typical condition Eqs. (A15.1), (A15.ll) and (A15.12) yield the open- 
circuit noise voltage 

(V 2 > « [4KTtan 8/a>C f ][(a>/tu r Q m ) 2 + (1 - a> 2 /a> r 2 ) 2 ]/[(a>/tu a Qa) 2 

+(1 - u> 2 /cu 2 ) 2 ]. (A15.13) 

The total electrical noise voltage, (V 2 ), may be obtained from Eq. (A15.7) and an 
expression for the hydrophone voltage sensitivity which may be developed from 
the equivalent circuit, of Fig. (4.19). This circuit is not restricted to bender hy¬ 
drophones and the resulting sensitivity, given by Eq. (4.32), is a good approxima¬ 
tion for most pressure sensitive hydrophones. Accordingly, we may express the 
hydrophone sensitivity as 

IV| 2 = k 2 [pADJ 2 C E /Cf[(cu/cu a Qa) 2 + (1 - o> 2 /o> 2 ) 2 ]. (A15.14) 

Equating Eqs. (A15.13) and (A15.14) gives the electrically-based plane wave 
equivalent noise pressure 

(p 2 > = [4KTtan8/A 2 D 2 k 2 tuC E ][cu/cu r Q m + (1 - ttr/tu 2 ) 2 ]. (A15.15) 

Since Q m = r| ma /a> r C E R r and, from Eq. (4.56), R r /D 2 A 2 = cu 2 p/c47tDf, Eq. 
(A15.15) can also be written 

(p 2 ) = [47tKTtan8f 2 p/cq ma k 2 Df][a)/cu r Q m + (Q m O) r /cu)(l - ur/tu 2 ) 2 ]. 

(A15.16) 

The ratio of this electrically-based noise pressure, Eq. (A15.16), to the mecha¬ 
nically-based noise pressure, Eq. (A15.7), is given by 
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(Pe)/(Pmr) = [tanS/k 2 ][tu/cu r Q m + (Q m cu r /o))(l - tu 2 /cu 2 ) 2 ]. (A15.17) 

At low frequencies where tu w r 

(Pe)/ (Pnir) = [tan 8/k 2 ][Q m cu r /cu], (A15.18) 

which equals the ratio of the two terms in Eq. (4.71) and therefore agrees with 
Table 4.3 at 1, 10 and 20 kHz. At resonance, cu = cu r and Eq. (A15.17) becomes 

(Pe>/(Pmr> = [tan8/k 2 Q m ], (A15.19) 

For tan 8 = 0.01, k 2 = 0.5 and Q m = 2.5 the ratio in Eq. (A15.19) is 0.008, and the 
mechanically-based equivalent noise pressure dominates at resonance. 

Equations (A15.7) and (A15.16) give the total equivalent hydrophone noise 
pressure, (p 2 ) = (p 2 nr > + (p 2 ), as 

(p 2 > = [47tKT(p/c)f 2 /D f q ma ][l + (tan S/k 2 ){cu/tu r Q m 

+(Q m o> r /cu)(l - ur/u> 2 ) 2 }], (A15.20) 

where, it should be recalled, q ma is generally a function of frequency. The sec¬ 
ond bracketed factor in Eq. (A15.20) is the reciprocal of the electromechanical 
efficiency, given in Chapter 2, as can be seen from 

tl em = N 2 R/[N 2 R + (R 2 + X 2 )/R 0 ], (A15.21) 

where X 2 = (tuM'- l/cuC E ) 2 . Then, using N 2 = k 2 C t 7C E , Q m = l/cu r C E R, cu 2 = 
1 /M’C e and 1/Ro = tuCf tan 8, Eq. (A15.21) becomes 

hem = 1 /[ 1 + (tanS/k 2 ){cu/tu r Q m + (Q m tu r /co)(l - cu 2 /cu 2 ) 2 }]. (A15.22) 

Since the overall efficiency r| ea = riemPma- Eq. (A15.20) may now be written as 

<p 2 > = 4:tKT(p/c)f 2 /D f t lea , (A15.23) 

and, in dB//((j.Pa) 2 , as 

10 log(p 2 } = 20 log f - 74.8 - 10 log q ea - DI, (A15.24) 

which is the same as Eq. (A15.8) for the special case of r| em = 1 and identical to 
Eq. (4.65) developed through reciprocity in Section 4.71. The incident plane wave 
signal pressure |pi | 2 must be greater than the value given by Eq. (A15.24) to obtain 
a signal-to-noise ratio greater than unity. 

The total electrical noise, V n , may be obtained from Eqs. (A15.14) written as 

(V 2 > = (Pn>k 2 A 2 D 2 C E /Cf[(to/cu a Q a ) 2 + (1 - cu 2 /cu 2 ) 2 ]. (A15.25) 

Substitution of Eq. (A15.23) and Eq. (4.56), into Eq. (A15.25) yields 

(V 2 ) = 4KTR r k 2 C E /C f q ea [(cu/tu a Q a ) 2 + (1 - a) 2 /tu 2 ) 2 ]. (A15.26) 
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The preamplifier electrical noise should be less than this quantity and the hy¬ 
drophone should be properly matched to the preamplifier for optimum perfor¬ 
mance. The approximate hydrophone input resistance, Rh, at any frequency, may 
be obtained from Eq. (A15.26) by substitution of Eq. (4.57) (with Af = 1) yielding 

Rh = R r k 2 C E /C f r| ea [(u)/cu a Q a ) 2 + (1 - tu 2 /cu 2 ) 2 ]. (A15.27) 

Equation (A15.27) gives the same results as Eq. (4.70) under the condition of 
the electrical dissipation factor tan 5 « 1. This simplifying assumption, used in 
this section, is normally satisfied in practice and under this condition the results 
of this section should be quite acceptable. The assumption was initially used in 
Eq. (4.67a) and is often used in models for an electrical capacitor with typical 
losses. This acceptable approximation has allowed a comparatively simple but 
comprehensive self-noise model for hydrophones. 


A. 16. Cables and Transformers 
Cables 

The voltage, Vj,, from a hydrophone (see Chapter 4) of free capacitance, Cf, oper¬ 
ating well below resonance is reduced to V c by an attached cable capacitance, C c ; 
the voltage ratio is 


Vc/V h = Cf/(Cf + Cc) = 1/(1 + C c /Cf). (A16.1) 

The cable capacitance can reduce the coupling coefficient, as well as the power 
factor for a projector (see Chapters 3 and 8), but has negligible effect for C c /Cf 1. 

The inductance and resistance, as well as the capacitance, of the cable can be¬ 
come significant for long cables. Such cables may be treated as transmission lines 
with impedances Z a and Zb, as illustrated in Fig. A. 17. 

The values of Z a and Zb may be approximated, as in Fig. A. 18, by 

Z a = R/2+jcuL/2 and Z b = 1/(G + jtuC c ), (A16.2) 

where R is the series ohmic resistance, L the inductance, C c the capacitance, and 
G the dissipation cuC c tan 8. The values of C c and G may be obtained under 



FIGURE A. 17. Cable as a transmission line. 
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R/2 L/2 L/2 R/2 



FIGURE A. 18. Approximate transmission line model. 


open-circuit conditions while the values of for R and L may be obtained under 
short-circuit conditions with both measurements performed at low frequencies 
where cu o>o = (2/LC) 1 / 2 . 

In general the values of Z a , and Z b may be obtained at each frequency by mea¬ 
suring the impedances Z 0 and Z s at one end with the other end under open- and 
short-circuit conditions, respectively. The results, in complex form, are: 

Z a = Zo-Z b and Z b = [Z 0 (Z S - Zo)] 1 / 2 . (A16.3) 


Transformers 

Transformers are typically used to increase the voltage from power amplifiers to 
a drive voltage suitable for electric field transducers. This is done by means of the 
turns ratio, N, of the transformer, which is ideally equal to the ratio of the number 
of secondary turns, n s , to the number of primary turns, n p . A conventional trans¬ 
former which provides isolation between the secondary and primary is illustrated 
in Fig. A.19 while an autotransformer, which provides no isolation, is shown in 
Fig. A.20. 


> 



1: N -^ 



FIGURE A. 19. Transformer of turns ratio N = V s /V p . 
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> 



FIGURE A.20. Autotransformer of turns ratio N = V s /Vp. 


Both provide voltage step-up, current-step-down, and transformed-load im¬ 
pedance, Zl as: 

V s = NV p , I s = Ip/N, Z p = Z l /N 2 , (A16.4) 

where the load impedance, Zl, is across the secondary of the transformer and the 
primary impedance is Z p = V p /I p . 

Transformers are often designed such that the additional resistance, inductance, 
and capacitance associated with the transformer are negligible in the frequency 
range of operation for a given load impedance. On the other hand, advantage can 
be taken of the inherent shunt inductance, L, to provide tuning for the clamped 
capacitance, Co, of a transducer, in addition to voltage step up. Autotransformers 
are more compact than conventional transformers for small values of the turns 
ratio and, with self tuning, are often used with electric field transducers. 

An equivalent circuit [12] for a typical transformer is shown in Fig. A.21, with 
the ideal transformation given by the turns ratio N. The inductors L p and L s are 
due to primary and secondary leakage inductance and the resistors R p and R s 
are due to primary and secondary coil resistance. The shunt capacitance C is due 
to stray capacitance which is not always well defined in value and in circuit place¬ 
ment. The shunt resistance, R c , is due to both eddy current and hysteresis losses 
in the core. The core material and its volume must be chosen to operate below 
saturation with low hysteresis and low eddy current losses in the frequency range 
of operation. 

The shunt inductance, L, is due to the magnetizing current which flows in the 
primary independent of the load, Zl, on the secondary. This inductance depends 
on the number of turns in the primary and is transformed to the secondary through 
the ideal turns ratio, N, as an inductance N 2 L in parallel with the load Zl- Since 
L is proportional to n 2 and N = n s /n p , the inductance Lo = N 2 L is proportional 
to the square of the number of secondary turns, n 2 . This value of inductance can 
be adjusted to shunt tune the clamped capacitance of the transducer by setting the 
value of L equal to l/eu 2 Co- 
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FIGURE A.21. Equivalent circuit for a transformer. 


A. 17. Thermal Noise and Radiation Resistance 

Thermal electrical noise at the output of a hydrophone consists of direct electrical 
noise plus electrical noise converted from mechanical noise. The direct electrical 
noise is ordinary Johnson noise in the electrical resistance associated with the 
electrical components of the transducer; in a piezoelectric transducer it depends 
on the electrical dissipation factor, tan 8. The converted mechanical noise begins 
as random thermal motion inside or on the surfaces of mechanical components 
such as the radiating head mass, plus random thermal motion of molecules in 
the medium which bombard the head mass. These internal and external thermal 
fluctuations result in a random noise force on the head mass that is converted 
to a random noise voltage by the transduction mechanism. For comparison with 
noise from other sources it is convenient to convert the thermal noise voltage to an 
equivalent plane wave noise pressure as in Section 4.74. Of all the internal noises, 
only the thermal noise in the medium originates as an actual pressure. 

R.H. Mellen [11] calculated the thermal noise pressure in the medium originally 
and also demonstrated its relationship to the radiation resistance of the transducer. 
His expression for the noise pressure on the vibrating surface of a hydrophone 
is based on expressing the thermal motion in the medium in terms of normal 
modes of vibration. Each mode represents a degree of freedom, and, at thermal 
equilibrium, equipartition of energy gives each mode the energy KT where K is 
Boltzmann’s constant and T is the absolute temperature. The mean-squared noise 
pressure per unit band, Af, is then shown to be 

(p r 2 > = 47tf 2 KTp/c. (A17.1) 

This is the thermal noise pressure of the medium that would be detected by a small 
omnidirectional hydrophone; it is shown in comparison with sea-state noise in Fig. 
4.37. This thermal noise is considered to be ideally isotropic and, in the case of 
a directional hydrophone, would be reduced by the directivity factor, Df, before 
being added to noise from other sources. 

The most direct way to see the relationship of radiation resistance to thermal sea 
noise requires looking inside the hydrophone and considering the force and veloc¬ 
ity that apply to the radiation resistance alone, as was done in Appendix A. 15. 
This can be done by converting the mean-squared pressure in Eq. (A17.1) to 
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a mean-squared force using 

(F 2 > = <p 2 >A 2 D 2 /D f . (A17.2) 

Here we are converting the actual isotropic noise pressure in the medium to the 

force on the hydrophone by using the diffraction constant averaged over all di- 

1/2 

rections, D = D a /D ( , which was derived in Section 11.31, where D(0, <})) is 
defined as the directional plane wave diffraction constant. Note that this pressure- 
to-force conversion differs from the one used in Appendix A. 15 to convert force 
to the equivalent plane wave pressure (F = pffAD a ). Substituting Eq. (A17.1) into 
Eq. (A17.2) gives 

(F 2 > = 4KT(7tpf 2 A 2 D 2 )/cD f (A17.3) 

Use of the general relation for radiation resistance in Eq. (4.56), R r = cu 2 pA 2 D 2 / 
47tcDf, then gives 

(F 2 ) = 4KTR r (A17.4) 

per unit band Af. Equation (A17.4) shows the direct relationship between the noise 
force, F r , and the radiation resistance, R r , consistent with the Nyquist Theorem. 
Thus, the radiation resistance may be treated as the source of the thermal noise as 
in Sections 4.74 and A.15. 

The thermal noise contribution can be expressed as a noise force, F r in series 
with a noiseless resistance R r as shown in Fig. A. 15. The electromechanical trans¬ 
former, of turns ratio N, converts the mechanical quantities to its right to electrical 
quantities by dividing forces by N and impedances by N 2 . Thus with V,- = F r /N, 
we can also write 

(V 2 > = 4KTR r /N 2 (A17.5) 

which represents a noise-voltage source at the mechanical input to the hydrophone 
where the head moves as a result of the thermal fluctuations in the medium. 

The output-noise voltage at the electrical terminals of the hydrophone is mod¬ 
ified by the transducer which acts as a filter on the input noise. The hydrophone 
output-noise voltage is discussed in Section 4.74 and shown in Appendix A.15 
to be 

(V 2 > = 4KTR h = 4KTR 1 -k 4 /N 2 q ea [(cu/cu a Q a ) 2 + (1 - a> 2 /a> 2 ) 2 ] (A17.6) 

where Rh is the hydrophone series electrical resistance, q ea is the electroacoustical 
efficiency and k 2 = N 2 C E /Cf. Equation (A17.6) shows that the hydrophone noise 
output voltage is proportional to the radiation resistance, is inversely proportional 
to the efficiency and also depends on frequency as well as transducer parameters. 
It can be seen that if the transducer was 100% efficient, there would still be noise 
from the medium at the hydrophone terminals, which sets a fundamental limit on 
the detectable signal of a hydrophone. On the other hand, since q ea = q cm q ma , 
where the mechano-acoustical efficiency is r| ma = R r /(R r + R m ) we may replace 
R r /r| ea in Eq. (A17.6) by (R r + R m )/i] em where R m is the mechanical loss resistance 
and r) em is the electromechanical efficiency. Thus, under vacuum loading condi¬ 
tions, where R r = 0, there is a noise contribution from RnAlem which is dependent 
on the mechanical and electrical losses alone. This condition is approximated un¬ 
der air loading conditions where R r « Rm- 
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Appendix End Notes 

1. Important Properties of Morgan Electro Ceramics, Piezoelectric Ceramics Re¬ 
port, TP-226, Bedford, Ohio, 44146. Properties listed are standard original 
versions of Types I, II, III, VI. See latest Morgan Electro Ceramics brochure 
for additional information on other versions. Other piezoelectric ceramic man¬ 
ufacturers include: Channel Industries, Inc., Santa Barbara, CA 93111, EDO 
Ceramics, Salt Lake City, Utah 84115 and Piezo Kinetics, Inc., Bellefonte, PA 
16823. 

2. Private communication, Wewu Cao, Penn State University, University Park, 
PA, laboratory grade PMN-.33PT. For other grades and types see Piezoelec¬ 
tric Single Crystals and Their Application, Edited by: S. Trolier-McKinstry, 

L. Eric Cross and Y. Yamashita, The Pennsylvania State University and 
Toshiba Corp., Penn State University Press, State College PA (2004). See also, 
TRS Ceramics, Inc., State College, PA 16801 (measurements by Wewu Cao), 
H. C. Materials Corporation Urbana, IL 61802, and Morgan Electro Ceramics, 
Bedford, Ohio, 44146 for commercial grade material. 

3. The tabulated single crystal constants are small signal values. The values 
change with field, prestress, and temperature. Single crystals also go through 
phase transitions and the locations in temperature-field-stress space depend on 
these loadings and the particular cut and composition. Different compositions 
and orientations of single crystals can have dramatically different values. Ma¬ 
terials with a lower percentage of PT are not quite as active but have a larger 
region of linear behavior and may be more suitable for sonar applications. 
[Private communication, Elizabeth A. McLaughlin, NUWC, Newport, RI.] 

4. Information supplied by A.E. Clark and M. Wun-Fogle, Naval Surface War¬ 
fare Center, Carderock Division, West Bethesda, MD. See also M.B. Moffett, 
A.E. Clark, M. Wun-Fogle, J.F. Lindberg, J.P Teter, and E.A. McLaughlin, 
“Characterization of Terfenol-D for magnetostrictive transducers,” J. Acoust. 
Soc. Am., 89, 1448-1455 (1991); J.L. Butler, “Application manual for the 
design of Etrema Terfenol-D magnetostrictive transducers,” Etrema Products, 
Ames, Iowa (1988); and Etrema Products, Ames Iowa 50010 for additional 
information on Terfenol-D. 

5. Information supplied by F. Claeyssen, Cedrat Technologies S.A., Meylan, 
France, See also, F. Claeyssen, N. Lhermet, and R. Le Letty, “Giant magne¬ 
tostrictive alloy actuators,” J. Applied Electromagnetics in Materials, 5, 67- 
73 (1994); and P. Bouchilloux, N. Lhermet, F. Claeyssen, and R. Le Letty, 
“Dynamic shear characterization in a magnetostrictive rare earth-iron alloy,” 

M. R.S. Symp. Proc., 360 , 265-272 (1994); and F. Claeyssen, “Variational 
formulation of electromechanical coupling,” Handbook of Giant Magneto¬ 
strictive Materials, Ed. G. Engdahl, Academic Press, NY, 2000, 353-376 
(ISBN 0-12-238640-X). 

6. W.P Mason, “An electromechanical representation of a piezoelectric crystal 
used as a transducer,” IRE Proc., 23 , 1252-1263 (1935) and “ Electromechani¬ 
cal Transducers and Wave Filters, ” Second Edition, Van Nostrand, Princeton, 
NJ (1948). 
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7. L.E. Ivey, “Underwater Electroacoustic Transducers,” Naval Research Lab¬ 
oratory USRD Report. NRL/PU/5910-94-267. August 31, 1994. For more 
information contact Underwater Sound Reference Division, NUWC/NPT 
Newport, RI 02841. 

8. D. A. Berlincourt and H. Krueger, “Behavior of Piezoelectric Ceramics under 
Various Environmental and Operation Conditions of Radiating Sound 
Transducers,” Technical Paper TP-228, See also, TP-220, Morgan Electro 
Ceramics, Bedford, Ohio, 44146; D. Berlincourt, “Piezoelectric Crystals and 
Ceramics,” in Ultrasonic Transducer Materials, O.E. Mattiat, ed.. Plenum 
Press, New York, (1971); H.H.A. Krueger and D. Berlincourt, “Effects of 
high stress on the piezoelectric properties of transducer materials,” J. Acoust. 
Soc. Am., 33 , 1339-1344 (1961); R.Y. Nishi and R.F. Brown, Behavior of 
piezoceramic projector materials under hydrostatic pressure,” J. Acoust. Soc. 
Am., 7 , 1292-1296 (1964); H. H.A. Krueger, Stress sensitivity of piezoelec¬ 
tric ceramic: Part 1. Sensitivity to compressive stress parallel to the polar 
axis,” J. Acoust. Soc. Am., 42 , 636-645 (1967); H.H.A. Krueger, Stress sen¬ 
sitivity of piezoelectric ceramic: Part 2. Heat treatment,” J. Acoust. Soc. Am. 
43 , 576-582 (1968); and H.H.A. Krueger, “Stress sensitivity of piezoelectric 
ceramic: Part 3. Sensitivity to compressive stress perpendicular to the polar 
axis,” J. Acoust. Soc. Am., 43 , 583-591 (1968). 

9. R.S. Woollett and C.L. LeBlanc, “Ferroelectric nonlinearities in transducer 
ceramics” IEEE Trans. Sonics and Ultrasonics, SU-20, pp. 24—31 (1973). 
J. deLaunay and PL. Smith, “Aging of Barium Titanate and Lead Zioconate- 
Titanate Ferroelectric Ceramics,” Naval Research Laboratory Rep. 7172, 15 
Oct., 1970. 

10. C. Kittel, Elementary Statistical Physics, pp. 141-153 John Wiley & Sons, 
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Acoustic Beam: Acoustic waves concentrated mainly in a limited direction. 

Acoustic Center of a Transducer: The apparent center of the spherical waves in 
the far field of a transducer. 

Acoustic Impedance: The complex ratio of acoustic pressure to amplitude of vol¬ 
ume velocity. 

Acoustic Medium: Any material through which acoustic waves can travel, usually 
air or water, but also other fluids and solids. 

Acoustic Modem: Underwater device which communicates by means of acoustic 
waves. 

Active Sonar: Detection of a target by projecting acoustic waves and listening for 
an echo, also called echo ranging. 

Admittance, Y: 1) The reciprocal of the impedance, Z. 2) Y = G + jB where G is 
the conductance and B is the susceptance. 

Antiresonance, f a : 1) For an electric field transducer, the frequency at which the 
mass and open-circuit stiffness cancel or the frequency of maximum impedance 
or RVS. 2) For a magnetic field transducer, the frequency at which the mass and 
short-circuit stiffness cancel or the frequency of maximum admittance or TVR. 

Armature: 1) Part of a magnetic circuit. 2) The moveable part of the magnetic 
circuit in a variable reluctance transducer. 

Array of Transducers: Two or more transducers that are used together usually to 
achieve a higher intensity and narrower beam. 

Astroid: 1) Hypocyloid of four cusps. 2) Described by a point on a small circle of 
radius, R, rolling around the inside of a larger circle of radius 4R. 

Beam steering: Changing the principal direction of an acoustic beam by changing 
the relative phases of the transducers in an array or by rotating or incrementing a 
transducer or array. 
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Beam Width, BW: The angular width, in degrees, of an acoustic intensity beam 
measured between the —3 dB points on each side of the main lobe. 

Bias: 1) A fixed (DC) voltage, current, or magnetic field applied to a transducer, 
in addition to an alternating voltage or current, to achieve linearity. 2) A static 
mechanical compression. 

Broadside Beam: An acoustic beam directed perpendicular to the surface of an 
array. 

Blocked Condition: 1) A mechanical boundary condition which restricts the mo¬ 
tion of a transducer such that the velocity or the displacement is zero. 2) Same as 
Clamped condition. 

Belleville Spring: 1) A conical disk or washer which provides a compliant member 
where a washer would otherwise be used. 2) Used to reduce the effective stiffness 
of a stress bolt. 3) Used to reduce effects of thermal expansion of a stress bolt. 

Cardioid Beam: 1) Beam pattern with a null at 180°, —6 dB at ± 90°, beam width 
of 133° and DI = 4.77 dB. 2) Typically formed from the sum of an omni and a 
dipole source or sensor of equal acoustic far-field pressure. 3) Special case of a 
limacon beam. 

Characteristic Frequency: 1) Any material object, such as a bar, a spherical shell, 
a room full of air, or an ocean of water, has a series of allowed modes of vibration 
each with its own characteristic frequency. 2) Frequency at which eddy current 
effects start to become significant. 

Characteristic Impedance: 1) An impedance used to compare media or transduc¬ 
ers: for media, usually the specific acoustic impedance, pc. 2) A value of the me¬ 
chanical impedance of a transducer in the vicinity of resonance. 3) The square root 
of the product of the transducer effective mass and stiffness. 

Clamped Capacitance, Co: 1) Capacitance of an electric field transducer under 
clamped conditions. 2) Capacitance of an electric field transducer at mechanical 
resonance. 

Clamped Condition: 1) A mechanical boundary condition which restricts the mo¬ 
tion of a transducer such that the velocity or the displacement is zero. 2) Same as 
Blocked condition. 

Coercive Force: 1) The electric field required to reduce the polarization to zero 
when a ferroelectric material has been polarized to saturation. 2) The magnetic 
field required to reduce the magnetization to zero when a ferromagnetic material 
has been magnetized to saturation. 

Compliance, C: 1) The softness of a mechanical element. 2) The reciprocal of the 
stiffness, K. 

Compliance, C m E : 1) The mechanical compliance under short-circuit conditions 
for an electric field transducer. 2) The reciprocal of the stiffness, K m E . 
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Compliance, C m D : 1) The mechanical compliance under open-circuit conditions 
for an electric field transducer. 2) The reciprocal of the stiffness, K m D . 

Compliance, C m B : 1) The mechanical compliance under short-circuit conditions 
for a magnetic field transducer. 2) The reciprocal of the stiffness, K m B . 

Compliance, C m H : 1) The mechanical compliance under open-circuit conditions 
for a magnetic field transducer. 2) The reciprocal of the stiffness, K m H . 

Coupling Coefficient, k: 1) A measure of the electromechanical activity of a trans¬ 
ducer where 0 < k < 1. 2) k 2 = energy converted/total energy stored where the 
energy converted is either mechanical or electrical. 3) The quantity k = 1/(1 + 
QniQe ) 12 - 4) The effective dynamic coupling coefficient, for high Q m , is given by 
k=[l—(f r /f a ) 2 ] 1/2 . 

Curie Temperature, T c : 1) The temperature at which polarization disappears and 
piezoelectric ceramics lose their piezoelectric properties. 2) Piezoelectric ceramics 
are typically operated at temperatures no higher than T c /2. 

Dipole: 1) Pair of small sources (or sensors) with equal amplitude but opposite 
phase and separation distance small compared to the wavelength. 2) Beam pattern 
with nulls at ± 90°, beam width 90° and DI = 4.77 dB. 

Diffraction Constant, D a : 1) A measure of various effects (scattering, diffraction, 
reflection, and phase variations) that cause the average clamped acoustic pressure 
on a hydrophone to differ from the free-field pressure at the same location. 

Direct Drive: 1) Voltage drive of electric field transducers. 2) Current drive of 
magnetic field transducers. 

Directivity Factor, Df: 1) Ratio of the far field on axis intensity to the intensity 
averaged over all directions at the same distance. 

Directivity Function: The intensity of acoustic radiation as a function of direction, 
consisting of a major lobe and minor lobes. For reciprocal transducers the same 
function holds for receiving acoustic waves from a distant source as the transducer 
is rotated. 

Directivity Index, DI: 1) Increase in the intensity due to the directional character¬ 
istics of a transducer or array. 2) DI = 10 log Df. 

Dyadic Sensor: A directional hydrophone with a quadrupole- (or higher) order 
beam pattern. 

Eddy Current: Current induced in a conducting material by an alternating mag¬ 
netic field which causes a reduction in inductance and loss of power in magnetic 
field transducers. 

Electrical Quality Factor, Q e : 1) The Q at mechanical resonance based on the 
electrical reactance and resistance components of a transducer. 2) Q e = Bo/Go 
where Bo is the susceptance (cu r Co for an electric field transducer) and Go is the 
conductance at mechanical resonance. 
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Electroacoustic Transducer: One in which an electric input gives an acoustic out¬ 
put, or one in which an acoustic input gives an electric output. 

Electrostriction: 1) Change of dimension of a material caused by an applied 
electric field, independent of direction of the field. 2) Approximately linear when 
electric field bias is also applied. 

End-fire Beam: An acoustic beam directed parallel to the surface of an array. 

Equivalent Circuit: 1) An electrical circuit which represents the electrical, me¬ 
chanical, and acoustical parts of a transducer. 2) Often a lumped parameter circuit 
representation using inductors, capacitors, and resistors but can also take the form 
of distributed elements represented by trigonometric or other functions. 

Equivalent Mass: 1) The dynamic mass, Mj, referred to a velocity, uo, of a distrib¬ 
uted system. 2) Md = 2(Kinetic Energy)/uo 2 . 

Equivalent Stiffness: 1) The dynamic stiffness, Kj, referred to a displacement, xq, 
of a distributed system. 2) Kd= 2(Potential Energy)/xo 2 . 

Evanescent Wave: A non-propagating wave, usually because the amplitude decays 
exponentially. 

Extensive/Intensive Variables: An extensive variable depends on the internal prop¬ 
erties of a system; examples are mechanical strain, electric displacement, and mag¬ 
netic induction. An intensive variable does not depend on the internal properties; 
examples are mechanical stress, electric field, and magnetic field. The two types 
of variables occur in pairs that are related to each other such as S = sT, D = eE and 
B = (iH. 

Faraday Induction Law: When an electric circuit exists in a region of changing 
magnetic field a voltage is induced in the circuit equal to the negative of the rate 
of increase of magnetic flux through the circuit. 

Far Field: 1) Radial distance, R, at which the acoustic pressure falls off as 1/R. 
2) For a given transducer or array size L, the far-field distance R > L 2 /2A where A 
is the wavelength. 

FEM: The Finite Element Method, also referred to as FEA for Finite Element 
Analysis. 

Ferroelectricity: Spontaneous polarization of small regions (domains) within crys¬ 
tals of certain materials, analogous to ferromagnetism. 

Flexural Vibration: Vibratory motion in which the stiffness component results 
from bending of a material. 

Free Capacitance, Cf: 1) Electric field transducer capacitance without any mechan¬ 
ical load under a free boundary condition where the stress is zero. 2) Capacitance 
of an electric field transducer at a frequency well below its fundamental resonance. 
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Free Condition: 1) A mechanical boundary condition with no restriction on the 
motion and with zero stress. 2) Opposite of the Blocked or Clamped boundary 
condition. 

Free-held Condition: 1) Acoustic held condition where there are no structures 
which reflect or scatter the sound. 2) Condition where the measuring hydrophone 
is small enough that the acoustic held is not disturbed by its presence. 

Grating lobe: 1) Replicate lobe(s) of the main lobe of a beam pattern. 2) Lobes 
which occur in directions where the output of the array elements add at integer 
multiples of a wavelength. 3) Lobe where the intensity level is nearly the same as 
the main lobe. 4) A lobe which cannot be reduced by shading. 

Gyrator: 1) A device which acts like a transformer but converts voltage on side 1 
to a current on side 2 and current on side 1 to voltage on side 2. 2) An ideal device 
which “gyrates” a voltage into a current and vice versa. 3) An ideal device which 
may be used to convert a mobility analogue circuit representation to an impedance 
analogue circuit representation. 4) Electromechanical gyrators are typically used 
to transform current to force and voltage to velocity in magnetic held transducer 
representations. 

Flarmonic Distortion: A result of nonlinear response where an output contains 
harmonics of a pure sine wave input. 

Helmholtz Resonance Frequency: 1) The fundamental resonance frequency of the 
fluid in a container that is closed except for a port (opening) or an attached open 
tube. 2) The frequency at which the compliance of the fluid in the container res¬ 
onates with the sum of the radiation mass of the opening and the fluid mass in the 
tube. 

Homogeneous Equations: Equations in which all the independent variables are 
either extensive or intensive and all the dependent variables are either intensive or 
extensive. 

Hybrid Transducer: A transducer containing both electric field and magnetic field 
transduction sections. 

Hydrophone: 1) A transducer used to receive acoustic waves. 2) The underwater 
analogue of a microphone. 

Ideal Electromechanical Transformer: 1) Lossless transformer device without in¬ 
herent inductive or capacitive values. 2) Often used in equivalent circuits to con¬ 
nect the electrical part of the circuit to the mechanical part of the circuit. 3) For an 
electric field transducer, the electromechancial transformer turns ratio, N, relates 
the force, F, to the voltage, V, by F = NV and the velocity, u, to the current, I, by 
u = I/N. 

Impedance, Z: 1) Electrical impedance is the complex ratio of the voltage to the 
current. 2) Mechanical impedance is the complex ratio of the force to the velocity. 
3) The impedance Z = R + jX where R is the resistance and X is the reactance. 
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Impedance Equivalent Circuit: 1) An equivalent circuit representation of a trans¬ 
ducer where the force is proportional to the voltage and the velocity is proportional 
to the current. 2) Typically used for equivalent circuit representation of electric 
field transducers. 3) May be converted to a mobility representation by use of a 
gyrator. 

Indirect Drive: 1) Current drive of electric field transducers. 2) Voltage drive of 
magnetic field transducers. 

Insonify: To project acoustic waves onto an object or into a region. 

Intensity, I: 1) Acoustic power per unit area. 2) In the far field I = p 2 /2pc where, 
p is the amplitude of the pressure, p is the density and c is the sound speed in the 
medium. 3) Generally a complex quantity in the near field. 

Isotropic: A sound field or noise field is said to be isotropic, from the viewpoint 
of a given observer, when it is seen to be the same in all directions. 

Johnson Noise: The mean-square voltage fluctuations arising from thermal agita¬ 
tion in an electrical resistor, given quantitatively by the Nyquist Theorem. 

Limacon: 1) One of a series of specific mathematical functions. 2) Limacons can 
describe acoustic pressure as a function of angle and represent useful and achiev¬ 
able directional beam patterns. 3) Consist of omni and dipole contributions. 4) The 
cardioid is a special case of the limacon with equal omni and dipole contributions. 

Lumped Mass, M: 1) The mass of an element which is devoid of compliance. 
2) The equivalent mass of a distributed element. 3) The mass of an element 
which is physically small (< A/8) compared to the wavelength. A, of sound in 
the element. 

Magnetostriction: Change of dimension of a material caused by an applied mag¬ 
netic field, independent of direction of the field. Approximately linear when 
magnetic field bias is also applied. 

Major Response Axis (MRA): 1) The direction of the acoustic beam, or the major 
lobe, of a transducer or an array. 2) The direction of maximum response when a 
transducer or array is used for receiving. 

Major Lobe: The main acoustic beam of a transducer or an array. 

Mechanical Impedance, Z m : 1) Complex ratio of the force, L, to velocity, u, of the 
mechanical part of the transducer, Z m = L/u = R m + jX m . 

Mechanical Resistance, R m : 1) Resistance R m = L/u where L is the force applied 
to a mechanical loss element and u is the resulting velocity. 

Mechanical Resonance Lrequency, f r : 1) Lor an electric field transducer, the fre¬ 
quency at which the mass and the short-circuit stiffness cancel; or the frequency 
of maximum in-air admittance or in-water conductance or also frequency of maxi¬ 
mum TVR. 2) Lor a magnetic field transducer, the frequency at which the mass and 
the open-circuit stiffness cancel or the frequency of maximum in-air impedance 
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or in-water resistance or also frequency of maximum TCR. 3) For a distributed 
system, the frequency at which the equivalent mass and stiffness cancel. 

Minor Lobes: 1) Other acoustic beams, lower in amplitude than the major lobe. 
Also called side lobes, which exist unless the transducer or array is smaller than 
the wavelength. 2) Minor lobes usually degrade performance, but may be reduced 
in amplitude by shading. 

Mixed Equations: Equations in which the independent variables are both extensive 
and intensive and the dependent variables are both intensive and extensive. 

Mobility Equivalent Circuit: 1) An equivalent circuit representation of a transducer 
where the force is proportional to the current and the velocity is proportional to 
the voltage. 2) Typically used for equivalent circuit representation of magnetic 
field transducers. 3) May be converted to an impedance representation by use of a 
gyrator. 

Multimode Transducer: A transducer that uses more than one mode of vibration 
to achieve specific performance features. 

Mutual Radiation Impedance: 1) The complex ratio of the acoustic force exerted 
on one transducer to the velocity of the second transducer creating the force. 
2) The off-diagonal elements of an array impedance matrix. 

Near Field: 1) Location near the transducer surface. 2) Usually at a distance less 
than the Rayleigh distance, L 2 /A, where A is the wavelength and L is the size of 
the transducer or array. 

Noise: 1) Any received signal that interferes with the signal being detected. 2) Am¬ 
bient noise, coherent and partially coherent acoustic waves radiated from ships, 
from the sea surface, and from sea life. 3) Flow noise, turbulent boundary layer 
pressure fluctuations caused by motion of a ship through the water. 4) Structural 
noise, machinery and flow excited vibration of a ship’s structure. 5) Thermal noise, 
uncorrelated random electrical, mechanical, or fluid fluctuations arising from ever 
present thermal agitation. 

Operating Conditions: 1) Static; No relative motion between parts of a system. 
2) Quasistatic; Only small relative displacements or velocities controlled mainly 
by stiffness components. 3) Dynamic; Larger displacements or velocities con¬ 
trolled by both stiffness and mass components and with a frequency dependent 
response. 

Open-circuit Resonance: 1) The frequency at which the reactance terms cancel 
under electrical open-circuit conditions. 2) Resonance frequency for a transducer 
under constant current drive. 3) Maximum open-circuit response of an electric 
field hydrophone. 

Parametric Array: An acoustic source that radiates a low-frequency beam with no 
side lobes by means of two collimated high-frequency, high-amplitude beams of 
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different frequency, in which the nonlinearity of the water generates the difference 
frequency. 

Passive Ranging: Use of passive sonar hydrophones to determine range of a target 
by triangulation or measurement of wave front curvature. 

Passive Sonar: Detection of a target by listening for sound radiated by the target. 

Passive Transducer: Any transducer that requires no internal energy source for its 
operation. The carbon button microphone is not considered to be a passive trans¬ 
ducer, while a true piezoelectric crystal transducer and a piezoelectric ceramic 
transducer are considered passive. 

Piezoelectricity: Change of dimension of a material caused by an applied electric 
field, dependent on the direction of the field (inverse effect). Production of electric 
charge on the surface of a material caused by an applied mechanical stress (direct 
effect). Piezoelectricity is a linear phenomenon that does not require a bias. 

Port (electric/acoustic): 1) The terminals of an electric device. 2) The vibrating 
surface of an acoustic device. 

Power Factor, Pf: 1) Cosine of the phase angle between the voltage and the current. 
2) With phase angle cp = tan -1 (X/R), the power factor is cos tp = W/VI where W is 
the power consumed and VI is the product of the input rms voltage and current. 

Pressure Release: 1) A pressure-release surface consists of material with very low 
acoustic impedance on which the acoustic pressure must always be approximately 
zero. 2) An air-water interface satisfies this condition for a wave in water. 3) Soft 
material such as foam rubber or, in some cases, corprene can often satisfy this 
condition. 

Projector: An electromechanical transducer used to radiate acoustic waves. 

Quality Factor, Mechanical, Q m : 1) A measure of the sharpness of a resonant 
response curve. 2) Q m = f r /(f 2 — fi) where f r is the resonance frequency and t3 and 
fi are the frequencies at half power relative to the value at f r . 3) Q m = 2k (Total 
Energy) /(Energy dissipated per cycle at resonance). 

Quartz: Silicon dioxide, silica. Piezoelectricity was discovered in single crystals 
of quartz in 1880. 

Radiation Impedance, Z r : The complex ratio of the acoustic force on a transducer 
surface caused by its vibration to the velocity of the surface, Z r = R, + jX r . 

Radiation Resistance, R r : 1) The real part, R r , of the radiation impedance Z r . 2) 
At high frequencies, where the size is large compared to the wave length, R r 
X r and R r becomes a constant. 

Radiation Reactance, X r : 1) The imaginary part, X r , of the radiation impedance 
Z r . 2) At low frequencies where the size is small compared to the wave length, 
X r R r and X r ~ jo>M r where M r is the radiation mass. 
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Radiation Mass, M r : 1) The mass associated with the kinetic energy of the near 
field during a radiation process. 2) Sometimes referred to as the “accession to 
inertia.” 3) The radiation mass is usually defined as M r = X r /cu, which is a constant 
at low frequencies but decreases in value as the frequency increases. 

rayl: MKS unit of specific acoustic impedance in kg/sm 2 , named after Lord 
Rayleigh. 

Rayleigh Distance, R: 1) Transitional distance between the near field and the far 
field. 2) For a given transducer or array size L, the Rayleigh distance R = L 2 /2A 
where A is the wavelength. 

Reactance, X: 1) The imaginary part of the impedance. 2) Reactive impedance 
associated with the inductive or capacitance components of an electrical circuit. 
3) Reactive impedance associated with the mass or stiffness components (or equiv¬ 
alent) of a mechanical harmonic oscillator. 

Reciprocity (General): A general relationship that states that for any linear, bidi¬ 
rectional device, the ratio of the output at one port to the input at another port 
remains the same if the input and output ports are reversed, provided that the 
boundary conditions at each port remain the same. 

Reciprocity (Acoustic): 1) A general relationship between the velocities of two 
transducers vibrating at the same frequency and the acoustic pressures they exert 
on each other, from which several important specific results can be derived. For 
example, 2) the reciprocity of mutual radiation impedance, and 3) a relationship 
between the diffraction constant, the directivity factor, and the radiation resistance 
allowing any one of these quantities to be determined from the other two. 

Reciprocity (Electromechanical): 1) The magnitude of the ratio of the transducer 
receive open-circuit voltage, V, to the blocked force, Fb, is equal to the magnitude 
of the ratio of the transmitting velocity, u, to the drive current, I. 2) The relationship 
| V/Fb | = |u/I| is combined with acoustic reciprocity to formulate electroacoustic 
reciprocity. 

Reciprocity (Electroacoustic): 1) The ratio of the free-field open-circuit receiving 
sensitivity, M, to the constant current transmitting response, S, is equal to J = 
2d/pf where d is a far-field distance, f is the frequency and p is the density of 
the medium. 2) The known value of J is the basis for reciprocity calibration of 
transducers. 

Reluctance: A property of a portion of a magnetic circuit equal to the length of 
the portion divided by the product of its cross-sectional area and permeability, 
analogous to resistance in electric circuits. 

Remanence: 1) The polarization that remains when the electric field is reduced to 
zero after a ferroelectric material has been polarized to saturation. 2) The magne¬ 
tization that remains when the magnetic field is reduced to zero after a ferromag¬ 
netic material has been magnetized to saturation. 
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Resonance: 1) Frequency at which the kinetic and potential energies are equal. 

2) Frequency at which the equivalent mass reactance and equivalent stiffness re¬ 
actance cancel. 3) Also see. Mechanical Resonance Frequency, f r and Antireso¬ 
nance, f a . 

Resonator: Anything that has both mass and stiffness or, more generally, can store 
both kinetic and potential energies and therefore is capable of a large response to 
a small applied force at certain frequencies. 

Response: Many different transducer responses are used as measures of transducer 
performance; each is the ratio of an output to an input as a function of frequency. 
For frequently used responses see RVS, TVR, and TCR. 

RVS: 1) Open-circuit receiving voltage sensitivity or open-circuit receiving re¬ 
sponse, ratio of open-circuit voltage to free-held plane wave pressure. 2) Some¬ 
times referred to as FFVS, for free-held voltage sensitivity. 3) Typically expressed 
in dB below one volt for a pressure of 1 [iPa. 

Sagitta: Perpendicular distance from the midpoint of a chord to the arc of a circle. 

Sensor: 1) Any device that detects a signal. 2) A hydrophone is a sensor. 

Shading: 1) The process of reducing side lobes by means of a variable or tapered 
velocity amplitude distribution on an array. 2) Does not reduce grating lobes. 

3) Generally broadens the width of the major lobe. 

Short Circuit Resonance: 1) The frequency at which the reactance terms cancel un¬ 
der electrical short circuit conditions. 2) Resonance for an electric held transducer 
under constant voltage drive. 

SONAR: 1) SOund, NAvigation and Ranging system used to detect and locate an 
object or target. 

Sonobuoy: 1) A small SONAR device dropped into the sea from a helicopter or 
airplane with the ability to radio the information obtained from the acoustic por¬ 
tion back to the aircraft. 

Source Strength: The product of the area of the vibrating surface of a transducer 
and the average normal velocity over that surface. 

Specihc Acoustic Impedance: 1) The ratio of acoustic pressure to the amplitude of 
the acoustic particle velocity. 2) For a plane wave, the product of the density and 
sound speed, pc, also referred to as the characteristic impedance of the medium. 

Stack: 1) A number of piezoelectric ceramic elements cemented together. 2) A 
number of magnetostrictive laminations cemented together. 

Stiffness, K: 1) A measure of the force, F, required to compress an element a 
distance x. 2) The stiffness K = F/x. 3) The reciprocal of the compliance C. 

Stress Rod: 1) A high-strength rod or bolt used to provide static compression to 
a piezoelectric ceramic stack. 2) Used to keep a piezoelectric ceramic stack from 
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going into tension under dynamic drive. 3) Also referred to as Tie Rod or Com¬ 
pression Rod. 

TBL: 1) Turbulent boundary layer pressure fluctuations, which occur on a surface 
moving with sufficient speed through a fluid medium. 2) A serious source of noise 
in hull-mounted arrays. 

TCR: 1) Transmitting current response, ratio of far-field pressure to input current. 
2) Typically expressed in dB with respect to 1 pPa at a distance of lmeter. 3) TIR 
is also used. 

Tonpilz: A longitudinal resonator transducer with a large head mass driven by a 
relatively narrow stack with a heavy tail mass. 

Transducer: A device that converts energy from one form to another. 

Transduction: A process that converts energy from one form to another. 

TVR: 1) Transmitting voltage response, ratio of far-field pressure to input voltage. 
2) Typically expressed in dB with respect to 1 (iPa at a distance of lmeter. 

Vector Sensor: 1) A device that detects a vector signal such as velocity or intensity. 
2) A directional hydrophone with a dipole beam pattern. 

Volume Velocity: 1) Volume per unit time, m 3 /s. 2) Acoustic source strength is 
measured by volume velocity. 3) The product of the average normal velocity and 
the radiating area of a transducer. 

Wavelength: 1) The distance from any point on a sinusoidal wave to the nearest 
point at which the amplitude and phase are repeated. 2) The distance from one 
peak to the next in a sinusoidal wave. 3) Usually denoted by A. 

Wave number: 1) The reciprocal of the wavelength multiplied by 2k. 2) The an¬ 
gular frequency divided by the speed of wave propagation. 3) Usually denoted by 
k = 2n/\ = tu/c. 

Wave vector: 1) The vector formed from the wave number components of a plane 
wave traveling in an arbitrary direction with respect to a fixed coordinate system. 
2) A means of specifying the direction of a plane wave. 



Index 


ABCD parameters, 232, 358, 521 
accelerometers 
internal noise, 207 
sensitivity, 177, 184 
types, 185 

absorption of sound, 9, 254, 258 
acoustic 
axis, 26 

communications, 9, 10, 76 
coupling, 213-214 (see acoustic 
interactions) 
drive, 73 

equations, linear, 439 
far field, 26, 440, 445 
homing, 7, 10 
intensity, 26, 194, A.3 
interactions, 29, 213, 231 
intercept receivers, 188, 300 
isolation materials, 77, 86, 94, 99, 
104, A.2 
medium, 438 
mines, 9 
modems, 10 

near field, 208, 251, 440, 441, 445, 
455, 530, 534 

reciprocity, 22, 482, 521-524 
scattering, 490 
from a sphere, 490 
from a cylinder, 493 
sources 

line, 219, 445 
pulsating sphere, 442 


simple spherical waves, 443 
point, 444 

circular piston in a plane, 448 
annular piston in a plane, 452, 453 
spherical, 454 
cylindrical, 454 
piston on a sphere, 467 
piston on a cylinder, 472 
acoustical port, 19 
active acoustic homing, 10 
active sonar, 1,213 
active surveillance, 76 
adiabatic conditions, 35 
admittance, 
electrical 

clamped, 22, 39, 202 
free, 23, 60 
admittometer. 507 
ambient noise 
isotropic, 276. 280-281 
directional, 280 
surface generated, 280 
reduction of, 285 
array gain in, 287 

ammonium dihydrogen phosphate, 8 
Ampere’s Circuital Law, 47 
analogies 

impedance, 19, 58, 59 
mobility, 19, 59 
anti-reciprocal transducer, 22 
anti-symmetric transducer, 22 
antiresonance frequency, 60, 379 


599 



600 Index 


armature, 2, 51 

arrays of transducers, 1, 27, 213, 262 
projector arrays 

design considerations, 214-216 
line, 218 
rectangular, 218 
circular, 220 
square, 220 
surface arrays, 216 
volume arrays, 216, 249 
array equations. 230-234 
transient effects, 228 
baffle effects, 228 
random variations, 229 
velocity control, 234 
negative feedback, 235 
near field pressure and velocity, 252 
hydrophone arrays 

design considerations, 262-264 
line, rectangular, 265-267 
beam steering, 267 
shading, 269 
optimum, 270 
binomial, 270 
Gaussian, 270 
Taylor, 270 

Dolph-Chebyshev, 270 
superdirective, 273 
effect of noise on, 288 
continuous receive sensitivity, 267 
wave vector response, 274, 292 
vector sensor arrays 

line array, ambient noise, 304 
array gain, 309 
signal to noise ratio, 309 
hull mounted array, structural 
noise, 309 

vector versus pressure sensors, 
310 

effect of compliant baffle, 
311-317 

different sensitivities, 316 

array gain 

definition, 276 

relation to directivity index, 276, 279 

for incoherent noise, 278 

for partially coherent noise, 279 

for mixed noise, 298 

and signal to noise ratio, 300 


ASDIC, 6 

astroid transducer, 79, 133, 134 
ATOC, 10 

Baerwald, H. G„ 391 
bandwidth, 61 
barium titanate, 8 

boundary element methods (BEM), 467, 
498 

beam shading (see hydrophone arrays) 
beam steering 
by phasing, 224 
effect on grating lobes, 224 
effect on beam width, 224 
of curved arrays, 227 
by summing modes, 227 
beam width 
line, 446 

circular piston, 450, 452 
rectangular piston, 452 
parametric array, 257 
line and rectangular arrays, 219 
bearing determination, 28, 188, 264 
bending modes, 130, 136, 145 
Bell, Alexander Graham, 2 
Bellville washer (spring), 98, 100 
Berlincourt, D. A., 44 
Bessel functions, 122, 197, 479 
Beyer, R. T., 2 
bias 

electric, 33, 42, 49 
magnetic, 45, 52 
optimum, 45, 50 
bias bar, 12 (see stress rod) 
blocked capacitance (see clamped 
capacitance) 

body force transducers, 18 
bottom mapping, 10 
boundary conditions 

electrical, mechanical, 25 
velocity, 448 

effect on hydrophone sensitivity, 159 
Boyle, R. W„ 4 

cables, A. 16 

effect on hydrophone sensitivity, 160 
effect on coupling, 392 
Cady, W. G„ 32 
calibration, 22, 53, 521 
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calibrated transducers, A. 12 
capacitance 
clamped, 39 
free, 39, 329 

capacitive transducer (see electrostatic 
transducer) 

carbon microphone, 4, 5, 23 
cardioid type patterns, 193 
cavitation, 57, 216, 228 
effect of near field on, 456 
cement joints, effect of, 87, 100, 393 
characteristic mechanical impedance, 57, 
63, 384, A.2 
circular piston source 

beam width, 449, 452, A. 13 
directivity factor. 450, A. 13 
far field, 456, A. 13 
field on axis, 455 
field on edge, 458 
coefficient matrices, 36 
coercive force, 34 
coincidence frequency, 284 
Colladon, Daniel, 2 
Columbia University, 7 
complex intensity, 194, A.3 
compliance, 24 
compliant tube baffles, 294 
composites, ceramic-elastomer, 8, 122, 171 
composite transducers, 122, 170 
conductance, 62, 512 
connectivity in composites, 122 
conversions and constants, A. 1 
coordinate systems 
cylindrical, 439 
elliptic cylinder, 472 
oblate spheroidal, 471 
prolate spheroidal, 471 
rectangular, 439 
spherical, 439 
toroidal, 92, 472 

coupling coefficient (see electromechanical 
coupling coefficient) 

cross correlation functions, 277, 278, 281, 
282 

Curie, Jacques, 3 
Curie, Pierre, 3 
Curie temperature, 34, A.5 
current drive, 52, 73 


density, 37, 73, A.2, A.5, A.7 
depolarization, 34, 35, A. 14 
depth sounding, 9, 10 
dielectric loss factor (see electrical 
dissipation factor) 
diffraction constant, 

definition, 21, 162, 195,490 
for sphere, cylinder, ring, 197 
calculation for a sphere, 490 
direction dependent, 492 
average over direction, 493 
relation to radiation resistance and 
directivity factor, 198 
dipole hydrophones, 177, 187 
effect of baffles on, 178 
direct drive, 405, 407 
directionality, 25-27, 77 
directivity factor 
definition, 26 
line, 220, 452 
circular piston, 450, 451 
rectangular piston, 220 
approximation for symmetric shading, 
271 

for shaded and steered line array, 273 
relation to radiation resistance and 
diffraction constant, 198 
directivity index 
definition, 26 

relation to beam width, 447, 452, A.13 
distributed elements, 73 
distributed circuit models, 338 
transmission line equation, 342 
distributed piezoelectric, 346 
segmented bar, 346 
31 mode bar, 350 
length expander bar, 351 
thickness mode plate, 353 
magnetostrictive rod, 354 
dual piston transducer, 101 
duty cycle, 71 
dyadic sensor, 187 
dynamic effects 
on mass, 381 
on stiffness, 384 
on resonance, 378 
on antiresonance, 379 
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dynamic effects ( Continued ) 
on electromechanical coupling 
segmented bar, 397 
higher modes, 398 
mass loaded bar. 398 
length expander bar, 398 
31 mode bar, 399 

eddy currents, 46, 91, 336 
efficiency 

electroacoustic, 27, 69-71 
electromechanical, 69 
mechanoacoustic, 69 
measurement of, 516 
Ehrlich, S. L„ 96 

elastic relations for homogeneous, isotropic 
materials, A.4 

elastic stiffness/compliance coefficients, 
35,36 

electric field, 35 
electric field limits, 67, A. 14 
electric displacement, 35 
electrical dissipation factor (tan 6) 
definition, 69 

numerical values, A.5, A. 14 
measurement of, 508 
electrical admittance, 505-515 
general expression, 60, 61 
free, 23 
clamped, 22 
conductance, 512 
susceptance, 512 
electrical impedance, 505-515 
resistance, 515 
reactance, 515 
electrical insulators, 100 
electrical port, 19 
electrical quality factor (Q e ) 
definition, 62 
relation to bandwidth, 63 
electrical tuning, 63, 524 
electroacoustic, 1 
electroacoustic reciprocity, 523 
electroacoustic transducers 
general, 1, 320 
six major types, 18 
electrodes, 86, 87, 101 
electrodynamic transducer (see moving 
coil transducer) 


electromechanical coupling coefficient 
definitions 

stiffness change, 24 
capacitance change, 24 
inductance change, 25 
Mason's energy, 25, 392 
mutual energy, 389 
cross product, 390 
IEEE standard, 390 
specific cases 
material, 41 

effective, 42, 62, 376, 391-400, 543, 
544 

bender bar, 139 
hybrid, 109 

piezoelectric 33 mode, 39 
piezoelectric 31 mode, 41 
magnetostrictive 33 mode, 47 
electrostatic, 50 
variable reluctance, 53 
moving coil, 55 
thickness mode, 354, 391 
planar extensional mode, 89, 391 
shear mode, 391 
invariant, 391 
nonlinear conditions, 435 
electromechanical coupling factor 
(see electromechanical coupling 
coefficient) 
electromechanical 
reciprocity, 22 
transfer ratio, 22 
transformer, 58 
turns ratio, 22 

electrostatic transducers, 48 
electrostriction 

compared to piezoelectricity, 32 
definition, 33 

electrostrictive transducers, 42 
end fire beam, 224, 228, 256 
energy density 
electrical, 78 
mechanical, 68, 78 
entropy, 35 
equations of state, 35 
equipotential surface, 37 
equivalent circuits, 31, 58, 323 
impedance analogy, 19, 58, 59, 321, 324 
mobility analogy, 19, 59, 324 
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lumped, 58, 321 
dual, 332, 334 

higher degrees of freedom, 324 
piezoelectric ceramic lumped, 327 
Van Dyke, 331,506 
magnetostrictive lumped, 332 
gyrator, 335 
distributed, 73, 338 
equivalent noise pressure, 72, 199 
evanescent waves, 289 
external force (Ft,), 19 

far field 

line, 219, 452, A.13 
circular piston, 448, A.13 
rectangular piston, 451 
Faraday Induction Law, 47, 52 
ferrites, 46 

ferroelectric materials, 33 
ferromagnetic materials, 45 
Fessenden oscillator, 5 
Fessenden, R. A., 4 
figure of merit 
of projectors 
by volume, 78 
by mass, 78 

of hydrophones, 157, 200 
finite element modeling 
results for an array, 251 
simple example, 360 
piezoelectric FEM, 364 
FEM- air loading, 365 
FEM- water loading, 368 
FEM and analytical modeling, 370 
FEM for large arrays, 371 
magnetostrictive FEM, 372 
fixed velocity distribution, 20 
flextensional transducers 

class designation, 127, Fig. 1.17 
class IV and VII, 127 
dogbone, 130, 132 
class I (barrel stave) 132 
class V and VI, 132 
Astroid, 133, 134 
X-spring, 134-136 
bender mode X-spring, 145, 146 
flexural resonance in piston, 103, 104 
flexural transducers 
bar, 137 


disc, 140 

bender mode X-spring, 145 
trilaminar disc, 141 
flexural wave noise, 275, 283, 289 
flexural rigidity, 284 
flow noise 

turbulent boundary layer (TBL), 275, 
284 

Corcos model of TBL, 285 
low wave number TBL, 285 
reduction of 

by outer decoupler, 294 
by hydrophone size, 296 
array gain with outer decoupler, 296 
force capability of transducers, 57 
Fourier transforms, 267, 472, 494, A. 11 
free field, 21, 71, 153 
free field voltage sensitivity 
definition, 23, 71, 153 
effect of cable on, 160 
for 33 mode plate, 155 
for 31 mode plate, 155 
hydrostatic, 156 
low frequency roll-off, 161 
free-flooded ring transducer, 91-95, 118 
frequency constants, 83, A.6 
frequently used formulas for transduction 
and radiation, A.13 
fringing fields, 37 

Galfenol, 8, 46, A.7 
geophone, 185 
global warming, 10 
grating lobes, 221-226 
control of 

by piston size, 222 
by nonuniform spacing, 223, 
225-226,274 

effect of steering on, 224-225 
Green, George, 481 
Green's Theorem, 481 
Green's functions, 483 
Green's function solutions, 483—487 
gyrator, 335 

Harris, W. T„ 143 
Hankel functions 
cylindrical, 97, 442 
spherical, 442 
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Hankel transforms, 477, A. 11 
harmonic distortion, 407, 412, 420, 421, 
429 

Harvard University, 7 
Hayes, H. C„ 6 
heating, from losses, 71 
Helmholtz, H. L. F„ 92. 341, 439, 487 
Helmholtz differential equation, 341, 439 
general solutions of, 441-442 
Helmholtz integral formula (equation) 
general, 487 

special relationships, 488 
approximate relationships, 489 
Helmholtz resonance, 92 
Henry, Joseph, 2 
high resolution sonar, 9 
Hilbert transforms, 479. A. 11 
Horton, J. Warren, 7 
Hunt, F. V„ 2, 24 
hybrid transducer, 106-110 
coupling coefficient, 109 
nonreciprocal behavior, 107 
wideband performance, 109 
hydrophones, 1,71, 152 
bender, 174, 186 
dipole, 177 
equivalent circuit, 157 
figure of merit, 156 
flexible 

polymer, PVDF PVF2, 173 
composite, 170 
planar 

Tonpilz, 169 
composite, 170 
pressure gradient, 182 
ring/cylinder 

with shielded ends, 162 
with end caps, 166 
spherical, 165 
velocity, 153, 176, 183 
hydrostatic pressure limits, 34, 76, 86, 
90,91 

hypercardioid pattern, 189 
hysteresis, 338, 413 

Ide, John M„ 7 
impedance 

electrical, 512-521 
mechanical 


short circuit, 22 
open circuit, 23 
impedometer, 507 
impedance analogy, 19, 58 
impermittivity, 36 
inactive components, effect on k 
general approach, 391 
of cable capacitance, 392 
of stress rod. 393 

of glue bonds and insulators, 393, 394 
of combined effects, 395 
of eddy current shielding, 396 
indirect drive, 405, 407, 424-425 
inductance 

clamped, 25, 47 
free, 25, 47 

instability, 49, 52, 412, 425^128 
insulators, electrical, 100, A.2 
integral transforms, 472, 477, 479, A. 11 
intensity vector 
definition, 444 
time average, 444, A.3 
reactive, 194, 445, A.3 
intensity sensors 
piezoelectric, 194 
hybrid, 194 

isotropic noise, 281, 304 

Johnson noise, 72, 199 
Joule, James, 2 

kinetic energy, 31, 60, 377, 380, 382 

Langevin, Paul, 4 
Laplacian operator, 439 
lead magnesium niobate, 8, 35, 42 
lead zirconate titanate, 8, 34, 42 
limacon, 193 
lithium sulfate, 8 
logarithmic arrays, 226 
longitudinal vibrator/resonator 
piezoelectric 33 mode, 37 
piezoelectric 31 mode, 40 
magnetostrictive 33 mode, 45 
Lorentz force, 53 
loudspeaker, 1, 53 

low frequency transducers, 5, 28, 79, 
137, 146 
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lumped parameter approximation, 31, 58, 
321 

magnetic circuits, 46, 51, 106, A.9 
magnetostriction 
definition, 45 
Terfenol-D, 8, 46, A.7 
Galfenol, 8, 46, A.7 
nickel, 45 
ferrites, 46 
Metglas, 46, A.7 
negative. 45, 105, 140 
magnetic losses, 336-338 
magnetostrictive properties, A.7 
main lobe, 450 
Mason, W. P„ 25, 44, 348 
Massa, Frank, 13, 14, 146, 453 
matched impedance, 385 
materials, A.2 
matrix 

ABCD, 232, 358, 521 
mutual radiation impedance, 231, 
232-234 

total mechanical impedance, 232 
FEM, 362, 364, 365 
matrix equations 

equations of state, 35-37, 46 
impedance form, 343 
transfer form, 344 
FEM, 362 
matrix models 
3 port model, 355 
2 port ABCD model, 358 
maximum response axis (MRA), 27 
measurements 
in air, 505-511 

resonance frequency, 506, 507 
antiresonance frequency, 506, 507 
impedance magnitude, 506, 507 
admittance magnitude, 506, 507 
effective coupling coefficient, 508 
mechanical quality factor, 508 
electromechanical turns ratio, 509 
in water, 511-516 

resonance frequency, 511 
mechanical quality factor, 511 
electrical quality factor, 513 
effective coupling coefficient, 513 
admittance/impedance loci, 514 


motional admittance/impedance 
circles, 514, 515 
in tanks 

projectors, 531 
hydrophones, 532, 533 
directional hydrophones, 533 
of mechanoacoustic efficiency, 516 
of electroacoustic efficiency 
input power, 516 
source level, 516 
directivity index, 517 
near field, 530 

near to far field extrapolation, 534-539 
mechanical impedance, 18, 23 
characteristic, 57, 63, 384 
lumped, 39 
total, 38 

short circuit, 22, 38 
open circuit, 23 

mechanical quality factor (Q m ) 
definitions 61. 380, 381 
31 mode ring, 85 
33 mode ring, 88 
sphere, 90 
tonpilz, 102 

mechanical stiffness/compliance, 24 
mechanical resistance, 58 
mechanical reactance, 60 
MEMS, 48 
Metglas, 46 
microphone, 1 

minor lobes, 26, 269, 275, 446 
mobility analogy, 19, 59 
modal radiation impedance, 97, 475-477 
modal analysis 

multimode rings, 95-97 
of radiation impedance, 244, 461, 462 
finite element model, 363, 365, 366 
of ring on a cylinder, 475 
motional capacitance and inductance, 25 
motional conductance, 62 
moving armature transducers (see variable 
reluctance) 

moving coil transducers, 53, 185, A.12 
MRA, 26 

multimode transducers 
vector sensors, 187 
acoustic intercept receivers, 300 
summed scalar/vector modes. 189 
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multiple resonance frequencies, 115 
mutual radiation impedance, 230, 236 
definition, 231, 243 
planar arrays 

small pistons, 239 
circular pistons. 238 
rectangular pistons, 239 
nonuniform velocity pistons, 243 
hydraulic impedance transformation, 
239 

spherical arrays, 241 
circular pistons, 471 
rectangular pistons, 471 
cylindrical arrays, 241-242 
rectangular pistons, 474 
rings, 475 
strips, 475 

Naval Experimental Station, New London, 

6 

Naval Research Laboratory. 6, 7 
Navy Electronics Laboratory, 8 
Navy Underwater Sound Laboratory, 7 
Naval Underwater Systems Center 
(NUSC), 7 

Naval Undersea Warfare Center (NUWC), 
7 

navigation, 3, 10 
near fields 

definition, 440 
example for an array, 252 
axis of circular piston, 455 
edge of circular piston, 458 
other circular sources, 459 
effect on cavitation, 456 
near field measurements, 530 
near to far field extrapolation 
small sources, 534 
large sources 

use of Helmholtz integral equation, 
535 

use of wave function expansions, 536 
use of collocation, 537 
negative magnetostriction, 45, 105, 140 
negative radiation resistance, 235. 248 
negative stiffness, 50, 52, 55, 413 
Newton's Law, 18 
nodal mounting, 102, 114 


noise, 10, 27. 28 
ambient, 279 
flow, 284 

internal hydrophone, 199-208 
structural, 283 

comprehensive noise model, A. 15 
nonacoustic waves, 274—275 
nonlinear analysis 

direct drive, 405, 407, 416 
indirect drive, 405, 407, 424 
harmonic distortion, 416, 424 
perturbation analysis, 255, 416^-24, 
429 

harmonic distortion of pressure, 420 
distributed systems, 428 
partial differential equations, 429 
nonlinear coefficients, 404 
nonlinear effects in transducers, 31 
on coupling coefficient, 435 
on resonance frequency, 402, 407, 416 
harmonic distortion, 416-425 
instability 

electrostatic, 49, 412, 425 
variable reluctance, 52, 412, 425 
with nonlinear spring, 426 
transient, 427 
dynamic, 427 

nonlinear equations of state, 404 
nonlinear mechanisms in transducers, 1, 
31,402 

piezoelectric, 403 
electrostrictive, 42, 408 
magnetostrictive, 409 
electrostatic, 49, 412 
variable reluctance, 52, 412 
moving coil, 53, 413 
stiffness of enclosed air, 413, 414 
friction, 415 

generalized Coulomb damping, 415 
nonlinearity in the medium 
parametric array, 253 
nonlinearity parameter (B/A), 254 
Norton circuit transformations, A. 10 
numerical methods 
collocation, 495 
boundary element, 498 
CHIEF, 500 

example of results, 501 
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obstacle avoidance, 76 
ocean bottom mapping, 10 
ocean engineering, 10 
oceanography, 10 
open circuit compliance, 334 
operating conditions 
dynamic, 24 
quasistatic, 24 
static, 24 

Ordnance Research Laboratory, 7 
orthogonal functions, 431, 469 

packing factor, 240 
parametric array, 253 

approximate analysis, 253 
difference frequency component, 256 
beam width, 257 
source level, 258 
design procedure, 257 
parametric receiver, 259 
passive acoustic homing, 10 
passive listening, 7, 9, 10 
passive ranging, 27, 264 
passive transducer, 23 
Pennsylvania State University, 7 
permeability, 46 
permittivity, 35 

perturbation analysis, 255, 416-424, 429 
piezoelectricity 
definition, 32 
direct, 33 
converse, 32 
coefficient data, A.5 
piezoelectric accelerometer, 186 
piezoelectric materials, 1, A.5 
piezoelectric ceramic properties, 37, A.5 
piezoelectric coefficient relationships, 36, 
A.4 

piezomagnetic properties, 46, A.7 

piezomagnetism, 46 

piston transducers, 98 

planar isotropy, 33 

plane waves, 341, 441, 442 

plate transducers, 120 

plate wave number, 283-284, 293 

PMN, 8, 35, 42 

PMN-PT, 35, 42, A.5 

polar axis, 33 

polarization, 34 


polyurethane, 44, A.2 
potential energy, 60, 377, 384 
power factor, 63, A.3 
power limits, 31, 67 
field limited, 67, A. 14 
stress limited, 68, A. 14 
pressure gradient sensors, 182 
pressure release materials (see acoustic 
isolation) 
prestress, 43 
Product Theorem, 217 

second product theorem, 266 
projectors, 1. 76 
PZT, 8, A.5 

quality factor 
mechanical, 61 
definitions 

half power frequencies, 61, 385 
energy, 61, 380 
derivative, 381 
optimum for bandwidth, 63 
optimum for power, 68 
electrical, 62 

quarter wavelength resonator. 111 
quartz, 3 

quasistatic conditions, 24 

radiation impedance 
definitions, 
self, 19, 231 
mutual, 231 
uniform velocity, 19 
nonuniform velocity, 20 
modal analysis of 

single transducers, 244 
arrays of transducers, 245 
specific cases 

monopole sphere, 460-463 
dipole sphere, 462^163 
quadrupole sphere, 462^163 
circular piston in a plane, 463-464 
rectangular piston in a plane, 465 
flexural disc, 465 

disc with nonuniform velocity, 465 
circular piston on a sphere, 471 
rectangular piston on a cylinder, 474 
band on a cylinder, 465, 474 
modes of a cylinder, 476 
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radiation mass, 21, 460 
radiation reactance, 20, 460 
radiation resistance, 20, 460 (see radiation 
impedance) 

relation to directivity factor and 
diffraction constant, 198 
range determination 

by timing echo return, 27 
by triangulation, 27 
by measuring wavefront curvature, 27 
Rayleigh, J. W. S„ 2, 448 
Rayleigh distance, 258, 370, 456, 530 
Rayleigh Integral, 217, 371, 448, 479, 

486 

Raytheon Company, 3 
reactance, 
electrical, 525 
mechanical, 60 

reaction of the medium, 19, 21 
reactive intensity, 194, 445, A. 3 
receiving sensitivity, 23, 71, 154-156 
reciprocal coupling, 22 
reciprocity 

acoustic, 22. 482, 522, 523 
electroacoustic, 523 
electromechanical, 22, 522, 523 
calibration, 521, A. 13 
constant 

definition, 522 
spherical wave, 523 
reference velocity, 20, 27 
reluctance of magnetic circuit, 51, A.9 
remanent polarization. 34 
remanent magnetization, 45 
resistance 

electrical, 161, 513 
hydrophone, 71, 72, 199-206, A.15, 
A.17 

mechanical, 18 

radiation, 19, 460 (see radiation 
impedance) 

frequency dependent, 383 
resonance frequency, 60 
velocity, 377 
power, 377 
displacement, 377 
acceleration, 377 
responses 

transmitting voltage (TVR), 27, 517 


transmitting current (TCR), 27, 517 
receiving voltage sensitivity (RVS), 27, 
518 

power, 27, 518 
Richardson, L. F., 3 
ring transducers 

piezoelectric 31 mode, 81 
piezoelectric 33 mode, 86 
magnetostrictive, 90 
multimode, 95 
multiport, 95 
ring hydrophones 

with shielded ends, 162-165 
with end caps, 166-168 
Rochelle salt, 6 

sagitta distance, 530 
saturation, 44 
scalar wave equation, 439 
scattering, 198, 493 

sensitivity in terms of displacement, 154 
separation of variables, 441 
shear strain and stress, 36, 37 
short circuit mechanical impedance, 22 
short circuit compliance, 329 
side lobes, 274 (see minor lobes) 
signal to noise ratio, 201, 276, 300, 301, 
307 

Sine function, 446 (see also 237, 281) 
Sine Integral, 447 
single crystal materials 
PMN-PT, 42, A.5 
slotted cylinder transducer, 142 
small signal properties, A.5, A.7 
SONAR 

passive, active, 1 
high resolution, 9 
active design considerations, 214 
passive design considerations, 262 
sonobuoys, 7, 10, 132, 152, 300 
Sound Surveillance System (SOSUS), 11 
sounds, 

of ice cracking on Europa, 11 
of high energy neutrinos in water, 11 
of sperm whales, 11 
source level, 26 
source strength 
definition, 443 

regarding more general definition, 463 
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spatial correlation functions 
definition, 278 
for isotropic noise, 281 
for directional surface noise, 281 
for vector sensors in isotropic noise, 
304-306 

specific acoustic impedance, 438, 442 
speed of sound 
in water, 2 

in steel, aluminum, magnesium, 103 
in other materials, A.2 
spherical transducer, 88 
spherical hydrophones, 165 
spherical waves, 443 
spring constant, 39, 50 
squirter transducer, 94 
stiffness, 18, 50, 413 
stress limits, A. 14 
stress rod, 12, 13, 98 
stress bolt, 12 (see stress rod) 
structural noise 

machinery excited, 283 
flow excited, 283 
propellor noise, 283 
reduction of, 289 

compliant baffles, 289 
compliant tube baffles, 294 
inner decoupler, 289 
flexural wave insertion loss, 291 
Sturm, Charles, 2 
submarines, 4 

Submarine Signal Company, 3 
subscript notation, 36, 404, A.4 
supercardioid pattern, 189 
superscript notation, 22, 36 
surface force transducers, 18 
surface waves (shear, Lamb), 122 
surveillance, 28 
susceptance, 60, 512 
symmetric coupling, 22 

telegraphy, 2 
telephone, 2 

temperature dependence, 35 
tensors, 35 

Terfenol-D, 8. 46, 91, A.7 
thermal effects, 35, 71 
thermal noise 

hydrophone internal, 71, 199 


equivalent mean squared pressure, 72, 
199 

equivalent plane wave pressure, 200 
effect of directivity on, 200 
generalized Johnson noise, 202, A. 15 
isotropic acoustic equivalent, 200 
Johnson electrical noise, 199 
low frequency approximation, 202 
energy losses and internal noise, 199, 
202 

ambient, 200, 285, A. 17 
Thevenin equivalent circuits, 158, 160, 
161, 163, 169, A.8 
thickness mode transducers, 121 
tie rod (see stress rod) 
time averages, A.3 
Tonpilz transducers, 77, 98 
torpedoes, 7, 10 
transducer 

general definition, 1 
housings and baffles, 539 
responses, 25, 517 
materials, A.2 

transduction coefficient, 22, 56, 58 
transduction mechanisms, 1, 18, 31 
comparison of, 55-57 
transfer ratio (see transduction coefficient) 
transformer 
electrical, A. 16 
electromechanical, 58 
transmission line transducers, 110 
sandwich trasducers, 111 
wide band transducers, 115 
Trott array, 539 
tuning 

electric field transducers, 525 
magnetic field transducers, 528 
turbulent boundary layer (TBL), 284 
turns ratio (see transduction coefficient) 

ultrasonics, 9, 10 
University of California, 7 
underwater objects, 

ship and aircraft wreckage, 10 
ancient treasure, 10 
Urick, R. J„ 2 

Van Dyke circuit, 102, 331, 506 
variable reluctance transducers, 51 
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velocity hydrophones, 153, 176, 183 
velocity control, 234 
vector sensors, 153, 176-195 
dipole, 177 
pressure gradient, 182 
velocity, 183 
multimode, 187 
directionality, 301 
summed with scalar sensors, 189 
triaxial, 301 

vector sensor arrays (see hydrophone 
arrays) 

vector sensor noise 
internal, 206 
local, 208 


inhomogeneous, 315 
ambient, 288 
voltage divider, A. 8 
voltage drive, 52, 62, 73 
von Hippel, A. R., 8 

wave numbers, vectors 

wave vector definition, 265, 441 
wave vector response of arrays, 274-275, 
292 

wave vector filter, 275 
generation of non-acoustic waves, 275 
Westervelt, P. J., 254 

Woollett, R. S„ 23, 55, 141, 386, 388, 390, 
400 



